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Overview

• Comparison of the basic concepts of CCS, the value

passing calculus and the π-calculus.

• LTS-semantics of the π-calculus (commitment).

• Notions of behavioral equivalence for the π-calculus.
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Syntax

Finite indexing set I, set of channels C, set of values V and

a set of variables V ar.

• CCS: P ::= Σi∈Iαi.Pi | P |Q | (νx)P |!P
• VPC: P ::= Σi∈Iβi.Pi | P |Q | (νx)P |!P
• Π: P ::= Σi∈Iπi.Pi | P |Q | (νx)P |!P
αi ∈ {a | a ∈ C} ∪ C.

βi ∈ {a(x) | a ∈ C, x ∈ V ar}∪{a(y) | a ∈ C, y ∈ V ∪V ar}.
πi ∈ {a(x) | a, x ∈ C ∪ V ar} ∪ {a(y) | a, y ∈ C ∪ V ar}.
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Structural congruence

≡CCS, ≡V PC and ≡Π are respectively the smallest

congruences adhering to:

• Identification of alpha-equivalent processes (bound names).

• (NPA/ ≡PA,+,0) is a symmetric monoid.

• (PA/ ≡PA, |,0) is a symmetric monoid.

• !P ≡PA P |!P
• (νx)0 ≡PA 0, (νx)(νy)P ≡PA (νy)(νx)P ,

if x /∈ fn(P ) then (νx)(P | Q) ≡PA P | (νx)Q.
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Semantics

Central reduction rules:

• CCS: (. . . + a.P ) | (. . . + a.Q) −→CCS P | Q
• VPC: (. . . + a(y).P ) | (. . . + a(x).Q) −→V PC P{x/y} | Q
• Π: (. . . + a(y).P ) | (. . . + a(x).Q) −→Π P{x/y} | Q
Additional standard rules:

• P −→PA P ′ implies P | Q −→PA P ′ | Q.

• P −→PA P ′ implies (νx)P −→PA (νx)P ′.

• Q ≡PA P , P −→PA P ′ and P ′ ≡PA Q′ imply Q −→PA Q′.
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Some simple examples

CCS:

• !a.b.0 |!a.b.0 ≡CCS a.b.0 | a.b.0 |!a.b.0 |!a.b.0 −→CCS

b.0 | b.0 |!a.b.0 |!a.b.0 −→CCS

0 | 0 |!a.b.0 |!a.b.0 ≡CCS!a.b.0 |!a.b.0
VPC:

• a(5).b(x).c(x).0 | a(y).b(y).0 | c(z).d(z) −→V PC

b(x).c(x).0 | b(5).0 | c(z).d(z) −→V PC

c(5).0 | 0 | c(z).d(z) ≡V PC c(5).0 | c(z).d(z) −→V PC

0 | d(5) ≡V PC d(5)
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Π:

• a(b).a(x).x(x) | a(y).y(a) | b(z).z(c) −→Π

a(x).x(x) | b(a) | b(z).z(c) −→Π

a(x).x(x) | a(c) −→Π

c(c)
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Early LTS Semantics

P
au−→E P ′ Q

au−→E Q′

P | Q τ−→E P ′ | Q′

a(u).P au−→E P a(x).P au−→E P{u/x}
P

α−→E P ′

P + Q
α−→E P ′

P
α−→E P ′

P | Q α−→E P ′ | Q
P

α−→E P ′ fn(α) /∈ {x, x}
(νx)P α−→E (νx)P ′

P ≡ P ′ P
α−→E Q Q ≡ Q′

P ′ α−→E Q′

Result: P
τ−→E Q iff P −→Π Q.
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Early Bisimulation and congruence

• A (strong) early bisimulation is a symmetric relation ρ s.t.

PρQ implies
◦ If P

α−→E P ′ then ∃Q′.Q
α−→E Q′ and P ′ρQ′.

• The union
.∼E of all early bisimulations (called early

bisimilarity) is not a congruence (is not preserved by input

prefixing).

• Early congruence ∼E (defined as P ∼E Q if for all

subsitutions σ, Pσ
.∼E Qσ) is the largest congruence

contained in early bisimilarity.
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Late LTS semantics

Change
a(x).P au−→E P{u/x}

to
a(x).P

ax−→L P
and

change
P

au−→E P ′ Q
au−→E Q′

P | Q τ−→E P ′ | Q′ to
P

ax−→L P ′ Q
au−→L Q′

P | Q τ−→L P ′{u/x} | Q′ .

• P
ax−→L Q means “P inputs something to replace x in Q”,

• P
ax−→E Q means “P receives x and continues as Q”.

Result: P
τ−→L Q iff P

τ−→E Q iff P −→Π Q.
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Late Bisimulation and congruence

• A (strong) late bisimulation is a symmetric relation ρ s.t.

PρQ implies
◦ If P

ax−→L P ′ then ∃Q′.Q
ax−→L Q′ and ∀u.P ′{u/x}ρQ′{u/x}.

◦ If P
α−→E P ′ then ∃Q′.Q

α−→E Q′ and P ′ρQ′.

• Late bisimilarity
.∼L is again not a congruence.

• Late congruence ∼L (defined as P ∼L Q if for all

subsitutions σ, Pσ
.∼L Qσ) is the largest congruence

contained in late bisimilarity.

Result: ∼L⊂∼E.
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Barbed congruence

• A process Q occurs unguarded in P if it occurs in P but

not under a prefix.

• For a name n, the communication subject x ∈ {n, n} is

observable at process P (denoted by P ↓ x) if x(z).Q
occurs unguarded in P for some z and if n is not restricted.

• A barbed bisimulation is a symmetric ρ s.t. PρQ implies
(a) If P −→Π P ′ then ∃Q′.Q −→Π Q′ and P ′ρQ′.

(b) If P ↓ n then Q ↓ n.
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Barbed Congruence ctd.

• Contexts C are processes with exactly one hole.

• Barbed congruence ∼B is the largest congruence contained

in barbed bisimilarity: For a barbed bisimulation
.∼B and

all contexts C,

P ∼B Q if C[P ] .∼B C[Q].
• Important result: ∼B=∼E.

Graduate seminar “Safe and secure cognitive systems”: The π-calculus; Bremen, 27.01.2006



14

Abstractions, Concretions

• An abstraction F is of the form (λx)P , a concretion C is

of the form [x]P . Agents A are either an abstraction or a

concretion.

• Extending restriction, parallel composition and structural

congruence to agents ensures that every abstraction F has

a standard form

F ≡ (λx)P
and every concretion C has a standard form

C ≡ (νx)[x]P or C ≡ [x]P .
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The Commitment relation

P
a
� F Q

a
� C

P | Q
τ
� F • C

c.E
c
� E

P ≡ P ′ P
c
� E E ≡ E′

P ′ c
� E′

P
c
� E

P + Q
c
� E

P
c
� E

P | Q
c
� E | Q

P
c
� E c /∈ {x, x}

(νx)P
c
� (νx)E

where for F ≡ (λy)P and C ≡ (νx)[x]Q, F • C
def
= (νx)(P{x/y} | Q).

Result: P
τ
� P ′ iff P −→Π P ′.

The commitment congruence (largest congruence contained

in commitment bisimulation) coincides to early congruence.
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Conclusion

• From CCS to VPC to π-calculus. From synchronisation to

communication of values to communication of links.

• Early, late and commitment semantics. Commitment

semantics seems to be most elegant (especially for the

polyadic π-calculus).

• Early and commitment congruences coincide to barbed

congruence which is seen as the natural behavioral

equivalence for the π-calculus.

Further topics: weak, open bisimulations; higher order,

asynchronous π-calculi; symbolic transition semantics.
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