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Development graphs S = 〈N ,L〉
Nodes in N : (ΣN ,ΓN) with

• ΣN signature,

• ΓN ⊆ Sen(ΣN) set of local axioms.

Links in L:

• global M
σ

IN , where σ : ΣM → ΣN ,

• local M ....................
σ

IN where σ : ΣM → ΣN , or

• hiding M
σ

h
IN where σ : ΣN → ΣM

going against the direction of the link.
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Semantics of development graphs

ModS(N) consists of those ΣN-models n for which

1. n satisfies the local axioms ΓN ,

2. for each K
σ

IN ∈ S, n|σ is a K-model,

3. for each K ....................
σ

IN ∈ S,

n|σ satisfies the local axioms ΓK,

4. for each K
σ

h
IN ∈ S,

n has a σ-expansion k (i.e. k|σ = n) that is a K-model.
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Theorem links

Theorem links come in three versions:

• global theorem links M
σ

>N , where σ: ΣM−→ΣN ,

◦ S |= M
σ

>N iff for all n ∈ ModS(N), n|σ ∈ ModS(M).

• local theorem links M .........
σ

>N , where σ: ΣM−→ΣN ,

◦ S |= M ...........
σ

>N iff for all n ∈ ModS(N), n|σ |= ΓM .
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• S |= M
σ

h θ
>N iff for all n ∈ ModS(N),

n|σ has a θ-expansion to some M -model.

ΣM <
θ

Σ
σ
>ΣN

• the calculus reduces these to local proof obligations.
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Conservativity annotations

A global definition link M
σ

IN can be marked to be

conservative:

M
σ

c
IN

This is a proof obligation expressing that

each M -model can be σ-expanded to an N -model

(that is, for each M -model m there is an N -model n such

that n|σ = m).
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Local and global reachability

A node N is globally reachable from a node M via a

signature morphism σ, M >
σ
>>N for short, iff

• either M = N and σ = id, or

• M
σ′

IK, and K>
σ′′

>>N , with σ = σ′′ ◦ σ′.

A node N is locally reachable from a node M via a signature

morphism σ, M >.....
σ
>>N for short, iff M >

σ
>>N or there is a

node K with M ....................
σ′

IK and K>
σ′′

>>N , such that

σ = σ′′ ◦ σ′.
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Proof rules: Structural rules

K ...........
σ ◦ τ

>M for each K>.....
τ
>>N

L
σ ◦ τ

h θ
>M for each L

θ

h
IK and K >

τ
>>N

N
σ

>M

Glob-Decomposition

M >
σ
>>N

M
σ

>N

Subsumption

K
σ

>L L
θ

>M

K
θ ◦ σ

>M

Composition
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Proof rules: Basic Inference

ThS(N) `ΣN σ(ϕ) for each ϕ ∈ ΓM

M .........
σ

>N

Basic Inference

For N ∈ N , the theory ThS(N) of N is defined by

ΓN ∪
⋃

K>.....
σ
>>N

σ(ΓK)
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Proof rule: Hide-Theorem-Shift

M ′ σ′
> N ′

N
θ′ c

∧

N ′

M ′ σ

h θ
> N

θ′ c
∧

σ′ ◦ θ = θ′ ◦ σ

ΣM ′ σ′
>ΣN ′

Σ
θ

∧

σ
>ΣN

θ′
∧

Used for proving hiding theorem links (that arise when hiding

is present at the source of a theorem link).
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Proof rule: Theorem-Hide-Shift (simplified)

M
θ ◦ σ

>N
N

M
σ
> K

θ h
∨

ΣM σ
>ΣK θ

>ΣN

Used for proving theorem links when hiding is present at the

target of the theorem link.
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Proof rule: Theorem-Hide-Shift (two hidings)

N1

M
τi ◦ θi ◦ σ

> N

τ1
∨

N2

τ2
∧

N1

M
σ
> K

θ1 h
∨

N2

θ2 h
∧

ΣK θ1
>ΣN1

ΣN2

θ2∨
......
τ2

>ΣN
τ1∨
.... pushout
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Proof rule: Theorem-Hide-Shift (general)

G(i)

M
µ〈N〉 ◦ σ

> C

µi (i ∈ |J |)
∨

D

M
σ
> N

(µi) a weakly amalgamable cocone for “zig-zag path

diagram” D
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List+Order

Perm+Order+Def InsertSortDef

SorterProps

Sorting InsertSort

c

h

h

(a)
⇒

List+Order

Perm+Order+Def InsertSortDef

SorterProps N

Sorting InsertSort

c

h

h

(b)
⇒

List+Order

Perm+Order+Def InsertSortDef

SorterProps N’ N

Sorting InsertSort

c

h

h
c

(c)
⇒

List+Order

Perm+Order+Def InsertSortDef

SorterProps N’ N

Sorting InsertSort

c

h

h
c

h

(d)
⇒

List+Order

Perm+Order+Def InsertSortDef

SorterProps N’ N

Sorting InsertSort

c

h

h
c

(e)
⇒

List+Order

Perm+Order+Def InsertSortDef

SorterProps N’ N

Sorting InsertSort

c

h

h
c

Fig. 5. Reduction of theorem links in the running example.

7 Results about completeness

The soundness of our rules is established by Prop. 12 and 13. Another question
is the completeness of our rules. We have the following counterexample:

Proposition 14 Let FOL be the usual first-order logic with a recursively ax-
iomatized complete entailment system. Solving the question whether a global
theorem link holds in a development graph with hiding over FOL is not recur-
sively enumerable. Thus, any recursively axiomatized calculus for development
graphs with hiding is incomplete.

PROOF. This can be seen as follows. Let Σ be the FOL-signature with a
sort nat and operations for zero and successor, addition and multiplication and
take the usual second-order Peano axioms characterizing the natural numbers
uniquely up to isomorphism,

plus the defining axioms for addition and multiplication.

16
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SP
sigma(SYs)

hide
SP hide SYs

SP reveal SM SP
sigma1(SM)

hide

sigma2(SM)

flow of the local environment 

global definition link

global theorem link 

hiding link 
hide

.. rewrites to ...

Notation:

development graph node named SN

CASL specification to be translated

def

mono

cons

SP with SM SP
sigma(SM)

SP1 SPm SP1 SPn... thenthen ...

SP1SP1 SP2then %def SP2

SP1SP1 SP2then %mono SP2

SP1SP1 SP2then %cons SP2

SP1 SPmand ... and
...

SPn

SP1

SP1 SP2SP1 SP2

SP

SN

then %implies
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SP
free

SPfree

hide

SP1 SP2local within

SP2SP1

SP
SPclosed

SN

SN

= SP1SP’ ... SP’given mSN[ 1SPspec ’’]...[
nSP’’]

SP1 SPnSN[ ]...[ fit ]fit SM1 SMn

...

SPn

SM
n

SM1

SP’1 SP’mand ... and
...

SN[...]...[...]

SP1

FM

SP SN

SP’’1

SP’’n
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SP1 SPnVN[ ] ...[ fit ]fit SM1 SMn

’’]’’]...[
nSP : SP1SP’ ... SP’given mview [ 1SPVN to SP’

...

SPn

SM
n

SM1

...

VN[...]...[...]

SP1

SP’1 SP’m VN

FM

SP’’1

SP’’n

and ... and SPSP’
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