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Universal Elimination

(V Elim)
Vx S(x)
> S(c)
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Existential Introduction
(3 Intro)
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Example: V-Elim and 3-Intro

Vx[Cube(x) — Large(x)]
Vx[Large(x) — LeftOf(x, b)]
Cube(d)

Ix[Large(x) A LeftOf(x, b)]
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Existential Elimination (3 Elim):

IxS(x)

S(c)

Where ¢ does not occur out-
side the subproof where it is
introduced.
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Example: 3-Elim

Vx[Cube(x
Vx[Large(x
Ix Cube(x

~—

— Large(x)]
— LeftOf(x, b)]

~

Ix[Large(x

~—

A LeftOf(x, b)]

Till Mossakowski, Lutz Schroder Logic



General Conditional Proof (V Intro):

P(c)

Where ¢ does not occur out-
side the subproof where it is
introduced.

i)

=
o

Q2

Vx (P(x) = Q(x))
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Example: General Conditional Proof

Vx[Cube(x) — Large(x)]
Vx[Large(x) — LeftOf(x, b)]

Vx[Cube(x) — LeftOf(x, b)
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Universal Introduction (V Intro):

Where ¢ does not occur out-
side the subproof where it is
introduced.
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Prenex normal form (reminder)

IxCube(x) — YySmall(y)
}»VxVy(Cube(x) — Small(y))
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Example with multiple quantifiers

% Jy[Girl(y) A Vx(Boy(x) — Likes(x,y))]
Vx[Boy(x) — Jy(Girl(y) A Likes(x,y))]
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Example: de Morgan's Law

—Vx P(x)
}» Ix =P(x)

(is not valid in intuitionistic logic, only in classical logic)
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Example: The Barber Paradox

dz 3x [ManOf(x, z) ANVy (ManOf(y, z) —
(Shave(x,y) <> —Shave(y, y)))]

L
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Induction is like a chain of dominoes. You need

@ the dominoes must be close enough together = one falling
dominoe knocks down the next (inductive step)

@ you need to knock down the first dominoe (inductive basis)
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Induction is like a chain of dominoes. You need

@ the dominoes must be close enough together = one falling
dominoe knocks down the next (inductive step)

@ you need to knock down the first dominoe (inductive basis)

Note: in the inductive step, branching is
possible.
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Inductive definition: Natural numbers

© 0 is a natural number.

@ If nis natural number, then suc(n) is a natural number.
© There is no natural number whose successor is 0.

@ Two different natural numbers have different successors.

© Nothing is a natural number unless generated by repeated
applications of (1) and (2).
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Recursive definition of functions

vy + y =)
VxVy(suc(x) + y

Vy(0 x y = 0)
VxVy(suc(x) * y
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= suc(x + y))

= (x xy) +y)
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Formalization of Peano’s axioms

© a constant 0

@ a unary function symbol suc

@ Vn —suc(n) =0

Q VYmVn suc(m) = suc(n) - m=n

Q (P(x/0) AVn(P(x/n) — P(x/suc(n)))) — ¥n &(x/n)
if ® is a formula with a free variable x, and
®(x/t) denotes the replacement of x with t within ¢
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Inductive proofs

Take ®(x) :=VyVz(x+ (y +z) = (x + y) + z). Then
(P(x/0) AVn(P(x/n) = &(x/suc(n)))) — Vn &(x/n)
is just
(VyVz(0+ (y +2) = (0+y) +2)
ANNYyYWz (n+(y+z)=(n+y)+z
— suc(n) + (y + z) = (suc(n) + y) + z))
= VnVyWz (n+ (y+2z)=(n+y)+2)

With this, we can prove VnVyVz (n+ (y +z) = (n+y) + 2)
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Inductive datatypes: Lists of natural numbers

© The empty list [] is a list.
@ If /is a list and n is natural number, then cons(n, /) is a list.

© Nothing is a list unless generated by repeated applications of

(1) and (2).

Note: This needs many-sorted first-order logic.
We have two sorts of objects: natural numbers and lists.
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Recursive definition of functions over lists

length([]) = 0
Vn: Nat VI : List (length(cons(n,l)) = suc(length(l)))

Vi List ([ ++1 = 1)
Vn: Nat VI : List Vi, - List
(cons(n,h) +4+ b = cons(n,ly ++ b))
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Inductive proofs over lists

Vh : List Vh : List V5 : List
(h ++ (b ++h5) = (L ++ k) ++ k)

Vh : List Vi : List
( length(h ++ k) = length(h) + length(k) )
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