Logik fuir Informatiker
Logic for computer scientists

Description Logics and First-Order Logic

Till Mossakowski, Lutz Schroder

WiSe 2011/12

Till Mossakowski, Lutz Schroder Logic



Description Logics: Signatures

A DL-signature ¥ = (C, R, ) consists of
@ a set C of concept names,
@ a set R of role names,

@ a set | of individual names,
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Description Logics: Concepts

For a signature ¥ = (C, R, 1) the set of ALC-concepts over ¥ is
defined by the following grammar:
(Hets) Manchester syntax

C:= AforAeC a concept name

| T Thing

| L Nothing

| -C not C

|CcncC C and C

| CucC CorC

| 3R.C for R€ R R some C

| VR.C for R€ R R only C

ALC stands for “attributive language with complement”
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Description Logic: Sentences

The set of ALC-Sentences over ¥ (Sen(X)) is defined as
e CC D, where C and D are ALC-concepts over X.
Class: C Subclass0f: D
@ a: C,where acland Cisa ALC-concept over ¥.
Individual: a Types: C
e R(a1,az), where R € R and aj,a; € 1.
Individual: al Facts: R a2
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Description Logic: Models

Given ¥ = (C,R,1), a ¥-model is of form Z = (AZ, 1), where
o A” is a non-empty set
o AZC AL foreach AeC
o RT C AT x AT foreach Re R
o af € AT foreach a €|
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Description Logic: semantics of concepts

We can extend -Z to all concepts as follows:

TZ — AI

1z = 0

(—\C)I — AI\ CI

(cnb)y = ctnD?

(CubyY = CctuD?

AR.C)Y = {xecA¥BycAl(x,y)c Rt ycCh)
(VR.C)? = {xeAllvyeAl(x,y)e RT = ye Ct}
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Description Logic: Satisfaction of sentences in a model

IECCD iff CtcD?
Tk=a:C iff af € CT.
T = R(a1,a) iff (af,al) e RT.
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Translating ALC to FOL: Signatures

#((C,R,1)) = (F, P) with
@ S = {Thing} (one sort = single-sorted)
o F ={a:Thing|a € 7} (constants)
o P={A:Thing|A € C} U{R : Thing x Thing|R € R}
(predicate symbols)
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Translating ALC to FOL: Concepts

@ ayx(A) = A(x : Thing)

0 ay(—C) = —ay(C)

0 a,(CM D)= ay(C)Aax(D)

0 ax(CUD) = ax(C)Vax(D)

e o, (3R.C) =Ty : Thing.(R(x,y) A oy, (C))
e o (VR.C) =Vy : Thing.(R(x,y) = «a,(C))
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Translating ALC to FOL: Sentences and Models

Sentence translation
e ay(C C D) = Vx: Thing. (a(C) — ax(D))
o as(a: C) = ax(C)[a/x]*
e ax(R(a,b)) = R(a, b)

Model translation (FOL-models are translated to ALC-models!)

o For M' € ModfOL(¢X) define Bs(M') := (A, -) with
A = Mpy,,, and Al = M, a' = M, R! = M.

Thing

!Replace x by a.
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Translating ALC to FOL: Correctness

Theorem 1: C* = {m € Mp,;, IM' + {x = m} |= ax(C)}
Proof: By Induction over the structure of C.

o Al =M,={me Miying|M' + {x = m} = A(x)}
o (RO =A\C*
=/ AN {m € MiysnglM' + {x = m} | ax(C)}
= {m € Mpy;p6|M' + {x = m} = —ax(C)}

Theorem 2: (Satisfaction condition)

B(M) E ¢ iff M = a(p)

Theorem 3: (Logical consequence coincides)

= ¢ (in ALC) iff o(T) = a(p) (in FOL)
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