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Abstract— The interacting multiple model filter is the standard
in state estimation where different dynamic models are required
to model the behavior of a system. It performs a probabilistic
mixing of estimates. Up to now, it is undefined how to perform this
mixing properly on manifold spaces, e.g. quaternions. We present
the proper probabilistic mixing on differentiable manifolds based
on the boxplus-method. The result is the interacting multiple model
filter on boxplus-manifolds. We prove that our approach is a first
order correct approximation of the optimum. The approach is
evaluated in a simulation and performs as good as the ad-hoc
solution for quaternions. A generic implementation of the boxplus
interacting multiple model filter for differentiable manifolds is
published alongside with this paper.

I. INTRODUCTION

The interacting multiple model filter (IMM) is widely used
in the field of target tracking. After its original invention [1]
for radar based aircraft tracking [2], [3], [4], it has been used
in various applications as attitude estimation [5], lane change
prediction [6] and sensor fault detection [7].

The IMM is applied when a single dynamical model does not
predict the behavior of the system accurately [8]. This is the
case when the system dynamics depend on modes, i.e. discrete
states that change abruptly. The original IMM runs one Kalman
Filter (KF) per mode and fuses the estimates of the filters
probabilistically based on the likelihood of the models. Up to
now, several adaptations of the IMM have been published to use
different nonlinear filters as the Extended Kalman Filter (EKF)
[8], the Unscented Kalman Filter (UKF) [4] or the Particle Filter
(PF) [9].

Typically, these nonlinear filters operate on vector spaces
(RN ). Thus, it is difficult to maintain manifold structures as
the rotation quaternion in the filter. As it is often required to
estimate orientations in target tracking, various extensions [10],
[11], [12] have been developed to use rotation quaternions or
matrices without destroying their manifold properties, e.g. unit
norm or orthogonality. To our knowledge, no such extension
exists for the IMM.

For quaternions, the approach to normalize the quaternion
exists [5]. However, such an approach usually degrades the per-
formance of the estimator due to erroneous covariance matrices.
Besides that approach, publications avoid to use quaternions in
the state by using 2D rather than 3D [6] or by using models
that work in world coordinates only, as it is common in aircraft
tracking [2]. In [13] the so called delta-quaternion is used in
the state, while the quaternion orientation is predicted outside
of the IMM.

We see a gap in the literature on how to handle manifolds
in the IMM. Thus, we are motivated to develop an IMM which
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can handle manifolds properly.
The core difficulty of an IMM on manifolds is the probabilis-

tic mixing of states. In the IMM the estimates of all filters are
mixed in a weighted sum. Unfortunately, the operator + breaks
the manifold structure, wherefore a sum cannot be computed
[10]. Furthermore, the mixing degrades the covariance which
may result in inconsistency.

To overcome this problem for single mode filtering on
quaternions, the multiplicative EKF (MEKF)[11] or the error
state KF (ESKF)[12] were developed. Both methods update the
quaternion estimate by quaternion multiplication only, which
sustains the manifold structure in contrast to addition. The
boxplus-method (�-method) of Hertzberg et al. [10] generalizes
this concept for manifolds. It only allows changes to the mani-
fold which do not break its structure. It gained attention in pose
tracking in the last years since it is a general approach to handle
manifolds in nonlinear filtering [14], [15] and least squares
optimization [16]. The �-method encapsulates manifolds as
black boxes, so that algorithms can handle them generically.
Furthermore, it provides the necessary definitions to calculate
a weighted sum of Gaussians over manifolds as it is required
for the IMM on manifolds.

The contribution of this paper is the theoretic derivation of an
IMM which uses the �-method to properly handle the mixing
of states and covariances in the manifold case. The proposed
method is proved to perform a first order correct probabilistic
mixing of Gaussians. The solution is a generalization of aver-
aging rotations [17], since it applies to arbitrary �-manifolds.

The focus of this work is the theoretic extension of the �-
method. The method is extended to hybrid estimation, which
underlines the character of the �-method as a general solution
to handle manifolds in state estimation.

The remainder of the paper is structured as follows: The
theoretic foundation of probabilistic mixing on �-manifolds is
shown in Section II. The IMM on �-manifolds is presented in
Section III. In Section IV we give an example for the new
algorithm and analyze its performance compared to a naive
solution. At the end, we conclude and discuss future work.

II. WEIGHTED SUM OF GAUSSIANS ON �-MANIFOLDS

Usually, the representations of manifolds S are overpara-
metrizations i.e., they are represented with more parameters
than they have degrees of freedom (DOF). The key idea of
the �-method is to allow changes of the manifolds only in the
direction of the DOFs [10]. This direction is called the tangent
space V ⊂ RDOF . Small changes to the manifold instance
can be expressed in the tangent space and are applied with the
operator � : S×V 7→ S . The �-operator enforces the manifold
structure.



The difference of two manifold instances is also expressed
in the tangent space and can be derived by the complementary
boxminus-operator � : S × S 7→ V . The �-operator calcu-
lates the geodesic between two manifold instances, i.e. the
shortest path between them on the manifold. The quadruplet
{S,�,�,V} is called a �-manifold. The operators for com-
monly used manifolds can be found in [10].

The �-method allows to compound a state of multiple
manifolds and vectors. The �/�-operators of a compound
manifold x simply apply the operators elementwise:

x = {x1, · · · , xn} (1)
x� δ = {x1 � δ1, · · · , xn � δn} (2)
y � x = {y1 � x1, · · · , yn � xn} (3)

For vectors, the operators naturally reduce to +/−. Thus, the
method allows to compound states of manifolds and vectors
seamlessly, which is essential for target tracking applications.

Hertzberg et al. already stated that it is not possible to
compute a weighted sum of manifolds with the classic definition
[10]. Instead, they derived the implicit definition of the weighted
sum using the expected value:

E
(
X �X

)
= 0 (4)

where E(· · · ) computes the expected value, X ⊆ S is the set
of all weighted manifold instances and X is the expected value
of X, i.e. the weighted sum.

In the IMM, Gaussian distributions are mixed instead of
simple instances. Thus, X is a mixture of Gaussians Xj =
N (xj , Pj) with mean xj and covariance Pj . For manifolds the
Gaussian is defined as:

N (µ, P ) := µ�N (0, P ) (5)

where P ∈ RDOFxDOF .
In the manifold case, the weighted sum of the mean values

of the Gaussians x is not guaranteed to be the weighted sum
X of the complete distribution. However, we prove that it is at
least a first order correct approximation of X .

Theorem 1: Let X be a set of M Gaussian Distributions Xj

with probabilities p(Xj). Then, the weighted sum x of their
mean values xj is a first order correct approximation of the
weighted sum X of all elements in X .

Proof:

E(X � x)
?≈ E(X �X) = 0 (6)

E(X � x) =

∫

X

p(x) · (x� x) dx, x ∈ X (7)

=

M∑

j=1

∫

Xj

p(xj) · (xj � x) dxj , xj ∈ Xj (8)

∫

Xj

p(xj)dxj = p(Xj) (9)

Each element xj can be expressed relative to the mean of the
respective Gaussian using the axioms of �-manifolds [10]:

xj = xj � δj , δj = xj � xj (10)

E(X � x) =
M∑

j=1

∫

Xj

p(xj) · ((xj � δj) � x) dxj (11)

We approximate the �-operator with a first order Taylor series
around δj = ~0:

E(X � x) ≈
M∑

j=1

∫

Xj

p(xj) ·
((
xj �~0

)
� x

+ Jj ∗ (δj −~0)
)
dxj (12)

Jj =
∂ ((xj � δj) � x)

∂δj

∣∣∣∣
δj=~0

(13)

Using (9) we can split into:

E(X � x) ≈
M∑

j=1

(
p(Xj) (xj � x)

+ Jj ∗
∫

Xj

p(xj)δjdxj

) (14)

The first summand is the expected value E(xj − x) which is 0
by definition of x.

E(X � x) ≈
M∑

j=1

Jj ∗
∫

Xj

p(xj)δjdxj (15)

Using the definition of xj :

E(Xj � xj) = 0 =

∫

Xj

p(xj) (xj � xj) dxj (16)

=

∫

Xj

p(xj)δjdxj (17)

We can reduce to:

E(X � x) ≈ 0 (18)

Thus, the approximation is first order correct.
In the IMM, the mixed distribution is approximated with a

Gaussian. Since the covariance of manifolds is expressed in the
tangent space, the covariances cannot be summed up as in the
original IMM. Instead, we use a first order propagation of the
covariances.

The standard definition of covariance can be adapted to �-
manifolds [10]. We express the covariance P with respect to x
since it is a first order correct approximation of the real mean
of the weighted sum:

P = E
(

[x� x]
⊗
)

=

∫

X

p(x) [x� x]
⊗
dx (19)

where [...]⊗ is a short hand notation for the outer product of a
vector with itself, i.e.:

[v]⊗ = v ⊗ v = vvT (20)



Again, each element of X is expressed with respect to the mean
of the corresponding Gaussian using (10):

P =
M∑

j=1

∫

Xj

p(xj) [(xj � δj) � x]
⊗
dxj (21)

And linearise around δj = ~0 with Jj as in (13):

P =
M∑

j=1

∫

Xj

p(xj)
[(
xj �~0

)
� x+ Jjδj

]⊗
dxj (22)

=
M∑

j=1

∫

Xj

p(xj) [xj � x+ Jjδj ]
⊗
dxj (23)

By expansion we get:

P =

M∑

j=1

∫

Xj

p(xj)
(

[xj � x]
⊗

+ [Jjδj ]
⊗

+ (xj � x) (Jjδj)
T

+ (Jjδj) (xj � x)
T
)
dxj

(24)

=
M∑

j=1

∫

Xj

p(xj)
(

[xj � x]
⊗

+
(
Jjδjδ

T
j J

T
j

)

+ (xj � x)
(
δTj J

T
j

)
+ (Jjδj) (xj � x)

T
)
dxj

(25)

Which we can further reduce by rearranging the sums to:

P =
M∑

j=1

p(Xj) [xj � x]
⊗

+ p(Xj)JjPjJ
T
j

+ (xj � x)

∫

Xj

p(xj)δ
T
j dxj ∗ JTj

+ Jj

∫

Xj

p(xj)δjdxj ∗ (xj � x)
T (26)

Using (17) yields:

P =
M∑

j=1

p(Xj)
(

[xj � x]
⊗

+ JjPjJ
T
j

)
(27)

Equation (27) is similar to the original equation of the IMM.
The first summand expresses the spread of the mean in �-
terms. The second summand propagates the covariances of the
Gaussians to the new mean. The main difference to the original
equation is the transformation of Pj with the Jacobian Jj . In
the vector case, the Jacobian equals identity.

III. THE IMM ON �-MANIFOLDS

The IMM runs a recursive filter, e.g. an EKF or UKF, for each
mode of the system. At every time step, it performs the three
steps interaction, filtering and combination [8] (see TABLE I).
The interaction mixes the estimates of all filters according to
their mode and transition probabilities. The filtering performs
the prediction and update of each filter. It calculates the new
mode probabilities based on the measurements. The details of
this step depend on the chosen filter type. The combination step
only combines all estimates according to their mode probability
to create the output of the IMM which is the most likely state
of the system.

TABLE I
ORIGINAL IMM [8] VS �-IMM. BOXED LINES EXCHANGE THE PRIOR LINE

TO FORM THE �-IMM. z(k) MAY BE A �-MANIFOLD D.

State, input, process and measurement models:

xj(k) ∈ S, Pj(k) ∈ RDOF×DOF , u(k) ∈ Rν , z(k) ∈ D (28)
gj : S × Rν × Rn 7→ S, Xj(k + 1) = gj(Xj(k), u(k), εj(k)) (29)

εj(k) = Nn(0, Qj(k)), Qj(k) ∈ Rn×n (30)

h : S 7→ D, z(k) = h(X(k)) �Nd(0, Rj(k)), Rj(k) ∈ Rd×d (31)
Initialization: ∀j ∈ [1,M ]

xj(0) = x0, Pj(0) = P0, µj(0) = µj0 (32)
Interaction: ∀i, j ∈ [1,M ]

cj =
M∑

i=1

pijµi(k − 1) (33)

µi|j(k − 1) =
pijµi(k − 1)

cj
, pij are transition probabilities. (34)

x0j(k − 1) =

M∑

i=1

xi(k − 1)µi|j(k − 1) (35)

x0j(k − 1) = �- WeightedSum(xj(k − 1), xi(k − 1), µi|j(k − 1))

(36)

P0j(k − 1) =

M∑

i=1

µi|j(k − 1)
(
Pi(k − 1)

+ [xi(k − 1)− x0j(k − 1)]⊗
)

(37)

P0j(k − 1) = �- WeightedCovarianceSum(x0j(k − 1),

Pi(k − 1), xi(k − 1), µi|j(k − 1)) (38)

Filtering (�-EKF): ∀j ∈ [1,M ]

Prediction:

x̂j(k) = g(x0j(k − 1), u(k − 1),~0) (39)

Fj(k − 1) =
∂g(x, u(k − 1),~0)

∂x

∣∣∣∣∣
x=x0j(k−1)

(40)

Uj(k − 1) =
∂g(x0j(k − 1), u(k − 1), ε)

∂ε

∣∣∣∣
ε=~0

(41)

P̂j(k) = Fj(k − 1)P0j(k − 1)Fj(k − 1)T

+ Uj(k − 1)Qj(k − 1)Uj(k − 1)T (42)
Update:

Hj(k) =
∂h(x)

∂x

∣∣∣∣
x=x̂j(k)

(43)

Sj(k) = Hj(k)P̂j(k)Hj(k)T +Rj(k) (44)

Wj(k) = P̂j(k)Hj(k)TSj(k)−1 (45)
rj(k) = z(k) � h(x̂j(k)) (46)
xj(k) = x̂j(k) �Wj(k)rj(k) (47)

Pj(k) = P̂j(k)−Wj(k)Sj(k)Wj(k)T (48)
Λj(k) = N(rj(k); 0, Sj(k)) (49)

µj(k) =
1

c
Λj(k)cj , c is a normalization factor (50)

Combination:

x(k) =

M∑

j=1

xj(k)µj(k) (51)

x(k) = �- WeightedSum(x(k − 1), xj(k), µj(k)) (52)

P (k) =

M∑

j=1

µj(k)
(
Pj(k) + [xj(k)− x(k)]⊗

)
(53)

P (k) = �- WeightedCovarianceSum(x(k), Pj(k), xj(k), µj(k)) (54)



To use the IMM on �-manifolds two changes are applied:
1) The inner filter must be able to handle �-manifolds.
2) The weighted sum of Gaussians in the interaction and

combination step needs to be calculated with the �-
equivalents.

The first change can be introduced by using the �-EKF [14],
[15] or �-UKF [10]. The measurement likelihood can be
calculated using Gaussians on �-manifolds.

The second change has to be introduced with the results from
Section II. Using Theorem 1, we approximate the mean of the
weighted sum of Gaussians with the weighted sum of the means
of the Gaussians. The weighted sum can be calculated using the
iterative algorithm �-WeightedSum adapted from [10]:

Input: X0, xj , p(Xj) ∀j ∈ [1,M ] (55)

Xk+1 = Xk �
M∑

j=1

p(Xj)(xj �Xk) (56)

x = lim
k 7→∞

Xk (57)

In practice, the iteration can be stopped when the change of
the calculated mean is small. The convergence speed depends
greatly on the choice of the initial guess X0. The algorithm is
identical to the computation of the mean on compact lie groups
[18].

With the �-WeightedSum algorithm the mode estimates can
be mixed without destroying the manifold structure. In the
IMM (35) and (51) have to be exchanged with (36) and (52)
respectively.

Following (27), the mixed covariance can be calculated using
the function �-WeightedCovarianceSum:

Input: x, Pj , xj , p(Xj) ∀j ∈ [1,M ] (58)

Jj =
∂ (xj � δ � x)

∂δ

∣∣∣∣
δ=~0

(59)

P =
M∑

j=1

p(Xj)
(

[xj � x]
⊗

+ JjPjJ
T
j

)
(60)

With the �-WeightedCovarianceSum function the covari-
ances can be mixed properly. To apply it to the IMM (37) and
(53) need to be exchanged with (38) and (54) respectively.

This results in a generic IMM that properly mixes the state
estimates based on the �-method: The �-IMM. It does not
require any ad-hoc implementation to mix the states as it only
uses the �/�-interface of the manifold.

IV. EXAMPLE APPLICATION AND PERFORMANCE
DISCUSSION

We test the �-IMM in a simulated environment, to provide
first insights into the performance of the new algorithm. We
choose the following setup inspired by classic radar tracking: A
drone flies across known terrain. It has an stereo-camera facing
downwards. With the camera it detects known landmarks in the
terrain. The task is to track the position of the drone. Since the
camera is mounted on the drone, its measurements are in body
coordinates. Hence, it is required to estimate the orientation of
the drone to make use of the measurements.

The drone has two different flight modes. In the first mode
it flies straight with a constant velocity. In the second mode it
flies a curve with a constant angular rate.

We model the dynamics of the drone with the state x:

x = (qwb ~pw ~vw ~ωw)
T (61)

where qwb is the rotation quaternion that rotates a world frame
vector to body frame, ~pw is the position in world frame, ~vw is
the velocity in world frame and ~ωw is the angular rate in world
frame. The straight dynamic is modeled as:

gs(x(k), εs(k)) =




qwb
~pw + (~vw + εs)∆t

~vw + εs
~ωw


 (62)

where ∆t = 0.05 s is the time difference between time k and
k + 1. The constant turn dynamic is modeled as in [2] with a
change for the orientation and angular rate:

gc(x(k), εc(k)) =




qwb ∗ exp(∆t
2 ~ωw)−1

~pw + (∆tI3×3 +B)~vw
(I3×3 +A)~vw
~ωw + εc


 (63)

where exp(· · · ) forms a quaternion from the given Euler-angle-
axis [10] and A,B ∈ R3×3 as given in [2].

For simplification, we assume that the camera measures the
position of the landmark in body coordinates. The measurement
model is:

h(x) = qwb ∗ ~pw ∗ (qwb )
−1 (64)

The covariance matrices can be found in the Appendix.
The simulated drone flies a trajectory of two straights and

two 180◦ curves over four visible landmarks. It is evaluated
against the Naive-IMM with naive mixing, i.e. the quaternions
are averaged in parameter space and normalized after. The
covariances are summed up as in the original IMM. However,
the inner filter is a �-EKF as well since we only want to
evaluate the effect of the �-mixing of states on the estimation
performance. Furthermore, the algorithm is compared against a
�-EKF on the constant turn model, to show the overall benefit
of the IMM. The root mean squared error (RMSE) to the ground
truth is used for comparison.

The RMSE of the �-IMM and Naive-IMM are shown in
Table II. The developed �-IMM has the same RMSE as the
Naive-IMM. Thus, the �-mixing of state estimates does not
improve the estimation accuracy.

TABLE II
RMSE COMPARISON FOR AIRCRAFT TRACKING

EKF �-IMM Naive-IMM �/Naive-IMM diff.
0.502367 0.488076 0.488084 -7.79736e-06

This result is unsatisfying since the �-mixing should yield
better accuracy and consistency. However, the error of the naive
mixing is negligible in the presented example.

We try to quantify the error induced by naive mixing.
We calculate the weighted mean of two quaternion Gaussian
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Fig. 1. The difference of means (�-norm) between �- and naive mixing over
the angular differences of q1 and q2.

distributions q1, q2 for different angular differences and different
probabilities (see Fig. 1).

The difference is in the range of 10−4 rad for angular
differences below 0.35 rad (ca. 20◦), for all probabilities. Since
the IMM usually operates at small differences between the
models, the error of the naive mixing is negligible for the mean.

Similarly, the effect of the �-mixing on the covariance is
small (see Fig. 2). Hence, the two mixing methods differ
only for high differences of the mixed quaternions. In the
presented simulation example, the angular differences are small,
wherefore the mixing methods have equal results.
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Fig. 2. The covariance difference (Schur norm) between �- and naive mixing
over the angular differences of q1 and q2.

In general, it is unlikely that the quaternion estimates of the
IMM differ greatly. The mixing is always performed after the
update step. Hence, even big differences of the dynamic models
are compensated by the update.

The �-mixing may perform better for higher differences.
However, its original purpose is subverted. With an increasing
difference between the quaternions the linearization errors also
increase since it is only first order correct.

To show the increasing error, �- and naive mixing are
compared to an optimal solution in Fig. 3 and Fig. 4. Since
their is no closed form solution to mix the Gaussians, the
optimal solution is obtained numerically. Quaternions are sam-
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Fig. 3. The error of means (�-norm) of �- and naive mixing compared to
optimal mixing over the angular differences of q1 and q2.
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Fig. 4. The covariance error (Schur norm) of �- and naive mixing compared
to optimal mixing over the angular differences of q1 and q2.

pled uniformly from the Gaussians to approximate the complete
distribution.

The mean and covariance error of the �-mixing increase
with the distance between the Gaussian means. The �-mixing
outperforms the naive mixing at higher differences between the
two quaternions. Still, the approaches are almost equal for small
differences.

Overall, using the �-mixing with a first order approximation
does not give a performance boost for the IMM on quaternions.
Instead, it consumes more computational power since it requires
an iterative calculation of the mean and the calculation of
additional Jacobians.

The �-mixing does not improve the performance of the
IMM, but it enables a generic IMM on differentiable �-
manifolds. The method encapsulates the manifold properties of
the state so that it can be treated as a black box. Therefore,
the IMM can be implemented independently of the used state
representation. It does not require any ad-hoc solutions to
mix the states. An open source C++ implementation of the
generic �-IMM is provided at: https://github.com/
TomLKoller/Boxplus-IMM. It uses automatic differentia-
tion [19] to calculate all required Jacobians for state mixing and
for the internal �-EKF [20]. It simplifies the use of the IMM
immensely, as the developer can focus on tuning the dynamic



models without taking care of Jacobians or the mixing step.
The repository also contains the presented simulation example.

V. CONCLUSION

The first order correct IMM on �-manifolds has been de-
rived. Proofs are provided, how the weighted mean and covari-
ance of mixtures of Gaussians on �-manifolds are calculated.
With these, the �-method is applied to the IMM.

The �-IMM has been evaluated on a simulated aircraft
tracking example. The evaluation of the algorithm shows, that
the accuracy of the IMM is not improved compared to a
naive approach of mixing quaternions. Thus, it is shown that
mixing in the parameter space of quaternions followed by a
normalization, is a simple, but suitable way to handle the
quaternion manifold structure in the IMM.

The �-IMM still has high theoretical value as it can be
directly derived from the basic definitions of the expected
value and the covariance on �-manifolds. Thus, it is a justified
algorithm instead of an ad-hoc solution.

This paper extended the family of �-algorithms to the the
IMM. The presented IMM is fully generic, since the �-method
encapsulates the manifold properties and separates them from
the algorithm. No further ad-hoc implementations are required
to perform the mixing, regardless of the state. Therefore, the
�-IMM enables the implementation of a generic IMM library
that can handle �-manifold states. A first prototype is published
alongside this paper.

The presented method is only first order correct. Thus, one
may develop higher order methods or use an UKF style method
to mix the Gaussians. Presumably, this will not reduce the error,
as the error compared to the numerical solution was quite low
for small distances anyway. Instead, it should be investigated
whether the proposed method has a visible advantage on other
�-manifolds as the rotation matrix. This may be the case, since
the normalization of quaternions is quite simple in comparison.

APPENDIX

Covariances of dynamic models:

Qs(k) =
(

10 0 0
0 10 0
0 0 10

)
, Qc(k) =

(
0.1 0 0
0 0.1 0
0 0 0.1

)

Covariance of Measurement and transition probabilities:

R(k) =
(

1 0 0
0 1 0
0 0 1

)
, ptrans = ( 0.95 0.05

0.05 0.95 )
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