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Abstract—Synthesis of reversible circuits has attracted the
attention of many researchers. In particular, approaches based
on Decision Diagrams (DDs) have been shown beneficial since
they enable the realization of corresponding circuits for large
functions. However, all existing approaches rely on a gate library
composed of positive control lines only. Recently, it has been
shown that the additional use of negative control lines enables
significant reductions of the respective circuit costs. In this
paper, we aim for exploiting this potential. To this end, two
complementary schemes are investigated. First, a post-synthesis
optimization that exploits the power of negative control lines is
utilized to optimize the circuits generated by previously proposed
DD-based methods. Second, negative control lines are explicitly
considered during synthesis. Experimental results demonstrate
that the proposed approaches result in a significant reduction
with respect to gate count as well as quantum costs.

I. INTRODUCTION

Recent interest in the synthesis and optimization of re-
versible logic circuits has been motivated by the empha-
sis on low-power design alternatives and developments in
quantum computing. It is believed that reversible circuits
may offer a design alternative with promising low-power
properties supported by the well-known principles investigated
by Landauer [1] and Bennett [2] which recently have been
experimentally confirmed in [3]. In the design of low-power
interconnect encoders, reversible logic also found application
for today’s technologies [4]. Applications in the domain of
quantum computation are motivated by the fact that each
quantum operation is inherently reversible. Quantum circuits
in turn are interesting as they enable to solve important tasks
such as factorization in significantly less run-time than the
currently best known conventional solutions [5].

Reversible circuits are constructed by creating a cascade
of basic reversible gates, like NOT, controlled NOT [6], or
Toffoli gates [7], with additional constraints like no direct
support of fanout and feedback. Because of these constraints
as well as the new gate library, synthesis of reversible circuits
significantly differs from the design of conventional circuits.

Consequently, new approaches for the synthesis of re-
versible circuits have been explored by researchers. These
include

• exact methods [8] for obtaining optimal circuits, which,
due to their computational complexity, work for very
small functions only,

• constructive approaches [9], [10] which are able to syn-
thesize relatively large functions (with up to 30 inputs),
and

• methods based on Decision Diagrams (DDs, [11]) or
Exclusive Sum of Products (ESOPs, [12]) which enable
synthesis for very large functions.

In these methods, the given function to be synthesized is
represented using different function descriptions such as truth
tables, DDs, or ESOPs. In the following, we focus on DD-
based synthesis. Here, a hierarchical approach is applied which
uses a DD to represent the function to be synthesized and
transforms each node into a corresponding sub-circuit (this
approach is reviewed in more detail later in Section III).
Thus far, all existing approaches following this scheme (such
as [11], [13], [14]) rely on a gate library composed of Toffoli
gates with positive control lines only. Recently, an extension
of these gates with mixed control lines, i.e. with both positive
and negative control lines, received attention. It has been
shown that additionally considering negative control lines
enables the synthesis of reversible circuits with significantly
less costs [15]–[18]. However, these recent findings have not
yet been exploited for DD-based synthesis.

In this work, we investigate the potential of utilizing neg-
ative control lines for DD-based synthesis. To this end, we
consider

• how the application of an existing (post-synthesis) op-
timization approach utilizing negative control lines im-
proves the circuit realizations obtained by DD-based
synthesis, and

• how negative control lines can explicitly be exploited
during the synthesis.

Both schemes have been evaluated. The results clearly
show that the utilization of negative control lines significantly
reduces the costs of the respective circuits. In the best cases,
up to 43% of the gates and 15% of the quantum costs can be
saved.
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Fig. 1: Reversible circuit

The remainder of this paper is organized as follows. Sec-
tion II provides the background on reversible circuits while
Section III briefly reviews DD-based synthesis and motivates
this work. Afterwards, the post-synthesis optimization scheme
and the the explicit consideration of negative control lines in
DD-based synthesis are discussed in Section IV and Section V,
respectively. Finally, Section VI summarizes the experimental
evaluation and Section VII concludes the paper.

II. REVERSIBLE CIRCUITS

A Boolean function f : Bn → Bn is said to be reversible
if it represents a one to one mapping, i.e. is bijective. The
problem of synthesis is to determine a reversible circuit that
realizes a given function f .

Reversible circuits are digital circuits with the same num-
ber of input signals and output signals. They realize re-
versible functions and differ from conventional circuits, since
e.g. fanout and feedback are not directly allowed [5]. Con-
sequently, reversible circuits are composed as a cascade of
reversible gates. In this work, we consider the established
Toffoli gate library.

A Toffoli gate over the inputs X = {x1, . . . , xn}
consists of a (possibly empty) set of control lines
C = {xi1 , . . . , xik} ⊂ X and a single target line xj ∈ X \C.
The Toffoli gate inverts the value on the target line iff all
values on the control lines are assigned 1 or if C = ∅,
respectively. All remaining values are passed through
unaltered.

Recently, an extension of Toffoli gates with mixed control
lines received attention. In addition to the (positive) control
lines as defined above, they may also include negative control
lines. The functionality of such Toffoli gates is the same
as defined above, except that the value on the target line is
inverted iff all values on positive control lines are assigned 1
and all values on negative control lines are assigned 0.

As an example, Fig. 1 shows a reversible circuit with three
lines and composed of four gates. The target lines are denoted
by , while a represents a positive control line and a
represents a negative control line. For example, assigning the
input pattern 001 to the circuit results in the output pattern 101.
Due to the reversibility, this computation can be performed in
both directions.

To estimate the cost of an implementation, several metrics
are used. Most common is counting the number of gates and
the number of equivalent basic quantum operations (so called
quantum costs). The latter is derived by mapping a reversible
circuit into an equivalent cascade of quantum gates. For this
purpose, several schemes have been introduced which have
their origin in the initial work by Barenco et al. [19]. The
mappings proposed in [20] provide the best known mappings
thus far. While these mappings mainly considered Toffoli
gates with positive control lines only, respective schemes for

negative control lines have been discussed in [21]. Here, it has
been shown that the same calculation as for positive controls
can be applied except for the case where all the controls are
negative. In this case, the determined quantum costs have to
be increased by 1 (in case of a Toffoli gate with up to two
control lines) or 2 (in all other cases).

III. DD-BASED SYNTHESIS

DD-based synthesis is a hierarchical synthesis approach
which enables the automatic generation of a reversible circuit
realizing a given function f . To this end, the function f to be
synthesized is decomposed into smaller sub-functions. This
decomposition is repeatedly applied until the sub-functions
evaluate to a constant 0 or 1. By this, the (possibly very
large) function f is represented by a logical combination
of co-factors. While the overall function f is usually hard
to synthesize in one step, the respective co-factors as well
as logical combinations resulting from the decomposition are
rather small and, hence, can easily be realized as sub-circuits.
Composing all these sub-circuits eventually results in a circuit
realizing the desired function f .

This scheme has originally been applied in [11] and further
refined e.g. in [13], [14]. The decompositions have been
conducted by the use of data structures like Binary Decision
Diagrams (BDDs, [22]) or Kronecker Functional Decision
Diagrams (KFDDs, [23], [24]). Both are directed, acyclic
graphs G = (V,E) with a root that represents the function f .
Each inner node v ∈ V has two child nodes low(v) and high(v)
representing the sub-functions obtained by the decomposition.
Possible decompositions are defined by:

f = xi · fxi=0 + xi · fxi=1 (Shannon)

f = fxi=0 ⊕ xi · (fxi=0 ⊕ fxi=1) (positive Davio)

f = fxi=1 ⊕ xi · (fxi=0 ⊕ fxi=1) (negative Davio)

Each inner node is labeled with a variable of f and each
variable is assigned a decomposition type. For example,
if a node representing the function f is labeled with the
variable xi which is assigned Shannon decomposition, its
child nodes represent fxi=0 (low(v)) and fxi=1 (high(v)),
where fxi=0 (fxi=1) is the negative (positive) co-factor of f
obtained by assigning xi to 0 (1). Co-factors evaluating to the
constant 0 or 1 are represented by terminal nodes.

Note that BDDs only allow Shannon decomposition, while
KFDDs support all decompositions mentioned above. In this
sense, BDDs are a special case of KFDDs. Due to the reduced
diagram complexity, algorithms for BDDs are often more
efficient than those for KFDDs. On the other hand, KFDDs
allow for a more compact representation of certain types
of Boolean functions [25]. In the following, we generically
denote these data structures by Decision Diagrams (DDs).

For an even more compact representation of functions in a
DD, complement edges have been introduced. If a complement
edge is pointing to a node v, the function fv rather than the
function fv is used. These edges are denoted by a • in the
following figures.

Taking all that into consideration, synthesis for a given
function f represented by a DD G = (V,E) can be performed
by conducting the following steps:

1) Traverse the DD in a depth-first manner.
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Fig. 2: Reversible cascades representing the different decompositions

2) For each inner node v ∈ V , generate a cascade of
reversible gates which computes the (sub-)function rep-
resented by v. Output values of the previously traversed
child nodes of v are utilized for this purpose.

3) Cascade all generated sub-circuits which eventually
leads to a circuit realizing f .

The sub-circuits generated in Step 2 vary depending on
decomposition type, types of child nodes, use of complement
edges, etc. Fig. 2 provides a selection of cases that may occur
in a DD together with their corresponding circuit patterns.

Example 1: Fig. 3a shows a DD representing the func-
tion f = x1x2x3x4 + x1x2x3x4 + x1x2x3x4 + x1x2x3x4 as
well as the respective co-factors resulting from the application
of the Shannon decomposition. The co-factor f1 can easily be
represented by the primary input x4. Having the value of f1
available, the co-factor f2 can be realized by the first two
gates depicted in Fig. 3b1. In this fashion, respective sub-
circuits can be added for all remaining co-factors until a circuit
representing the overall function f results. The remaining steps
are shown in Fig. 3b.

Thus far, only positive control lines have been considered
in the DD-based synthesis. But as shown in previous work
such as [15]–[18], additionally utilizing negative control lines

1Note that an additional circuit line is added to preserve the values of x4
and x3 which are still needed by the co-factors f3 and f4, respectively.

may significantly reduce the number of gates as well as the
resulting quantum costs of a reversible circuit. However, the
utilization of negative control lines during DD-based synthesis
has not been investigated yet. Because of this, significant
potential for the improvement of DD-based synthesis has not
been exploited. In particular, the realization of complement
edges or negative Davio decomposition may significantly profit
from negative control lines.

In this work, these missing investigations and evaluations
are performed. To this end, two complementary schemes are
considered. First, it is evaluated whether corresponding post-
synthesis approaches presented in the past can be applied in
order to improve circuits obtained by DD-based synthesis.
Second, negative control lines are explicitly considered during
synthesis, i.e. an extended DD-based synthesis approach is
proposed which directly applies negative control lines when
mapping from nodes to sub-circuits. Experimental evaluations
summarized in Section VI confirm that both schemes lead to
significant improvements.

IV. POST-SYNTHESIS OPTIMIZATION

Synthesis and optimization of reversible logic circuits have
gained lots of attention in the past. As circuits generated from
certain synthesis approaches require a large number of gates,
there is a huge scope for post-synthesis optimization. In the
literature, most of the optimization techniques relied on a gate
library composed of positive control Toffoli gates only.
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Fig. 4: Optimization rules (taken from [17])

However, in a recent work [17] it was shown that the power
of negative control lines in Toffoli gates can be used quite
elegantly to frame a set of template matching rules. Then, these
rules can be applied in order to optimize a given reversible
circuit. Some of these rules that may be used are illustrated in
Fig. 4. Detailed experimental evaluations on circuits derived
from various synthesis approaches demonstrated that signifi-
cant reductions in the gate count and the quantum costs are
possible when applying these rules.

Due to the nature of these rules, respective optimization
methods usually perform better for circuits which inherit a
specific structure, e.g. a clear separation between input lines
and output lines. In previous work, this has successfully
been shown on circuits generated by ESOP-based synthesis
approaches (see [12] for a general description of ESOP-based
synthesis and [17] for an evaluation on the corresponding
post-synthesis optimization). However, an evaluation on cir-
cuits obtained by DD-based synthesis has not explicitly been
conducted yet. Since also DD-based circuits inherit a rather

regular structure, similar improvements are very likely. This
is evaluated in detail later in Section VI.

V. EXPLICIT CONSIDERATION
OF NEGATIVE CONTROL LINES DURING SYNTHESIS

In DD-based synthesis, negative control lines can explicitly
be exploited for two purposes:
• Negative Davio decomposition can be realized in a sim-

ilar fashion as positive Davio decomposition. They only
differ in the polarity of the respective xi-variable which,
thanks to a negative control line, can easily be considered.
This may lead to improvements since, as shown in Fig. 2,
positive Davio can usually be realized with less gates
and/or costs than negative Davio.

• Complemented edges can inherently be realized by neg-
ative control lines. In fact, complement edges are applied
when the value of a sub-function to be considered shall
be applied inversely. Again, this can easily be realized by
the simple application of a negative control line, while,
thus far, often additional logic has been required.

These observations are also confirmed by the realizations
of the respective sub-circuits. More precisely, Fig. 5 shows
the circuit realizations for all the cases previously discussed
in Fig. 2 which additionally make use of negative control
lines (the respective circuits have been obtained by the exact
approach from [15] and represent minimal realizations with
respect to the number of gates). Note that, due to page limita-
tions, not all cases which might occur in DDs could be enlisted
in a pictorial fashion. Nevertheless, Table I lists the number
of gates and the quantum costs for all possible cases2 and, by
this, allows a comprehensive comparison. Columns denoted
by d provide the number of gates, while columns denoted
by QC provide the respective quantum costs. Both columns are
additionally distinguished between values obtained if positive
control lines are considered only (pc) and if negative control
lines are considered additionally (mc). The last rows (Total)
list the sum of gates and quantum costs that could be saved
considering negative control lines.

As can be seen, most of the patterns could be improved
with respect to gate count and quantum costs. Especially the
cases with complement edges (Table Ib) unveil significant
improvements. Interestingly, even some smaller realizations
for the Shannon decomposition can be determined. In most
of the cases, one gate – sometimes even two gates – can
be saved. Quantum costs are improved by up to 4 in the
best case. Considering that relatively small sub-circuits are
considered which, however, are repeatedly applied during DD-
based synthesis, this constitutes a significant improvement.

VI. EXPERIMENTAL EVALUATION

The concepts and approaches discussed above have been
evaluated. For this purpose, the post-synthesis optimization
scheme proposed in [17] has been applied. Additionally,
the RevKit-implementations (taken from [26]) of the BDD-
based and the KFDD-based synthesis approaches [11], [13]
have been extended by the new cascades which are partially
sketched in Fig. 5. All these approaches have eventually

2Some node patterns are redundant and therefore not listed.
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Fig. 5: Reversible cascades (w/ negative control lines) representing the different decompositions

TABLE I: Gate count/quantum costs for all decompositions
(a) W/o complement edges

d QC
case pc mc pc mc
LL pD 2 1 6 5
LL nD 1 1 5 5
LH S s 3 2 11 10
LH pD s 2 2 6 6
LH nD s 3 2 7 6
LH S 2 2 6 6
LH pD 1 1 5 5
LH nD 2 1 6 5
1H S 2 1 6 5
1H pD 1 1 5 5
1H nD 2 1 6 5
0H S 1 1 5 5
L1 S 3 1 7 6
L1 pD 2 2 2 2
L1 nD 2 2 2 2
L0 S 2 1 6 5
11 pD 1 1 1 1
10 S 1 1 1 1
Total 9 8

(b) W/ complement edges

d QC
case pc mc pc mc
L-L S s 2 2 2 2
L-L S 1 1 1 1
-LL S s 2 2 2 2
-LL S 2 1 2 2
L-L pD 3 1 7 6
L-L nD 2 1 6 5
L-H S s 4 2 12 10
-LH S s 4 2 12 10
L-H pD s 3 2 7 6
L-H nD s 4 2 8 7
L-H S 3 3 11 7
-LH S 3 3 11 8
L-H pD 2 1 6 5
L-H nD 3 1 7 6
1-H S 1 1 5 5
1-H pD 2 1 6 5
1-H nD 3 1 7 6
-L1 S 2 1 6 5
-L0 S 3 1 7 6
Total 20 21

been evaluated using a set of benchmark functions taken
from RevLib [27].

Table IIa and Table IIb summarize the results for BDD-
based synthesis and KFDD-based synthesis, respectively. The
first two columns denote the name of the considered function

as well as the number n of circuit lines generated by the
respective approaches. Then, the remaining columns provide
the number of gates (denoted by d) as well as the quantum
costs (denoted by QC) of the circuits obtained by the original
approach (i.e. the original BDD-based or KFDD-based syn-
thesis) as well as the circuits obtained by applying the post-
synthesis scheme (as discussed in Section IV) and the extended
approach (presented in Section V). The columns Impr. provide
the improvements with respect to the original realizations. All
results have been generated in neglicable run-time, i.e. just a
fraction of a second in most of the cases; the post-synthesis
optimization scheme sometimes required slightly more time,
but never more than 10 CPU seconds.

The results confirm the discussions from Section III: The
utilization of negative control lines significantly reduces the
number of gates as well as the resulting quantum costs
and, hence, indeed improves DD-based synthesis. In the best
cases, up to 43% of the gates and 15% of the quantum
costs can be saved. The improvements of circuits obtained
by KFDD-based synthesis are somewhat slight. This can be
explained by the fact that KFDD decomposition already leads
to smaller circuits. Nevertheless, relevant improvements can
also be observed here. Considering that these improvements
come with no drawbacks, the application of negative control
lines is a worthwhile addition to DD-based synthesis schemes.



TABLE II: Experimental results

(a) BDD

Original [11] Post-Synth. (Sect. IV) Explicit (Sect. V)
Impr. Impr.

Function n d QC d QC d QC d QC d QC
alu2 96 105 452 1436 358 1346 21% 6% 323 1233 29% 14%
alu4 98 541 2186 7222 1746 6784 20% 6% 1554 6476 29% 10%
apex2 101 498 1746 5922 1358 5534 22% 7% 1238 5462 29% 8%
apex5 104 1025 2909 10349 2246 9686 23% 6% 2059 9461 29% 9%
ex5p 154 206 647 1843 462 1659 29% 10% 372 1612 43% 13%
frg2 161 1219 3724 12468 2753 11497 26% 8% 2611 11404 30% 9%
hwb8 64 112 449 1461 346 1360 23% 7% 319 1289 29% 12%
hwb9 65 170 699 2275 540 2117 23% 7% 488 2001 30% 12%
seq 201 1617 5990 19362 4561 17935 24% 7% 3950 17390 34% 10%
spla 202 489 1709 5925 1321 5537 23% 7% 1217 5420 29% 9%
urf1 72 374 1848 6080 1441 5673 22% 7% 1354 5199 27% 14%
urf2 73 209 983 3187 764 2968 22% 7% 703 2720 28% 15%
urf3 75 668 3413 11357 2674 10618 22% 7% 2533 9743 26% 14%
urf5 76 216 860 2796 679 2616 21% 6% 607 2432 29% 13%
Average 23% 7% 30% 11%

(b) KFDD

Original [13] Post-Synth. (Sect. IV) Explicit (Sect. V)
Impr. Impr.

Function n d QC d QC d QC d QC d QC
alu2 96 107 326 894 257 836 21% 6% 212 806 35% 10%
alu4 98 452 1252 5216 1239 5206 1% 1% 1238 5243 1% 0%
apex2 101 394 949 3621 870 3555 8% 2% 823 3661 13% -1%
apex5 104 1029 2088 9092 2011 9019 4% 1% 1984 9023 5% 1%
ex5p 154 202 419 1503 374 1459 11% 3% 367 1525 12% -1%
frg2 161 1252 3311 9023 2587 8361 22% 7% 1920 8308 42% 8%
hwb8 64 115 337 1297 310 1270 8% 2% 334 1300 1% 0%
hwb9 65 170 513 1993 472 1952 8% 2% 510 1996 1% 0%
seq 201 828 2041 6469 1699 6200 17% 4% 1403 6214 31% 4%
spla 202 458 1116 3760 984 3644 12% 3% 854 3728 23% 1%
urf1 72 379 1614 4202 1278 3866 21% 8% 1312 3954 19% 6%
urf2 73 203 736 2420 581 2266 21% 6% 571 2290 22% 5%
urf3 75 665 2625 9149 2307 8831 12% 3% 2465 9048 6% 1%
urf5 76 207 700 1876 508 1687 27% 10% 457 1679 35% 11%
Average 14% 4% 18% 3%

VII. CONCLUSION

In this paper, we investigated the potential of utilizing
negative control lines for DD-based synthesis. To this end,
a post-synthesis scheme as well as an explicit consideration
during synthesis have been inspected and evaluated. Experi-
ments confirmed the expected improvements: Negative control
lines indeed allow for the realization of reversible circuits with
significantly less gate count and quantum costs. In the best
cases, up to 43% of the gates and 15% of the quantum costs
can be saved.
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