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1

Introduction

This chapter first explains the background and aims of CoFI, the Common
Framework Initiative for algebraic specification and development of software.
It then gives an overview of the main features of CasL, the Common Algebraic
Specification Language.

1.1 CoFI

In 1995, an open collaborative effort was initiated: to design a common frame-
work for algebraic specification and development of software. It is referred to
as The Common Framework Initiative, CoFL.!

There was an urgent need for a common framework.

The rationale behind this initiative was that the lack of such a common
framework was a major hindrance for the dissemination and application of al-
gebraic specification techniques. In particular, there was a proliferation of lan-
guages — some differing in only quite minor ways from each other. The major
languages included Act ONE/AcT Two [19], ASF [6], ASL [36], CLEAR [15],
EXTENDED ML [26], LARCH [25], OBJ3 [24], PLUSS [9], and SPECTRUM [14].
This abundance of languages was an obstacle for the adoption of algebraic
methods for use in industrial contexts, making it difficult to exploit stan-
dard examples, case studies and training material. A common framework,
with widespread support at least throughout the research community, was
urgently needed.

! CoFTI is pronounced like ‘coffee’.

M. Bidoit and P.D. Mosses: CASL User Manual, LNCS 2900, pp. 3-9, 2004.
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4 1 Introduction

The aim of CoFI was to base the common framework as much as possible
on a critical selection of features that had already been explored in previous
research and applications (see the IFIP State-of-the-Art Report on Algebraic
Foundations of Systems Specification [3] for the background). The collective
experience and expertise of the CoFI participants provided a unique oppor-
tunity to achieve this aim within a reasonably short time-span.

The various groups working on algebraic specification frameworks had al-
ready had ample opportunity to develop their own particular variations on
the theme of algebraic specification [16], yet no clear ‘winner’ had emerged
(although there were several strong contenders).

CoFI aims at establishing a wide consensus.

The aim of CoFI was to design a framework incorporating just those fea-
tures for which there would be a wide consensus regarding their appropri-
ateness. This framework should be able to subsume many of the existing
frameworks, and be seen as an attractive common basis for future research
and development — with high potential for strong collaboration between the
various groups.

The initial overall aims of CoFI were formulated as follows:

e A common framework for algebraic specification and software development
is to be designed, developed, and disseminated.

e The production of the common framework is to be a collaborative effort,
involving a large number of experts (30-50) from many different groups
(20-30) working on algebraic specification.

e In the short term, the common framework is to become accepted as an ap-
propriate basis for a significant proportion of the research and development
in algebraic specification.

e Specifications in the common framework are to have a uniform, user-
friendly syntax and straightforward semantics.

e The common framework is to be able to replace many existing algebraic
specification frameworks.

e The common framework is to be supported by a concise reference manual,
user’s guide, libraries of specifications, tools, and educational materials.

e In the longer term, the common framework is to be made attractive for
use in industrial contexts.

e The common framework is to be available free of charge, both to academic
institutions and to industrial companies. It is to be protected against ap-
propriation.



1.1 CoFI 5

The focus of CoFI is on algebraic techniques.

The functionality of the common framework is to allow and be useful for:

e algebraic specification of the functional requirements of software systems,
for some significant class of software systems;

e formal development of design specifications from requirements specifica-
tions, using some particular methods;

e documenting the relation between informal statements of requirements and
formal specifications;

e verification of correctness of development steps from (formal) requirements
to design specifications;

e documenting the relation between design specifications and implementa-
tions in software;

e exploration of the (logical) consequences of specifications: e.g., rewriting,

theorem-proving, prototyping;

reuse of parts of specifications;

adjustment of specifications and developments to changes in requirements;

providing a library of useful specification modules; and

providing a workbench of tools supporting the above.

CoFI has already achieved its main aims.

The first major achievement of CoFI was the completion of the design of
CasL, the Common Algebraic Specification Language. The CasL design effort
started in September 1995. An initial design was proposed in May 1997 (with
a language summary, abstract syntax, and formal semantics, but no concrete
syntax) and tentatively approved by IFIP WG1.3. The report of the IFIP
referees on the initial CAsL design proposal suggested reconsideration of sev-
eral points in the language design, and requested some improvements to the
documents describing the design. Apart from a few details, the design was
finalized in April 1998, and CasrL version 1.0 was released in October 1998.
IFIP WG 1.3 was asked to review the final design of Casr version 1.0.1 in
May 2000, and subsequently approved that design in April 2001. The cur-
rent version (1.0.2) was adopted in October 2003; it incorporates adjustments
to some minor details of the concrete syntax and the semantics. No further
revisions of the CAsL design are anticipated.

The CasL Reference Manual [20], published as a companion volume to
the present book, includes a detailed yet concise (60 pages) summary of the
CasL design; the rest of it is concerned mainly with the formal syntax and
semantics of CasL, and with the libraries of basic datatype specifications. An
introduction to the Reference Manual is given in Chap. 10 of this book.
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In parallel with the design of Casr, CoFI has developed tool support for
the use of CasL (see Chap. 11), and substantial libraries of CAsL specifications
(see Chap. 12).

Despite the previous lack of a Cast User Manual, there is already much
evidence that CASL is now accepted as an appropriate basis for research and
development in algebraic specification. Reference [33] gives an overview of
what was achieved in the period 1998-2001, and the annotated bibliography in
the CasrL Reference Manual lists a significant number of further publications
that involve CasrL. At the time of writing, it remains to be seen whether
significant industrial take-up will follow.

CoFI is an open, voluntary initiative.

CoFI was started by CoMmpass (ESPRIT Basic Research WG 3264/6112,
1989-96), in cooperation with IFIP WG 1.3 (Foundations of System Specifica-
tion, founded 1992), on the basis of proposals made during their meetings in
1994 (Santa Margherita Ligure, Italy) and 1995 (Oslo, Norway); participation
in CoFI was, however, never confined to members of those working groups.
The active participants have included some 30 leading researchers in algebraic
specification, with representatives from almost all the European groups work-
ing in this area. (Ideally, representatives from non-European groups would
have been involved too, but logistic difficulties prevented this.)

Originally, CoFI had separate task groups concerning language design,
semantics, tools, methodology, and reactive systems. There was a substantial
amount of interaction between the task groups, which was facilitated by many
of the CoFI participants being involved in more than one task group. The
overall coordination of these task groups was managed by Peter Mosses from
the start of CoFI in September 1995 until August 1998, and subsequently
by Don Sannella. In 2003, the CoF1I task groups were replaced by a looser
coordination mechanism, with a steering committee chaired by Don Sannella.

CoFT has received funding as an ESPRIT Working Group, and is
sponsored by IFIP WG 1.5.

The European Commission provided funding for the European component
of CoFI as ESPRIT Working Group 29432 from 1998 to 2001 [33]. The part-
ners were the coordinating sites of the various CoFI task groups (University
of Aarhus, University of Bremen, Ecole normale supérieure de Cachan, Uni-
versity of Genova, INRIA Lorraine, Warsaw University) with the University
of Edinburgh as overall coordinator. The goals of the working group were to
coordinate the completion of and disseminate the Common Framework, to
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demonstrate its practical applicability in industrial contexts, and to establish
the infrastructure needed for future European collaborative research in alge-
braic techniques. Apart from this period of funding, and support for meetings
from the ComMpAass Working Group until its termination in 1996, CoFI has
relied entirely on unfunded efforts by its participants. Participation in the fre-
quent working meetings was often supported by generous subsidies from the
local organizers.

IFIP WG 1.3 sponsors CoFI by reviewing proposals for changes to the
design of CAsL, and proposals for extensions of CASL. Moreover, a considerable
number of members of IFIP WG 1.3 have been (and, at the time of writing,
still are) active participants of CoFI.

New participants are welcome!

CoFT is an open collaboration, and new participants are always welcome.
Current information about CoFI activities is available at the main CoFI web
site: http://www.cofi.info. The low-volume mailing list cofi@cofi.info
is reserved for CoFI announcements, and discussions about CoFI activities
generally take place on the mailing list cofi-discuss@cofi.info; see the
CoFI web site for how to subscribe, and for access to the archives.

1.2 CAsL

CasL has been designed as a general-purpose algebraic specification
language, subsuming many existing languages.

The primary specification language developed by CoFT is called CasL: the
Common Algebraic Specification Language. Its main features are:

e The design of CasL is based on a critical selection of the concepts and
constructs found in existing algebraic specification frameworks.

e (AsL is an expressive specification language with simple semantics and
good pragmatics.

e (AsL is appropriate for specifying requirements and design of conventional
software packages.

e (asL is at the heart of a coherent family of languages that are obtained
as sublanguages or extensions of CASL.

CasL subsumes many previous languages for the formal specification of
functional requirements and modular software design. Tools for CASL are inter-
operable, i.e., capable of being used in combination rather than in isolation.
CasL interfaces to existing tools extend this inter-operability (see Chap. 11).
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The intention was to base the design of CAsL on a critical selection of
concepts and constructs from existing specification languages. However, it
was not easy to reach a consensus on a coherent language design. A great deal
of careful consideration was given to the effect that the constructs available
in the language would have on such aspects as the methodology and tools. A
complete formal semantics for CAsL was produced in parallel with the later
stages of the language design, and the desire for a relatively straightforward
semantics was one factor in the choice between various alternatives in the
design.

CasL represents a consolidation of past work on the design of algebraic
specification languages. With a few minor exceptions, all its features are
present in some form in other languages, but there is no language that comes
close to subsuming it. Designing a language with this particular novel col-
lection of features required solutions to a number of subtle problems in the
interaction between features. An overview of the CasL design is presented
in [2], and full details are provided in the Casr Reference Manual [20].

CAsL is at the center of a family of languages.

It was clear from the start that no single language could suit all purposes.
On the one hand, sophisticated features are required to deal with specific pro-
gramming paradigms and special applications. On the other hand, important
methods for prototyping and reasoning about specifications only work in the
absence of certain features: for instance, term rewriting requires specifications
with equational or conditional equational axioms.

.\ /. Extensions
™~ CasL -~
PN
[ ] \ / [ ]
. Sublanguages
SN

Fig. 1.1. The CASL Family of Languages

CasL is therefore at the center of a family of languages, see Fig. 1.1.
Some tools will make use of well-delineated sublanguages of CASL, obtained by
syntactic or semantic restrictions [29], while extensions of CASL are generally
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designed to support various paradigms and applications. The design of CAsL
took into account the need to define sublanguages and extensions.

CasL itself has several major parts.

The major parts of CAsL are concerned with basic specifications, structured
specifications, architectural specifications, and libraries of specifications. They
have been designed to be used together: basic specifications can be used in
structured specifications, which in turn can be used in architectural specifi-
cations; structured and/or architectural specifications can be collected into
libraries. However, these parts of CASL are quite independent, and may be
understood separately, as we shall see in Part II.



2

Underlying Concepts

CastL is based on standard concepts of algebraic specification.

This chapter reviews the main concepts of algebraic specification. It briefly
explains and illustrates standard terminology regarding specification language
constructs and models of specifications (i.e., algebras), and indicates the dif-
ferences between basic, structured, and architectural specifications.

The focus here is on concepts that are relevant to Casr, and which will
be needed in later chapters. For comprehensive presentations of concepts and
results concerning algebraic specification, see [3, 10, 16, 27, 34, 35, 37]; for an
overview of the design of CasL, see [2]; and for full details of CASL, see the
CasL Reference Manual [20].

The reader is assumed to be familiar with basic mathematical notions
(sets, relations, and total and partial functions) and with the use of logical
formulas as axioms.

2.1 Basic Specifications

A basic specification declares symbols, and gives axioms and
constraints.

A basic specification in an algebraic specification language generally con-
sists of a set of declarations of symbols, and a set of axioms and constraints,
which restrict the interpretations of the declared symbols. CasL allows basic
specifications to include also items which simultaneously declare symbols and
restrict their interpretations.

M. Bidoit and P.D. Mosses: CASL User Manual, LNCS 2900, pp. 11-20, 2004.
© IFIP International Federation for Information Processing 2004



12 2 Underlying Concepts

The semantics of a basic specification is a signature and a class of
models.

The meaning or semantics of a basic specification SP generally has two
parts:

e a signature X, corresponding to the symbols introduced by the specifica-
tion, and

e a class of X-models,! corresponding to those interpretations of the signa-
ture X that satisfy the axioms and constraints of the specification.

When a model M satisfies a specification SP, we write M = SP and say
that M is a model of SP. (Formalizing this within the theory of so-called
institutions involves categorical structure on the set of signatures and on the
class of models, and a natural condition on the satisfaction relation. We need
not bother with the details here — but see however the concept of a signature
morphism in Sect. 2.2.) A specification is said to be consistent when its class
of models is non-empty, and otherwise inconsistent.

CAsL specifications may declare sorts, subsorts, operations, and
predicates.

A CasL signature represents declarations of sorts, subsorts, operations,
and predicates. The signature is called many-sorted when there are no subsort
declarations, and otherwise subsorted; it is called algebraic when there are no
predicate declarations.

Sorts are interpreted as carrier sets.

A sort is a symbol which is interpreted as a set, called a carrier set. The
elements of a carrier set are generally abstract representations of the data
processed by software: numbers, characters, lists, etc. Thus a sort declared by
a specification corresponds to a type in a programming language. Sort symbols
are usually chosen to be strongly suggestive of their intended interpretations,
e.g., Int for a sort to be interpreted as the set of integers, List for a set of
lists. Cast allows also compound sort symbols, such as List[Int] for lists of
integers.

! Readers who are not interested in foundational aspects may treat the word ‘class’
as a synonym for ‘set’. In general, the models of an algebraic specification in CASL
constitute a proper class, because there is no restriction on the elements of the
carrier sets.
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Subsorts declarations are interpreted as embeddings.

A sort may be declared to be a subsort or a supersort of other sorts. The
subsort relation between two sorts could be interpreted as set inclusion. Its in-
terpretation in CASL is however more general: it is interpreted as an embedding,
i.e., a 1-1 function from the carrier set of the subsort to that of the supersort.
For example, if ASCII is specified to be a subsort of ISO_Latinl in CAsL, the
carrier set for ASCII could be simply a subset of that for ISO_Latin1. If Char
were to be declared as a subsort of String, however, the carrier sets for Char
and String could be disjoint, with the embedding mapping each character to
the corresponding single-character string. (See also the concept of overloading,
below.)

Operations may be declared as total or partial.

An operation symbol consists of the name of the operation together with its
profile, which indicates the number and sorts of the arguments, and the result
sort. In CasL, a declared operation symbol is interpreted as either a total or a
partial function from the Cartesian product of the carrier sets of the argument
sorts to the carrier set of the result sort; the subset of the argument tuples for
which the result of a function is defined is called its domain of definition. The
declaration indicates whether the function is total or partial.? For example,
integer addition would be declared as total, but integer division as partial. The
result of applying an operation is undefined whenever any of its arguments is
undefined (regardless of whether the operation itself is total or partial).

When there are no arguments, the operation is called a constant. A con-
stant is interpreted simply as an element of the result sort.

Predicates are different from boolean-valued operations.

A predicate symbol consists of the name of the predicate together with its
profile, which indicates the number and sorts of the arguments but no result
sort: predicates are syntactically different from boolean-valued operations,
and are used to form atomic formulas rather than terms. In CasrL, a declared
predicate symbol is interpreted as a relation on (i.e., a subset of) the Cartesian
product of the carrier sets of the argument sorts. An application of a predicate
is said to hold when the tuple of arguments is in the relation. For example, a

2 A partial function might just happen to be everywhere defined, of course.



14 2 Underlying Concepts

symbol ‘<’ to be interpreted as the less-than relation could be declared as a
binary predicate on integers.

An application of a predicate simply fails to hold when any of its arguments
is undefined: there is no undefinedness about holding or not. This allows the
logic to remain two-valued, and the logical connectives to have their familiar
interpretations.

In contrast, the result of evaluating an application of even a total boolean-
valued operation could be true, false, or undefined: the last case arises when
any argument of the application is undefined. Thus boolean-valued operations
corresponding to logical connectives (conjunction, implication, etc.) have to
take account of undefinedness, which leads to a three-valued logic.

A further significant difference between predicates and boolean-valued op-
erations shows up in connection with the concept of initiality, see Sect. 2.2.
(Predicates of two-valued logic can be represented accurately by partial oper-
ations with a single-valued result sort, holding being represented by defined-
ness.)

Operation symbols and predicate symbols may be overloaded.

An operation or predicate name can be declared with different profiles in
the same specification. This is called overloading. For example, the constant
‘empty’ could be overloaded, being interpreted as (unrelated) elements of the
sorts List and Set, according to the context of its use. Similarly, a predicate
name such as ‘<’ could be overloaded on unrelated sorts such as Char and
Int.

In CasL, overloading is required to be compatible with embeddings between
subsorts. For example, the sort Nat, interpreted as the set of natural numbers,
might be a subsort of Int, interpreted as the set of all integers; then when the
operation name ‘+’ and the predicate name ‘<’ are declared both on Nat and
on Int, their interpretations are required to be such that it makes no difference
whether the embedding from Nat to Int is applied to the arguments or to the
result of the operation, and whether it is applied to the arguments of the
predicate or not.

Axioms are formulas of first-order logic.

The interpretation of quantification (universal, existential, and unique-
existential) and of the usual logical connectives (negation, conjunction, dis-
junction, implication, and equivalence) in CASL axioms is completely standard.
Variables in formulas range over the carrier sets of specified sorts.
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Apart from the usual predicate applications, the atomic formulas in CasrL
axioms are equations (strong or existential), definedness assertions, and sub-
sort membership assertions. An existential equation holds when the values of
its terms are defined and equal; a strong equation holds moreover when the
values of the terms are both undefined.

Regardless of whether the values of the terms occurring in an axiom are
defined, the axiom either holds or it does not hold in a particular model: the
logic is two-valued, there is no “maybe” or undefinedness about the holding
of axioms. Recall that when the value of any argument term is undefined,
an application of a predicate never holds; similarly, definedness and subsort
membership assertions never hold when their arguments are undefined.

Sort generation constraints eliminate ‘junk’ from specific carrier sets.

In general, the carrier sets of the models of a specification may contain
‘junk’ elements, i.e., elements which cannot be obtained by any composition
of the operations declared by the signature of the specification.

A sort generation constraint in CASL concerns specific sorts and opera-
tions, and is satisfied in a model when no elements of the indicated carrier
sets are junk with respect to the indicated operations — i.e., all the elements
of those sets can be obtained by consecutively applying those operations to
elements of the carrier sets of the remaining sorts. For example, the carrier
set for the sort Container might be constrained to be generated from that for
the sort Elem by the following operations:

e a constant ‘empty’ of sort Container, and
e a binary operation ‘insert’ with argument sorts Elem and Container, and
result sort Container.

This constraint would ensure that the only elements of the Container carrier
are those obtained by a finite number of successive applications of the insert
operation to elements of sort Elem, starting with the empty value of sort
Container.

2.2 Structured Specifications
Structured specifications are formed from basic specifications, references to

named specifications, and instantiations of generic specifications, using various
constructs for composing specifications.
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The semantics of a structured specification is simply a signature and
a class of models.

The semantics of a structured specification is of the same form as that of
a basic specification: a signature, together with a class of models. Thus the
structure of a specification is not reflected in its models: it is used only to
present the specification in a modular style. (Specification of the architecture
of implementations is addressed in Sect. 2.3.) The symbols in the signature
are called the exported symbols of the specification.

The interpretation of structured specification constructs involves mappings
between signatures Y, called signature morphisms, and corresponding map-
pings between models M, called reducts along morphisms. In CASL, a signature
morphism o from X to X’ consists of a mapping which gives:

e for each sort of X, a corresponding sort of X', preserving any subsort
relationships, and

e for each operation or predicate symbol whose profile has sorts in X, a
corresponding symbol in X’ whose profile has the corresponding sorts,
preserving any overloading between symbols whose profiles are related by
subsorting. A partial operation may be mapped to a total operation, but
not vice versa.

Let M’ be any X’-model. We can define its reduct along the signature mor-
phism o to be the X-model M obtained as follows: each symbol of X is
interpreted in M in exactly the same way as the corresponding symbol in
X is interpreted in M’. Conversely, given M, a model M’ is said to be an
expansion of M when the reduct of M’ is M.

Suppose that a specification SP has signature X and SP’ has signature X’.
A signature morphism o from X to X’ is said to be a specification morphism
from SP to SP’ when the reduct along o of each model of SP’ is a model of
SP.

For two X-models M;, Mg, a (weak) homomorphism from M; to My maps
the elements of the carrier sets of M; to the elements of the corresponding car-
rier sets of Mg, preserving the embeddings between subsorts, the values (and
definedness) of operations, and the holding of predicates. A homomorphism
is an isomorphism when it has an inverse homomorphism.

A model M is initial in a class of X-models if there is a unique homo-
morphism from M to each model in the class. When a class of models has
an initial model (which need not be the case in CasL) it is unique, up to
isomorphism.

With reference to the above concepts of signature morphism, model reduct,
and homomorphism, we can now proceed to explain the constructs involved
with structured specifications.
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A translation merely renames symbols.

Translating a sort symbol requires translating the profiles of all opera-
tion and predicate symbols involving that sort; translating an operation or
predicate symbol has to respect overloading between symbols whose profiles
are related by subsorting. The translation of sort, operation, and predicate
names in CAsL determines a signature morphism o mapping the signature X
of a specification SP onto a new signature X’. The models of the translation
specification are all those models interpreting X’ whose reducts along o are
models of SP.

Hiding symbols removes parts of models.

Hiding a sort symbol implies hiding also all operation and predicate sym-
bols whose profiles involve that sort; hiding an operation or predicate symbol,
however, does not have further implications. Hiding a set of symbols that
occur in the signature X of a specification SP to give a subsignature X’ de-
termines a signature morphism o which simply includes X’ in Y. The models
of the hiding specification are the reducts of the models of SP along o.

For example, the operation suc might be introduced purely to facilitate
the specification of the natural numbers, with sort Nat, constants 0 and 1,
and the usual arithmetic operations. Hiding suc removes the interpretation
of suc from the models of the specification® but leaves the carrier set for Nat
unchanged.

Union of specifications identifies common symbols.

The signature of a union of specifications SP;, SPs is simply the union of
their respective signatures X';, Y. The models of the union are those mod-
els of the union signature whose reducts to X; and X, along the signature
inclusions satisfy SP; and SP2 respectively. Thus each symbol that the two
signatures have in common has a single interpretation in any model of the
union specification. This is known as the ‘same name, same thing’ principle.

3 The successor of a number can of course still be obtained, using addition and 1.
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Ezxtension of specifications identifies common symbols too.

The signature of the extension of a specification SP by further specification
items (declarations, axioms, and constraints) is simply the extension of the
signature Y of SP with the symbols of the new declarations. The models of
the extension are those models of the extended signature which satisfy the
axioms and constraints specified by the extension and whose reducts to X
satisfy SP. If the extension redeclares a symbol of SP, there is still only one
occurrence of that symbol in the signature of the extension, and hence only
one interpretation of it — again the ‘same name, same thing’ principle.

In CasL, unions, extensions, and other kinds of structured specification
can be formed from specification fragments that determine only signature
extensions, not necessarily complete signatures.

Free specifications restrict models to being free, with initiality as a
special case.

When a specification is freely extended by additional specification items,
the interpretations of the additional declarations are required to satisfy the
axioms, but nothing more: that is, properties that are not consequences of
the axioms should not hold. In particular, the domains of definition of partial
operations — and the sets of arguments for which predicates hold — are as
small as possible. The carriers for the original sorts are left unchanged; any
new carriers are no larger than is required to provide interpretations for the
operations, without unnecessary junk elements. This restriction of the models
is referred to as a freeness constraint. In the degenerate case where the speci-
fication being enriched is empty, the models of the free extension are just the
initial models.

The difference between predicates and boolean-valued operations is par-
ticularly apparent in free specifications: with predicates, it is only required to
specify when they hold, since not holding is the default; with boolean-valued
operations, however, the true and false values are treated symmetrically, and
it is necessary to specify both cases, since neither is the default.

Generic specifications have parameters, and have to be instantiated
when referenced.

A named specification may declare some parameters, the union of which
is extended by a body; it is then called generic. The purpose of a generic
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specification is to reuse the body in different contexts; hence a reference to a
generic specification should instantiate it by providing, for each parameter, an
argument specification together with a fitting morphism from the parameter
to the argument specification. Fitting may also be achieved by use of named
views between the parameter and argument specifications. The instantiation
of the generic specification gives the union of the arguments, together with
the translation of the generic specification by an expansion of the fitting mor-
phism. This corresponds to a so-called push-out construction — taking into
account any explicit imports of the generic specification.

2.3 Architectural Specifications

The semantics of an architectural specification reflects its modular
structure.

The intention with architectural specifications is primarily to impose struc-
ture on implementations, expressing their composition from component units
— and thereby also a decomposition of the task of developing such implemen-
tations, from requirements specifications. This is in contrast to the structured
specifications considered in Sect. 2.2, where the specified models have no more
structure than do those of the basic specifications considered in Sect. 2.1.

Architectural specifications involve the notions of persistent function
and conservative extension.

A function F mapping Y-models to X’-models, where the signature X’
extends X, is said to be persistent when for each Y-model M, the reduct of
F(M) to a X-model is exactly M.

A specification extension SP’ of SP is said to be conservative when each
model of SP can be expanded to a model of SP’.

A persistent function mapping models of SP to models of SP’ exists only
if SP’ is a conservative extension of SP.
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2.4 Libraries of Specifications

The semantics of a library of specifications is a mapping from the
names of the specifications to their semantics.

The specification of a library gives also a library name, and determines a
version number.



3

Getting Started

Simple specifications may be written in CASL essentially as in many
other algebraic specification languages.

The simplest kind of algebraic specification is when each specified opera-
tion is to be interpreted as an ordinary total mathematical function: it takes
values of particular types as arguments, and always returns a well-defined
value. Total functions correspond to software whose execution always termi-
nates normally. The types of values are named by simple symbols called sorts.

In practice, a realistic software specification involves partial as well as total
functions. However, it may well be formed from simpler specifications, some of
which involve only total functions. This chapter explains how to express such
simple specifications in Casr, illustrating various features of the language.

The simple specifications discussed in this chapter can also be expressed
in many previous specification languages; it is usually straightforward to re-
formulate them in Casr. Readers who know other specification languages will
probably recognize some familiar examples among the illustrations given in
this chapter.

Casr provides also useful abbreviations.

The technique of algebraic specification by axioms is generally well-
suited to expressing properties of functions. However, when functions have
commonly-occurring mathematical properties, it can be tedious to give the
corresponding axioms explicitly. CAsL provides some useful abbreviations for
such cases. Similarly, so-called free datatype declarations allow sorts and value
constructors to be specified much as in functional programming languages, us-
ing a concise and suggestive notation.

M. Bidoit and P.D. Mosses: CASL User Manual, LNCS 2900, pp. 23-45, 2004.
© IFIP International Federation for Information Processing 2004
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CasL allows loose, generated and free specifications.

The models of a loose specification include all those where the declared
functions have the specified properties, without any restrictions on the sets
of values corresponding to the various sorts. In models of a generated speci-
fication, in contrast, it is required that all values can be expressed by terms
formed from the specified constructors, i.e. unreachable values are prohibited.
In models of free specifications, it is required that values of terms are distinct
except when their equality follows from the specified axioms: the possibility
of unintended coincidence between them is prohibited.

Section 3.1 below focuses on loose specifications; Sect. 3.2 discusses the use
of generated specifications, and Sect. 3.3 does the same for free specifications.
Loose, generated, and free specifications are often used together in CASL:
each style has its advantages in particular circumstances, as explained below
in connection with the illustrative examples.

3.1 Loose Specifications

Casr syntaz for declarations and arioms involves familiar notation,
and is mostly self-explanatory.

spec STRICT_PARTIAL_ORDER =
%% Let’s start with a simple example !
sort FElem
pred __ < __: Elem x Elem %% pred abbreviates predicate

Vx,y,z: Elem

o ~(z < x) % (strict) %
ez <y=(y<m) % (asymmetric)%
e r<yhNy<z=uz<z % (transitive)%

%{ Note that there may exist z,y such that
neither z < y nor y < z. }%
end

The above (basic) specification, named STRICT_PARTIAL_ORDER, intro-
duces a sort Elem and a binary infix predicate symbol ‘<’. In the declaration
of a predicate symbol, argument sorts are separated by the sign ‘x’, which can
be input directly as such in ISO Latin-1 or as ‘*’ in ASCII. Note that CasL
allows so-called mizfix notation, i.e., the specifier is free to indicate, using ‘__’
(pairs of underscores) as place-holders, how to place arguments when building
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terms (single underscores are treated as letters in identifiers).! Using mixfix
notation generally allows the use of familiar mathematical and programming
notations, which contributes substantially to the readability of specifications.

The interpretation of the binary predicate symbol ‘<’ is then constrained
by three axioms. A set of axioms is generally presented as a ‘bulleted’ list
of formulas, preceded by the universally quantified declaration of the relevant
variables, together with their respective sorts, as shown in the above example.
In CasrL, axioms are written in first-order logic with equality, using quantifiers
and the usual logical connectives. The universal quantification preceding a list
of axioms applies to the entire list. Axioms can be annotated by labels written
%(...)%, which is convenient for proper reference in explanations or by tools.

Note that ‘v’ is input as ‘forall’, and that ‘ e ’ is input as ‘.” or ‘’. The
usual logical connectives ‘=", ‘<’ ‘A’, ‘V’, and ‘=, are input as ‘=>7, ‘<=>’,
‘/\’, ‘\/’, and ‘not’, respectively; ‘=’ can also be input directly as an ISO
Latin-1 character. The existential quantifier ‘3’ is input as ‘exists’, and ‘3!’
is input as ‘exists!’.

It is advisable to comment as appropriate the various elements introduced
in a specification. The syntax for end-of-line and grouped multi-line comments
is illustrated in the above example. The ‘end’ keyword ending a specification
is optional.

The above STRICT_PARTIAL_ORDER specification is loose in the sense that
it has many (non-isomorphic) models, among which models where ‘<’ is in-
terpreted by a total ordering relation and models where it is interpreted by a
partial one.

Specifications can easily be extended by new declarations and axioms.

spec TOTAL_ORDER =

STRICT_PARTIAL_ORDER
then Vz,y: FElem ¢ z<yVy<zVz=y % (total)%
end

Extensions, introduced by the keyword ‘then’, may specify new symbols,
possibly constrained by some axioms, or merely require further properties of
old ones, as in the above TOTAL_ORDER example, or more generally do both
at the same time. In TOTAL_ORDER, we further constrain the interpretation
of the predicate symbol ‘<’ by requiring it to be a total ordering relation.

All symbols introduced in a specification are by default exported by it and
visible in its extensions. This is for instance the case here for the sort Elem and

I Mixfix notation is so-called because it generalizes infix, prefix, and postfix nota-
tion to allow arbitrary mixing of argument positions and identifier tokens.
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the predicate symbol ‘<’; which are introduced in STRICT_PARTIAL_ORDER,
exported by it, and therefore available in TOTAL_ORDER.?

In simple cases, an operation (or a predicate) symbol may be declared
and its intended interpretation defined at the same time.

spec TOTAL_ORDER_WITH_MINMAX =
TOTAL_ORDER
then ops min(z,y : Elem) : Elem = x when x < y else y;
max(x,y : Elem) : Elem = y when min(z,y) = z else x
end

TOTAL_ORDER_-WITH_-MINMAX extends TOTAL_ORDER by introducing
two binary operation symbols min and mazx, for which a functional notation
is to be used, so no place-holders are given. The intended interpretation of
the symbol min is defined simultaneously with its declaration, and the same
is done for max. For instance:

op min(z,y : Elem) : Elem = z when x < y else y
abbreviates:

op min : Elem x Elem — FElem
Va,y: Elem o min(z,y) =z when x < y else y

(and similarly for maz). As for predicate symbol declarations, in an operation
symbol declaration, the argument sorts are separated by the sign ‘x’; the
result sort is preceded by ‘—’, which is input as ‘=>’.
The ‘... when ... else ...” construct used above is itself an abbreviation,
and:
min(z,y) = x when x < y else y

abbreviates:
(z <y=min(z,y) =) A (~(z <y) = min(z,y) = y)

In CasL specifications, visibility is linear, i.e., any symbol must be declared
before being used. In the above example, min should be declared before being
used to define mazx.

Linear visibility does not imply, however, that a fixed scheme is to be
used when writing specifications: the specifier is free to present the required
declarations and axioms in any order, as long as the linear visibility rule is re-
spected. For instance, one may prefer to declare first all sorts and all operation

2 See Chap. 6 for constructs allowing the explicit restriction of the set of symbols
exported by a specification.
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or predicate symbols needed, and then specify their properties by the relevant
axioms. Or, in contrast, one may prefer to have each operation or predicate
symbol declaration immediately followed by the axioms constraining its inter-
pretations. Both styles are equally fine, and can even be mixed if desired. This
flexibility is illustrated in the following variant of the TOTAL_ORDER_WITH_
MiINMAX specification, where for explanatory purposes we refrain from using
the useful abbreviations explained above.

spec VARIANT_OF_TOTAL_ORDER_WITH_MINMAX =
TOTAL_ORDER
then vars z,y: Elem
op min : Elem x Elem — FElem
o r<y=min(z,y) =1
o ~(z <y)=min(z,y) =y
op max : Elem x Elem — Elem
o r <y=max(r,y)=y
o ~(z<y)= maxr(z,y) =1
end

Note that in order to avoid the tedious repetition of the declaration of the
variables z and y for each list of axioms, we have used here a global variable
declaration which introduces z and y for the rest of the specification. Variable
declarations are of course not exported across specification extensions: the
variables z and y declared in VARIANT_OF_TOTAL_ORDER_WITH_MINMAX
are not visible in any of its extensions.

Symbols may be conveniently displayed as usual mathematical
symbols by means of %display annotations.

%display __<=__ %YLATEX __ < __

spec PARTIAL_ORDER =
STRICT_PARTIAL_ORDER

then pred __< _(z,y:FElem)< (z<yVz=y)

end

The above example relies on a %display annotation: while, for obvious
reasons, the specification text should be input using the ISO Latin-1 char-
acter set, it is often convenient to display some symbols differently, e.g., as
mathematical symbols. This is the case here where the ‘<=" predicate symbol
is more conveniently displayed as ‘<’. Display annotations, as any other CAsL
annotations, are auxiliary parts of a specification, for use by tools, and do not
affect the semantics of the specification.?

3 Display annotations should be provided at the beginning of a library, and are
explained in more detail in Chap. 9.
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In the above example, we have again used the facility of simultaneously
declaring and defining a symbol (here, the predicate symbol ‘<’) in order to
obtain a more concise specification.

The Zimplies annotation is used to indicate that some axioms are
supposedly redundant, being consequences of others.

spec PARTIAL_ORDER_1 =

PARTIAL_ORDER
then %implies

Vr,y,z:EBlem ¢ x <yANy<z=>2<z % (transitive)%
end

The %implies annotation above is used to emphasize that the transitivity
of ‘<’ should follow from the other axioms, or, in other words, that the model
class of PARTIAL_ORDER_1 is exactly the same as the model class of PARTIAL_
ORDER. The %implies annotation applies to the whole of the specification
extension where it occurs (which happens here to introduce a single axiom).

Note however that an annotation does not affect the semantics of a spec-
ification, hence removing the %implies annotation does not change the class
of models of the above specification. The sole aim of an %implies annotation
is to stress the specifier’s intentions, and it will also help readers confirm their
understanding. Some tools may of course use such annotations to generate
corresponding proof obligations. For instance, here, the proof obligation is:

PARTIAL_ORDER = Vz,y,2z: Elem ¢ x <yAy<z=z<z2

Discharging these proof obligations increases the trustworthiness of a specifi-
cation.

To fully understand that an %implies annotation has no effect on the
semantics, the best is to consider an example where the corresponding proof
obligation cannot be discharged, as shown below.

spec IMPLIES_DOES_NOT_HOLD =

PARTIAL_ORDER
then %implies

Ve,y: FElem e t<yVy<zVzr=y % (total)%
end

Since the loose specification PARTIAL_ORDER has models where ‘<’ is in-
terpreted by a partial ordering relation, the proof obligation corresponding
to the above %implies annotation cannot be discharged. However, since an-
notations have no impact on the semantics, the specification IMPLIES_DOES_
NoT_HoLD is well-formed and just constrains the interpretation of ‘<’ to be a
total ordering relation. The fact that the proof obligation cannot be discharged
merely points out a potential mistake in the specification.
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Attributes may be used to abbreviate axioms for associativity,
commutativity, idempotence, and unit properties.

spec MONOID =
sort Monoid
ops 1 : Monoid;
__* __: Monoid x Monoid — Monoid, assoc, unit 1
end

The above example introduces a constant symbol 1 of sort Monoid, then a
binary operation symbol ‘x’, which is asserted to be associative and to have 1
as unit element. (Note that there is no ‘—’ sign before the sort when declaring
a constant.) The assoc attribute abbreviates, as expected, the following axiom:

Vo, y,z: Monoid e (zxy)xz=xx%(yx*2)
The ‘unit 1’ attribute abbreviates:
Vo : Monoid e (xx1 =x)A (1 *z=uz)

Note that to make the use of ‘unit 1’ legal, it is necessary to have previously
declared the constant I, to respect the linear visibility rule.

Other available attributes are comm, which abbreviates the obvious axiom
stating that a binary operation is commutative, and idem, which can be used
to assert the idempotence of a binary operation f (i.e., that f(z,z) = z).

Asserting ‘x’ to be associative using the attribute assoc makes the term
x %y x z well-formed (assuming z,y,z of the right sort), while otherwise
grouping parentheses would be required. Moreover, it is expected that some
tools (e.g., systems based on rewriting) may make special use of the assoc
attribute, so it is generally advisable to use this attribute instead of stating
the same property by an axiom (the same applies to the other attributes).

Genericity of specifications can be made explicit using parameters.

spec GENERIC_MONOID [sort Elem| =
sort Monoid
ops inj : Elem — Monoid;
1 : Monoid;
__x __: Monotd x Monoid — Monoid, assoc, unit 1
Va,y: Elem o inj(x) =inj(y) =z =1y
end
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The above example describes monoids built over arbitrary elements (of sort
Elem). The intention here is to reuse the specification GENERIC_MONOID to
derive from it specifications of monoids built over, say, characters, symbols,
etc. In such cases, it is appropriate to emphasize the intended genericity of
the specification by making explicit, in a distinguished parameter part (which
is here [sort Elem]), the piece of specification that is intended to vary in
the derived specifications. In these, it will then be possible to instantiate the
parameter part as desired in order to specialize the specification as appropriate
(to obtain, e.g., a specification of monoids built over characters). A named
specification with one or more parameter(s) is called generic.

The body of the generic specification GENERIC_MONOID is an extension
of what is specified in the parameter part. Hence an alternative to the above
generic specification GENERIC_MONOID is the following, less elegant, non-
generic specification (which cannot be specialized by instantiation):

spec NON_GENERIC_MONOID =

sort Elem
then sort Monoid
ops inj : Elem — Monoid,
1 : Monoid;
__* __: Monoid x Monoid — Monoid, assoc, unit 1

Va,y: Elem o inj(z) =1inj(y) =z =1y
end

A generic specification may have more than one parameter, and parame-
ters can be arbitrary specifications, named or not. When reused by reference to
its name, a generic specification must be instantiated. Generic specifications
and how to instantiate them are discussed in detail later in Chap. 7. Using
generic specifications when appropriate improves the reusability of specifica-
tion definitions.

References to generic specifications always instantiate the
parameters.

spec GENERIC_COMMUTATIVE_MONOID [sort Elem | =
GENERIC_MONOID [sort Elem |

then Vz,y: Monoid e xxy=yxzx

end

The above (generic) specification GENERIC_.COMMUTATIVE_MONOID is de-
fined as an extension of GENERIC_MONOID, which should therefore be in-
stantiated, as explained above. Instantiating a generic specification is done
by providing an argument specification that ‘fits’ the parameter part of the
generic specification to be instantiated.
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It is however quite frequent that the instantiation is ‘trivial’, i.e., the ar-
gument specification is identical to the parameter one. This is the case for the
above example, where the generic specification GENERIC_MONOID is instanti-
ated by providing the same argument specification ‘sort Elem’ as the original
parameter.

spec GENERIC_COMMUTATIVE_MONOID_1 [sort Elem| =
GENERIC_MONOID [sort Elem |

then op __x __: Monoid x Monoid — Monoid, comm

end

GENERIC_.COMMUTATIVE_MONOID_1 is an alternative version of the for-
mer specification where, instead of requiring explicitly with an axiom the
commutativity of the operation ‘«’, we require it using the attribute comm.
As explained before, it is in general better to describe such requirements using
attributes rather than explicit axioms, since it is expected that some tools will
rely on these attributes for specialized algorithms (e.g., AC term rewriting).

This example illustrates also an important feature of CAsL, the ‘same
name, same thing’ principle. The operation symbol ‘x’ is indeed declared
twice, with the same profile, first in GENERIC_MONOID and then again in
GENERIC_COMMUTATIVE_MONOID_1 (the second declaration being enriched
by the attribute comm). This is perfectly fine and defines only one binary
operation symbol ‘*’ with the corresponding profile, according to the ‘same
name, same thing’ principle. This principle applies to sorts, as well as to
operation and predicate symbols. It applies both to symbols defined locally
and to symbols imported from an extended specification, as it is the case here
for “x’. Of course, it does not apply between separate named specifications, i.e.,
the same symbol may be used in different named specifications with entirely
different interpretations.

Note that for operation and predicate symbols, the ‘same name, same
thing’ principle is a little more subtle than for sorts: the ‘name’ of an operation
(or of a predicate) includes its profile of argument and result sorts, so two
operations defined with the same symbol but with different profiles do not have
the same ‘name’, the symbol is just overloaded. When an overloaded symbol
is used, the intended profile is to be determined by the context (e.g., the sorts
of the arguments to which the symbol is applied).* Explicit disambiguation
can be used when needed, by specifying the profile (or result sort) in an
application.® Note that overloaded constants are allowed in CASL (e.g., empty
may be declared to be a constant of various sorts of collections).

4 See also the discussion of overloading in presence of subsorts in Chap. 5, p. 61.

5 For instance, depending on the context, the term ¢ *¢2 can be disambiguated by
writing (op * : Monoid x Monoid — Monoid)(t1,t2), or just (t1 : Monoid) * (t2 :
Monoid), or even (t1  t2) : Monoid.
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Datatype declarations may be used to abbreviate declarations of sorts
and constructors.

spec CONTAINER [sort Elem| =
type Container ::= empty | insert(Elem; Container)
pred __is_in__: Elem x Container
Ve, €' : Elem; C : Container
e —(e is_in empty)
o c is_in insert(e’,C) < (e =¢ Ve is.in C)
end

Specifications of ‘datatypes’ with constructors are frequently needed. CasL
provides special constructs for datatype declarations to abbreviate the corre-
sponding rather tedious declarations. For instance, the above datatype decla-
ration:

type Container ::= empty | insert(Elem; Container)
abbreviates:

sort Container
ops empty : Container;
insert : Elem x Container — Container

A datatype declaration looks like a context-free grammar in a variant
of BNF. It declares the symbols on the left of ‘::=’ as sorts, and for each
alternative on the right it declares a constructor.

A datatype declaration as the one above is loose since it does not imply
any constraint on the values of the declared sorts: there may be some values
of sort Container that are not built by any of the declared constructors, and
the same value may be built by different applications of the constructors to
some arguments.

Datatype declarations may also be specified as generated (see Sect. 3.2) or
free (see Sect. 3.3). Moreover, selectors, which are usually partial operations,
may be specified for each component (see Chap. 4).

Loose datatype declarations are appropriate when further
constructors may be added in extensions.

spec MARKING_CONTAINER [sort Elem] =
CONTAINER [sort Elem ]
then type Container ::= mark_insert(Elem; Container)
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pred __is_marked_in__: Elem x Container

Ve, e’ : Elem; C : Container

e ¢ is.in mark_insert(e’, C) < (e =€ V e is_in C)

o —(e is_marked_in empty)

o ¢ is_marked_in insert(e’, C) < e is_marked_in C

o ¢ is_marked_in mark_insert(e’, C) < (e = €' V e is_marked_in C)
end

The above specification extends CONTAINER (trivially instantiated) by
introducing another constructor mark_insert for the sort Container (hence,
values added to a container may now be ‘marked’ or not). Note that we
heavily rely on the ‘same name, same thing’ principle here, since it ensures
that the sort Container introduced by the datatype declaration of CONTAINER
and the sort Container introduced by the datatype declaration of MARKING_
CONTAINER are the same sort, which implies that the combination of both
datatype declarations is equivalent to:

type Container ::= empty | insert(Elem; Container)
| mark_insert(Elem; Container)

Note that since ‘new’ values may be constructed by mark_insert, it is
necessary to extend the specification of the predicate symbol is_in by an
extra axiom taking care of the newly introduced constructor.

3.2 Generated Specifications

Sorts may be specified as generated by their constructors.

spec GENERATED_CONTAINER [sort Elem] =
generated type Container ::= empty | insert(Elem; Container)
pred __is_in__: Elem x Container
Ve, €' : Elem; C : Container
e —(e is_in empty)
o e is_in insert(e’,C) < (e =¢' Ve is_in C)
end

When a datatype is declared as generated, as in the above example, the
corresponding sort is constrained to be generated by the declared constructors,
which means that any value of this sort is built by application of construc-
tors. This constraint is sometimes referred to as the ‘no junk’ principle. For
instance, in the above example, having declared the datatype Container to be
generated entails that in any model of GENERATED_CONTAINER, any value of
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sort Container is denotable by a term built with empty, insert, and variables
of sort Elem only.

As a consequence, properties of values of sort Container can be proved
by induction on the declared constructors. A major benefit of generated
datatypes is indeed that induction on the declared constructors is a sound
proof principle.

The construct ‘generated type ...  used above is just an abbreviation
for ‘generated { type ... }’, and ‘generated’ can be used around arbitrary
signature declarations, enclosed in ‘{” and ‘}’.

Generated specifications are in general loose.

spec GENERATED_CONTAINER_MERGE [sort Elem| =
GENERATED_CONTAINER [sort Elem ]

then op __merge__: Container x Container — Container
Ve : Elem; C,C’': Container
o ¢ isiin (C merge C') < (e is_in C'V e is_in C")

end

A generated specification is in general loose. For instance, GENERATED -
CONTAINER is loose since, although all values of sort Container are specified to
be generated by empty and insert, the behavior of the insert constructor is still
loosely specified (nothing is said about the case where an element is inserted
into a container which already contains this element). Hence GENERATED_
CONTAINER admits several non-isomorphic models.

GENERATED_CONTAINER_-MERGE is as loose as GENERATED_CONTAINER
with respect to insert, and in addition, the newly introduced operation symbol
merge is also loosely specified: nothing is said about what happens when
merging two containers which share some elements.

It is important to understand that looseness of a specification is not a prob-
lem, but on the contrary avoids unnecessary overspecification. In particular,
loose specifications are in general well-suited to capturing requirements.

The fact that merge is loosely specified does not mean that it can pro-
duce new values of the sort Container. On the contrary, since this sort has
been specified as being generated by empty and insert, it follows that any
value denotable by a term of the form merge(...,...) can also be denoted by
a term built with empty and insert (and no merge). Hence, for the specifi-
cation GENERATED_CONTAINER_-MERGE, proofs by induction on Container
only need to consider empty and insert, and not merge, as was the case for
GENERATED_CONTAINER.
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Generated specifications need not be loose.

spec GENERATED_SET [sort Elem| =
generated type Set ::= empty | insert(Elem; Set)
pred __is_in__: Elem x Set
ops {__}(e: Elem) : Set = insert(e, empty);
U : Set x Set — Set;
remove : Elem x Set — Set
Ve,e' : Elem; S,8" : Set
(e is_in empty)
e is_in insert(e’,S) & (e =€ V e is_in S)
S =8« (Vz:Elem o z is.in S < x is_in S') %(equal_sets)%
e isiin (SUS’) < (e issin SV e is_in S')
o ¢ is_in remove(e’,S) < (—(e=¢€') Aeis_in S)
then %implies
Ve, e : Elem; S : Set
o insert(e, insert(e,S)) = insert(e, S)
o insert(e,insert(e’,S)) = insert(e, insert(e, S))
generated type Set ::= empty | {-_}(Elem) | .U __(Set; Set)
op -_U__: Set x Set — Set, assoc, comm, idem, unit empty

end

Although generated specifications are in general loose, they need not be so,
as illustrated by the above GENERATED_SET specification, where the axiom
%(equal_sets)%, combined with the axioms defining is_in, fully constrains (up
to isomorphism) the interpretations of the sort Set and of the constructors
empty and insert, once an interpretation for the sort Elem is chosen.

Note also that this example displays the power of the annotation %implies.
Remember that this annotation applies to the whole of the specification ex-
tension where it occurs, so here it applies not only to the two explicit axioms
about insert, but also to the properties corresponding to the attributes of ‘U’
as well as to the generatedness constraint. Hence, the %implies annotation is
used here not only to stress that the usual properties of insert are expected to
follow from the preceding declarations and axioms, but also that an alterna-
tive induction scheme, based on empty,{__} and __U __, can be used for sets.
Moreover, it asserts that __U __ is expected to be associative, commutative,
idempotent (i.e., SUS = 5), and to have empty as unit. Note again that this
%implies part heavily relies on the ‘same name, same meaning’ principle.
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Generated types may need to be declared together.

The following specification fragment illustrates what may go wrong.

sort Node
generated type Tree ::= mktree(Node; Forest)
generated type Forest ::= empty | add(Tree; Forest)

The above is incorrect, due to the linear visibility rule. This can easily
be fixed by replacing ‘sort Node’ by ‘sorts Node, Tree, Forest’. Even when
corrected, the above is wrong, since the corresponding semantics is not what a
naive reader may expect. One may expect that only models where the carrier
sets of the sorts Tree and Forest are generated by mktree, empty and add are
acceptable, but more models satisfy the above two separate sort generatedness
constraints. For instance, a model with both a junk tree j¢ and a junk forest
jf fulfills the above declarations (assuming that the interpretations of mktree
and add on jt and jf in this model are such that jt = mktree(n, jf) for any
node n and that jf = add(jt, jf) ). Hence, one must write instead:

sort Node
generated types Tree ::= mktree(Node; Forest);
Forest ::= empty | add(Tree; Forest)

Here, the mutually recursive datatypes Tree and Forest are correctly de-
fined simultaneously within the same generated types construct, and the
resulting semantics is the expected one (without junk values for trees and
forests). Note that therefore, the linear visibility rule is not applicable within
a generated types construct (to allow such mutually recursive definitions),
but that this is the only exception to the linear visibility principle. Only
mutually recursive generated datatypes need to be declared together; in sim-
pler cases, it makes no difference to have a sequence of successive generated
datatype declarations or just one introducing all the desired datatypes.

3.3 Free Specifications

Free specifications provide initial semantics and avoid the need for
explicit negation.

spec NATURAL = free type Nat ::= 0 | suc(Nat)

5 The same explanations apply to free datatypes, introduced in the next subsection.
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A free datatype declaration corresponds to the so-called ‘no junk, no
confusion’ principle: there are no other values of sort Nat than those denoted
by the constructor terms built with 0 and suc, and all distinct constructor
terms denote different values.

Hence, a free datatype declaration such as the one above has exactly the
same effect as the corresponding generated datatype declaration, together
with axioms stating that suc is injective, and that 0 cannot be the successor
of a natural number. An alternative to the above ‘free type Nat := 0 |
suc(Nat)’ is therefore:

generated type Nat ::= 0 | suc(Nat)
Va,y: Nat e suc(z)= suc(y) =z =y
Vo : Nat e —(0 = suc(z))

Free datatype declarations are particularly convenient for defining
enumerated datatypes.

spec COLOR =

free type RGB ::= Red | Green | Blue

free type CMYK ::= Cyan | Magenta | Yellow | Black
end

Using ‘free’ instead of ‘generated’ for defining enumerated datatypes
saves the writing of many explicit distinctness assertions (for instance, here,
—(Red = Green), ~(Red = Blue), ...).

Free specifications can also be used when the constructors are related
by some axioms.

spec INTEGER =
free { type Int ::= 0 | suc(Int
YV : Int ® suc(pre(z)) =
o pre(suc(z)) =
end

When some relations are to be imposed between the constructors (as is the
case here for suc and pre which are inverses of each other), a free datatype
declaration cannot be used, since the contradiction between the ‘no confu-
sion’ principle and the axioms imposed on the constructors would lead to an
inconsistent specification. Instead, one should impose a ‘freeness constraint’
around the datatype declaration followed by the required axioms. A freeness
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constraint, expressed by the keyword free, can be imposed around any spec-
ification.

In the case of the above INTEGER specification, the freeness constraint
imposes that the semantics of the specification is the class of all algebras iso-
morphic to the quotient of the constructor terms by (the minimal congruence
induced by) the given axioms. This is exactly the desired semantics. More gen-
erally, a freeness constraint around a specification indicates its initial model,
which may not exist, of course. It is however well-known that initial models of
basic specifications with axioms restricted to Horn clauses (of which equations
as in INTEGER are a special case) always exist.” Remember also that equality
holds minimally in initial models of equational specifications.

Predicates hold minimally in models of free specifications.

spec NATURAL_ORDER =

NATURAL
then free { pred __ < __: Nat x Nat
Vz,y: Nat
o 0 < suc(zx)

o 7 <y = suc(z) < suc(y) }
end

A freeness constraint imposed around a predicate declaration followed by
some defining axioms has the effect that the predicate only holds when this
follows from the given axioms, and does not hold otherwise. For instance, in
the above example, it is not necessary to explicitly state that ‘=(0 < 0)’,
since this will follow from the imposed freeness constraint. Hence, in such
cases a freeness constraint has exactly the same effect as the so-called ‘nega-
tion as failure’ or ‘closed world assumption’ principles in logic programming.
More generally, it is often convenient to define a predicate within a freeness
constraint, since by doing so, one has to specify the ‘positive’ cases only.

Operations and predicates may be safely defined by induction on the
constructors of a free datatype declaration.

spec NATURAL_ARITHMETIC =
NATURAL_ORDER

7 Strictly speaking, existence of initial models depends on a further requirement:
namely the existence of a ground term for each sort. This ensures that the term-
algebra has non-empty carriers and hence is a CASL model.
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then ops I : Nat = suc(0);
——+ __: Nat x Nat — Nat, assoc, comm, unit 0;
__*% __ : Nat x Nat — Nat, assoc, comm, unit 1
Va,y: Nat
o 1+ suc(y) = suc(z + y)
e zx(0 =10

o rxsuc(y)=(zx*xy)+ax
end

To define some operation on a free datatype, it is generally recommended
to make a case distinction with respect to the various constructors defined.
This is illustrated by the above definitions of ‘4+” and ‘x’ (although for the
‘+’ operation, the case for the constructor 0 is already taken care of by the
attribute ‘unit 07).8

More care may be needed when defining operations or predicates on
free datatypes when there are axioms relating the constructors.

spec INTEGER_ARITHMETIC =
INTEGER
then ops I 2 Int = suc(0);
__+ __: Int x Int — Int, assoc, comm, unit 0;
__— __:Int x Int — Int;

% __ : Int X Int — Int, assoc, comm, unit 1

Vx,y: Int

o 1+ suc(y) = suc(z + y)

o 1z + pre(y) = pre(z + y)

o x— () =z

oz — suc(y) = pre(z — y)

o z —pre(y) = suc(z — y)

e Tx() =0

o rxsuc(y) = (z*xy)+z

o rxpre(y) = (z*xy)—z

end

While a case distinction with respect to the constructors of a free datatype
is harmless, this may not be the case for a datatype defined within a freeness
constraint, since, due to the axioms relating the constructors to each other,
some cases may overlap. This does not mean, however, that one cannot use
the case distinction, but just that more attention should be paid than for a
free datatype — since one needs to ensure that the definitions lead to the same

8 In specification libraries, ordinary decimal notation for natural numbers can be
provided by use of so-called literal syntax annotations, see Chap. 9.
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results for overlapping cases. For instance, in the above example no problem
arises. But one should be more careful with the next one, since a negative
integer can be of the form suc(z), hence asserting, e.g., 0 < suc(z), would of
course be wrong.

spec INTEGER_ARITHMETIC_ORDER =
INTEGER_ARITHMETIC

then preds < __, _>__, _<__, > __:IntxInt
Vz,y: Int

0<0

—(0 < pre(0))

0<z= 0 < suc(z)

~(0 < z) = (0 < pre(z))

suc(z) <y &z < pre(y)

pre(z) <y &z < suc(y)

T2y y<z

z<ye (z<yA-(z=y))

T>yY=y<e

end

Generic specifications often involve free extensions of (loose)
parameters.

spec LIST [sort Elem| = free type List ::= empty | cons(Elem; List)

The parameter of a generic specification should be loose to cope with the
various expected instantiations. On the other hand, it is a frequent situation
that the body of the generic specification should have a free, initial interpre-
tation. This is illustrated by the above example, where we want to combine a
loose interpretation for the sort Elem with a free interpretation for lists. The
following example is similar in spirit.

spec SET [sort Elem | =
free { type Set ::= empty | insert(Elem; Set)

pred __is_in__: Elem x Set
Ve, e' : Elem; S : Set
o insert(e, insert(e,S)) = insert(e, S)
o insert(e, insert(e’,S)) = insert(e’, insert(e, S))
o —(e is_in empty)
e ¢ is_in insert(e,S)
e c is_in insert(e’, S) if e is_in S }

end
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As for the LIST example, we want to have a loose interpretation for the
sort Elem and a free interpretation for sets. Since some axioms are required to
hold for the Set constructors empty and insert, we cannot use a free datatype
declaration, hence we use a freeness constraint.

Note that since, as already explained, predicates hold minimally in models
of free specifications, it would have been enough, in the above example, to
define the predicate is_in by the sole axiom e is_in insert(e, S).” However,
doing so would have decreased the comprehensibility of the specification and
this is the reason why we have preferred a more verbose axiomatization of the
predicate is_in.

Note also the use of the keyword ‘if’ to write an implication in the reverse
order:

e is_in insert(e’,S) if e is_in S
is equivalent to:
e is-in S = e is_in insert(e’, S)

The following example specifies the transitive closure of an arbitrary binary
relation R on some sort Elem (both provided by the parameter).

spec TRANSITIVE_CLOSURE [sort Elem pred __R__: Elem x Elem ] =
free { pred _R™__: Elem x Elem
Vx,y,z: Elem
ez Ry=1 Rty
e v RYyAy R z=1 R"2}

In the above example, it is crucial that predicates hold minimally in models
of free specifications, since this property ensures that what we define as ‘R’
is actually the smallest transitive relation including R. Without requiring the
freeness constraint, one would allow arbitrary transitive relations containing
R (and these undesired relations cannot be eliminated merely by specifying
further first-order axioms).

Loose extensions of free specifications can avoid overspecification.

spec NATURAL_WITH_BOUND =
NATURAL_ARITHMETIC
then op maz_size : Nat
o () < max_size
end

9 If an element e belongs to a set S’, then this set S’ can always be denoted by
a constructor term of the form insert(e, S), due to the axioms constraining the
constructor nsert.
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The above example shows another benefit of mixing loose and initial se-
mantics. Assume that at this stage we want to introduce some bound, of sort
Nat, without fixing its value yet (this value is likely to be fixed later in some
refinement, and all that we need for now is the existence of some bound). This
is provided by the above specification NATURAL_WITH_BOUND, where we mix
an initial interpretation for the sort Nat (defined using a free datatype dec-
laration in NATURAL) and a loose interpretation for the constant mazx_size.
Each model of NATURAL_WITH_BOUND will provide a fixed interpretation
of the constant maz_size, and all these models are captured by NATURAL_
WITH_BOUND, which is in this sense loose. Using such loose extensions is in
general appropriate to avoid unnecessary overspecification.

spec SET_CHOOSE [sort Elem| =

SET [sort Elem |
then op choose : Set — Elem

VS : Set o (S = empty) = choose(S) is_in S
end

This example shows again the benefit of mixing initial and loose seman-
tics. Here, we want to extend sets, defined using a free constraint in SET, by a
loosely specified operation choose.' At this stage, the only property required
for choose is to provide some element belonging to the set to which it is ap-
plied, and we do not want to specify more precisely which specific element is
to be chosen. Note that each model of SET_CHOOSE will provide a function
implementing some specific choice strategy, and that since all these interpreta-
tions of choose have to be functions, they are necessarily ‘deterministic’ (e.g.,
applied twice to the same set argument, they return the same result).

Datatypes with observer operations or predicates can be specified as
generated instead of free.

spec SET_GENERATED [sort Elem| =

generated type Set ::= empty | insert(Elem; Set)

pred __is_in__: Elem x Set

Ve, e’ : Elem; S,S": Set

e —(e is_in empty)

o ¢ is_in insert(e’,S) < (e=¢€ Ve isiin S)

e S=95"< (Vo: Elem e xis_in S < x is_in S)
end

10 For the purpose of this example, we disregard the fact that choose should be un-
defined on the empty set, and we just leave this case unspecified. Partial functions
are discussed in Chap. 4.
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The above specification is an alternative to the specification SET (see
p. 40). Both SET and SET_GENERATED define exactly the same class of
models. The former specification relies on a freeness constraint, while SET_
GENERATED relies on the observer is_in to specify when two sets are equal.
Indeed, the last axiom of SET_GENERATED expresses directly that two sets
having exactly the same elements are equal values. This axiom, together with
the first two axioms defining is_in, will entail as well the expected proper-
ties on the constructor insert (see GENERATED_SET p. 35). Note also that
since, in SET_GENERATED, the predicate is_in is not defined within a free-
ness constraint, we specify when it holds using ‘<’ rather than a one-way
implication.

While a freeness constraint may be unavoidable to define a predicate, as
illustrated by TRANSITIVE_CLOSURE, the choice between relying on a free-
ness constraint to define a datatype such as Set, or using instead a generated
datatype declaration together with some observers to unambiguously deter-
mine the values of interest, is largely a matter of convenience. One may argue
that SET is more suitable for prototyping tools based on term rewriting, while
SET_GENERATED is more suitable for theorem-proving tools.

The %def annotation is useful to indicate that some operations or
predicates are uniquely defined.

spec SET_UNION [sort Elem| =
SET [sort Elem |
then %def
ops __U__ : Set x Set — Set, assoc, comm, idem, wunit empty;
remove : Elem x Set — Set
Ve, e : Elem; S,5" : Set
S Uinsert(e’, S") = insert(e’, SUS")
remove(e, empty) = empty
remove(e, insert(e, S)) = remove(e, S)
remove(e, insert(e’, S)) = insert(e’, remove(e, S)) if (e =¢’)

end

The annotation %def expresses that SET_UNION is a definitional extension
of SET, i.e., that each model of SET can be uniquely extended to a model of
SET_UNION, which means that the operations introduced in SET_UNION are
uniquely defined. As with the %implies annotation, the %def annotation
has no impact on the semantics, but a corresponding proof obligation can be
generated, to be discharged by theorem proving tools. The %def annotation
is especially useful to stress that the specifier’s intention is to impose a unique
interpretation of what is defined within the scope of this annotation (once an
interpretation for the part which is extended has been chosen).
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Operations can be defined by axioms involving observer operations,
instead of inductively on constructors.

spec SET_UNION_1 [sort Elem] =
SET_GENERATED [sort Elem ]
then %def
ops __U__ : Set x Set — Set, assoc, comm, idem, wunit empty;
remove : Elem x Set — Set
Ve,e' : Elem; S,5" : Set
o cisiin (SUS') < (eis_in SV eis.in §)
o ¢ is_in remove(e’, ) < (—(e=¢€') Aeis_in S)
end

The specification SET_UNION_1 is an alternative to SET_UNION and de-
fines exactly the same model class. While an inductive definition style was cho-
sen for the operations ‘U’ and remove in SET_UNION, in SET_UNION_1 these
operations are defined ‘implicitly’ by characterizing their results through the
observer is_in. Note that this ‘observer’ style does not prevent us providing a
unique definition of both operations, as claimed by the %def annotation.

Similarly to the discussion on the respective merits of SET and of SET_
GENERATED, the choice between an inductive definition style and an ‘ob-
server’ definition style is partly a matter of taste. One may argue that the
‘observer’ definition style is more abstract in the sense that there is no hint
to any algorithmic computation of the so-defined operations, while the induc-
tive definition style mimics a recursive definition in a functional programming
language. Again, the inductive definition style may be more suitable for pro-
totyping tools based on term rewriting, while the ‘observer’ definition style
may be more suitable for theorem-proving tools.

Sorts declared in free specifications are not necessarily generated by
their constructors.

spec UNNATURAL =
free { type UnNat ::= 0 | suc(UnNat)
op _+ __:UnNat x UnNat — UnNat,
assoc, comm, unit 0
Vz,y: UnNat e x+ suc(y) = suc(z + y)
Vz: UnNat e Jy: UnNat ¢ z+y =0}
end

This rather peculiar example illustrates the fact that a sort defined within
a freeness constraint need not be generated by its constructors. In UNNAT-
URAL, the specification enclosed within the free { ...} construct specifies
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Abelian groups with one generator suc(0), and the integers are the free such
Abelian group. Hence, the (unique up to isomorphism) model of UNNATURAL
corresponds to integers, and not to natural numbers as one may expect — just
consider the last axiom. This example points out why in general datatypes
defined using freeness constraints can be more difficult to understand than
datatypes defined using generatedness constraints. However, the reader should
be aware that the specification UNNATURAL uses a proper first-order formula
with an existential quantifier in the axioms. The specification UNNATURAL is
provided here for explanatory purposes only, and clearly the writing of simi-
lar specifications should be discouraged. When only Horn clauses are used as
axioms in a freeness constraint, then the datatype will indeed be generated
by its constructors.
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Partial Functions

Partial functions arise naturally.

Partial functions arise in a number of situations. CASL provides means
for the declaration of partial functions, the specification of their domains of
definition, and more generally the specification of system properties involving
partial functions. The aim of this chapter is to discuss and illustrate how to
handle partial functions in CAsL specifications.

4.1 Declaring Partial Functions

Partial functions are declared differently from total functions.

spec SET_PARTIAL_CHOOSE [sort Elem| =
GENERATED_SET [sort Elem ]

then op choose : Set —7 Elem

end

The choose function on sets is naturally a partial function, expected to be
undefined on the empty set. In CasL, a partial function is declared similarly
to a total one, but for the question mark ‘?’ following the arrow in the profile.
It is therefore quite easy to distinguish the functions declared to be total from
the ones declared to be partial.

A function declared to be partial may happen to be total in some of
the models of the specification. For instance, the above specification SET_
PARTIAL_CHOOSE does not exclude models where the function symbol choose
is interpreted by a total function, defined on all set values. Axioms can be

M. Bidoit and P.D. Mosses: CASL User Manual, LNCS 2900, pp. 47-56, 2004.
© IFIP International Federation for Information Processing 2004
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used to specify the domain of definition of a partial function, and how to do
this is detailed later in this chapter.

Terms containing partial functions may be undefined, i.e., they may
fail to denote any value.

For instance, the (value of the) term choose(empty) may be undefined.!
This is more natural than insisting that choose(empty) has to denote some
arbitrary but fixed element of Elem.

Note that variables range only over defined values, and therefore a variable
always denotes a value, in contrast to terms containing partial functions.

Functions, even total ones, propagate undefinedness.

If the term choose(S) is undefined for some value of S, then the term
insert(choose(S), S”) is undefined as well for this value of S, although insert
is a total function.

Predicates do not hold on undefined arguments.

CasL is based on classical two-valued logic. A predicate symbol is inter-
preted by a relation, and when the value of some argument term is undefined,
the application of a predicate to this term does not hold. For instance, if the
term choose(S) is undefined, then the atomic formula choose(S) is_in S does
not hold.

Equations hold when both terms are undefined.

In CasL, equations are by default strong, which means that they hold
not only when both sides denote equal values, but also when both sides are
simultaneously undefined. For instance, let us consider the equation:

insert(choose(S), insert(choose(S), empty)) = insert(choose(S), empty)

! Note that the term choose(empty) is well-formed and therefore is a ‘correct term’.
It is its value which may be undefined. To avoid unnecessary pedantry, in the
following we will simply write that a term is undefined to mean that its value
is so. Obviously, a term with variables may be defined for some values of the
variables and undefined for other values.
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Either choose(S) is defined and then both sides are defined and denote equal
values due to the axioms on insert, or choose(S) is undefined and then both
sides are undefined, and the strong equation ‘holds trivially’.

CasL provides also so-called existential equations, explained at the end of
this chapter.

Special care is needed in specifications involving partial functions.

Partial functions are intrinsically more difficult to understand and specify
than total ones. This is why special care is needed when writing the axioms
of specifications involving partial functions. The point is that an axiom may
imply the definedness of terms containing partial functions, and as a conse-
quence that these functions are total, which may not be what the specifier
intended. Here are three typical cases:

o Asserting choose(S) is_in S as an axiom implies that choose(S) is defined,
for any S. The point here is that since predicates applied to an undefined
term do not hold, in any model satisfying choose(S) is_in S, the function
choose must be total (i.e., always defined).

e Asserting remove(choose(S), insert(choose(S), empty)) = empty as an ax-
iom implies that choose(S) is defined for any S, since the term empty
is always defined. To understand this, assume that choose is undefined
for some set value of §; then the above equation cannot hold for this
value, since the undefinedness of choose(S) implies the undefinedness of
remove(choose(S), insert(choose(S), empty)), giving a contradiction with
the definedness of empty. Hence, an equation between a term involving a
partial function PF and a term involving total functions only may imply
that the partial function PF is always defined.

e Asserting insert(choose(S),S) = S as an axiom implies that choose(S) is
defined for any S, since a variable always denotes a defined value. This
case is indeed similar to the previous one, the only difference being that
now the right-hand side of the equation is a variable (instead of a term
involving total functions only).

Moreover, the ‘same name, same thing’ principle has a subtle side-effect re-
garding partial operations: if an operation is declared both as a total operation
and as a partial operation with the same profile (i.e., the same argument sorts
and the same result sort) then it is interpreted as a total operation in all
models of the specification.
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4.2 Specifying Domains of Definition

The definedness of a term can be checked or asserted.

spec SET_PARTIAL_CHOOSE_1 [sort Elem ]| =
SET_PARTIAL_CHOOSE [sort Elem ]
then e — def choose(empty)
VS : Set o def choose(S) = choose(S) is_in S
end

A definedness assertion, written ‘def t’, where ¢ is a term, is a special kind
of atomic formula: it holds if and only if the value of the term ¢ is defined. For
instance, in the above example, = def choose(empty) explicitly asserts that
choose is undefined when applied to empty. Note that this axiom does not
say anything about the definedness of choose applied to values other than
empty, which means that choose may well be undefined on those values too.
The second axiom of the above example asserts choose(S) is-in S under the
condition def choose(S), to avoid undesired definedness induced by axioms,
as explained in the previous section.

Note that if the two axioms of the above example were to be replaced by:

VS : Set o (S = empty) = choose(S) is_in S

then we could conclude that choose(S) is defined when S is not equal to
empty, but nothing about the undefinedness of choose(empty).

The domains of definition of partial functions can be specified
ezactly.

spec SET_PARTIAL_CHOOSE_2 [sort Elem | =
SET_PARTIAL_CHOOSE [sort Elem ]

then VS : Set o def choose(S) < —(S = empty)
VS : Set o def choose(S) = choose(S) is_in S

end

In the above example, the domain of definition of the partial function
choose is exactly specified by the axiom def choose(S) < —(S = empty).
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Loosely specified domains of definition may be useful.

spec NATURAL_WITH_BOUND_AND_ADDITION =
NATURAL_WITH_BOUND
then op __+7__: Nat x Nat —7 Nat
Vz,y: Nat
o def(z+7y) if x4+ y < maz_size
%{ =+ y < maz_size implies both
x < maz_size and y < max_size }%
o def(x+?y)=a+ly=x+y
end

In some cases, it is useful to loosely specify the domain of definition of a
partial function, as illustrated in the above example for ‘+7’, which is required
to be defined for all arguments z and y such that x + y < max_size, but
may well be defined on larger natural numbers as well. The point in loose
specifications of definition domains is to avoid unnecessary constraints on the
models of the specification. For instance, the above example does not exclude a
model where ‘+7’ is interpreted by a total function (which would then coincide
with ‘+7).2

Indeed, in some cases, specifying exactly domains of definition can be con-
sidered as overspecification. In most specifications, however, one would expect
an exact specification of domains of definition, even for otherwise loosely spec-
ified functions (see, e.g., choose in SET_PARTIAL_CHOOSE_2).

Domains of definition can be specified more or less explicitly.

spec SET_PARTIAL_CHOOSE_3 [sort Elem | =
SET_PARTIAL_CHOOSE [sort Elem ]
then e — def choose(empty)
VS : Set o =(S = empty) = choose(S) is_in S
end

SET_PARTIAL_CHOOSE_3 specifies exactly the domain of definition of
choose, but does this too implicitly, since some reasoning is needed to con-
clude that the above specification entails def choose(S) < —(S = empty).

2 In this example, it is essential to choose a new name ‘+?’ for our partial addi-
tion operation. Otherwise, since ‘+’ is (rightly) declared as a total operation in
NATURAL_-WITH_BOUND, the declaration op -+ __: Nat X Nat —? Nat would
be useless: the same name, same thing principle would lead to models with just
one, total, addition operation.
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To improve the clarity of specifications, it is in general advisable to specify
definition domains as explicitly as possible, and SET_PARTIAL_CHOOSE_2 is
somehow easier to understand than SET_PARTIAL_CHOOSE_3 (both specifica-
tions define the same class of models).

spec NATURAL_PARTIAL_PRE =

NATURAL_ARITHMETIC
then op pre: Nat —7 Nat

e — def pre(0)

Vz : Nat e pre(suc(z)) =z
end

In the above example, one can consider that the domain of definition of pre
is (exactly) specified in an explicit enough way, since the first axiom states
exactly that pre(0) is undefined while the second one implies that pre is
defined for all natural numbers of the form suc(z).

spec NATURAL_PARTIAL_SUBTRACTION_1 =
NATURAL_PARTIAL_PRE
then op __— __: Nat x Nat —7 Nat
Va,y: Nat
e r— 0=z
oz — suc(y) = pre(z — y)
end

The above specification is perfect from a mathematical point of view, but
is clearly not explicit enough, since there is no easy way to infer when x — y is
defined. From a methodological point of view, the following alternative version
is much better.

spec NATURAL_PARTIAL_SUBTRACTION =
NATURAL_PARTIAL_PRE

then op __— __: Nat x Nat —7 Nat
Vz,y: Nat
o def(z—y) = (y<zVy=uz)
ez — 0=z
oz — suc(y) = pre(z — y)

end

The above examples clearly demonstrate why the explicit specification of
definition domains is generally advisable from a methodological point of view.
However, they also indicate that this recommendation should not be applied
in too strict a way, and that deciding whether a specification is explicit enough
or not is to some extent a matter of taste.
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Partial functions are minimally defined by default in free
specifications.

spec LIST_SELECTORS_1 [sort Elem] =
L1sT [sort Elem |
then free { ops head : List —7 Elem;
tail : List —7 List

Ve : Blem; L : List

e head(cons(e,L)) = e

e tail(cons(e,L)) =L}
end

In the above example, the given axioms imply that head and tail are de-
fined on lists of the form cons(e, L). The freeness constraint requires that these
functions are minimally defined. Since the terms head(empty) and tail (empty)
are not equated to any other term, the freeness constraint implies that these
terms are undefined, and hence that the functions head and tail are unde-
fined on empty. The situation here is similar to the fact that predicates hold
minimally in models of free specifications (see Chap. 3, p. 38).

spec LIST_SELECTORS_2 [sort Elem] =

L1sT [sort Elem |
then ops head : List —?7 Elem;

tail : List —7 List

Ve : Elem; L : List
— def head(empty)
— def tail(empty)
head(cons(e, L)) = e
tail(cons(e, L)) = L

end

The above specification LIST_SELECTORS_2 is an alternative to LisST_
SELECTORS_1; both specifications define exactly the same class of models.
However, LIST_SELECTORS_2 is clearly easier to understand and can be con-
sidered as technically simpler, since it involves no freeness constraint.

Operations like head and tail are usually called selectors, and CASL pro-
vides abbreviations to specify selectors in a very concise way, as we see next.
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4.3 Partial Selectors and Constructors

Selectors can be specified concisely in datatype declarations, and are
usually partial.

spec LIST_SELECTORS [sort Elem| =
free type List ::= empty | cons(head :? Elem; tail :?7 List)

The above free datatype declaration introduces, in addition to the con-
structors empty and cons, two partial selectors head and tail yielding the
respective arguments of the constructor cons. Hence, this free datatype decla-
ration with selectors has exactly the same effect as the ordinary free datatype
declaration free type List ::= empty | cons(Elem; List), together with
the operation declarations and axioms of LIST_SELECTORS_2 (i.e., LIST_
SELECTORS and LIST_SELECTORS_2 define exactly the same class of models).
The following example is similar in spirit.

spec NATURAL_SUC_PRE = free type Nat ::= 0 | suc(pre :? Nat)

Selectors are usually total when there is only one constructor.

spec PAIR_1 [sorts Eleml1, Elem2] =
free type Pair ::= pair(first : Elem1; second : Elem2)

While selectors are usually partial operations when there is more than one
alternative in the corresponding datatype declaration, they can be total, and
this is generally the case when there is only one constructor, as in the above
example. The free datatype declaration entails in particular axioms asserting
that first and second yield the respective arguments of the constructor pair
(i.e., first(pair(el,e2)) = el and second(pair(el,e2)) = e2).

Constructors may be partial.

spec PART_CONTAINER [sort Elem] =
generated type
P_Container ::= empty | insert(Elem; P_Container)?
pred addable : Elem x P_Container
vars e, e’ : Elem; C: P_Container
o def insert(e, C) < addable(e, C')
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pred __is_in__: Elem x P_Container

e —(e is_in empty)

e (e is_in insert(e’,C) < (e =¢' Ve is_in C)) if addable(e’, C)
end

The intention in the above example is to define a reusable specification of
partial containers. The insert constructor is specified as a partial operation,
defined if some condition on both the element e to be added and the container
C' to which the element is to be added holds. This condition is abstracted
here in a predicate addable, so far left unspecified. Later on, instantiations
of the PART_CONTAINER specification can be adapted to specific purposes by
extending them with axioms defining addable.

The above generated datatype declaration abbreviates as usual the dec-
laration of a sort P_Container, a constant constructor empty, and a partial
constructor insert : Elem x P_Container —?7 P_Container. It also entails the
corresponding generatedness constraint.

4.4 Existential Equality

Ezxistential equality requires the definedness of both terms as well as
their equality.

spec NATURAL_PARTIAL_SUBTRACTION_2 =
NATURAL_PARTIAL_SUBTRACTION_1
then Vz,y,z:Nat @« y—z=2—2=y=2
%{y—x=2—2x=y =2 would be wrong,
def(y—z) Ndef(z—z)Ny—x=z—x=>y==2
is correct, but better abbreviated in the above axiom }%
end

An existential equation t1 = t2 is equivalent to def(t1) A def(t2) A
t1 = t2, so it holds if and only if both terms ¢/ and t2 are defined and denote
the same value. Existential equality ‘=’ is input as ‘=e=".

Note that while a trivial strong equation of the form ¢ = ¢ always holds,
this is not the case for existential equations. For instance, the trivial existential
equation z —y = z — y does not hold, since the term z — y may be undefined.

In general consequences of undefinedness are undesirable. Hence a con-
ditional equation of the form t1 = t2 = t3 = t4 is often wrong if ¢/ and
t2 may be undefined, because the equality t3 = t4 would be implied when
both t1 and t2 are undefined (since then the strong equation ¢t1 = t2 would
hold). The above specification provides a typical example of such a situation:
y—x =2z—x =y = z would be wrong, since it would entail that any two
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arbitrary values y and z are equal (it is enough to choose an x greater than
y and z to make y — z and z — z both undefined).

Therefore, to avoid such undesirable consequences of undefinedness, it
is advisable to use existential equations instead of strong equations in the
premises of conditional equations involving partial operations. An alternative
is to add the relevant definedness assertions explicitly to the equations in the
premises.
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