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Abstract. The capacity or Vapnik-Chervonenkis dimension of a feedfor-
ward neural architecture is the maximum number of input patterns that
can be mapped correctly to fixed arbitrary outputs. So far it is known
that the upper bound for the capacity of two-layer feedforward architec-
tures with independent weights depends on the number of connections
in the neural architecture [1].

In this paper we focus on the capacity of multilayer feedforward networks
with shared weights, also known as structured architectures. We show
that structured architectures can be transformed into equivalent conven-
tional multilayer feedforward architectures. Known estimations for the
capacity are extended to achieve upper bounds for the capacity of these
general multi-layer feedforward architectures. As a result an upper bound
for the capacity of structured architectures is derived that increases with
the number of independent network parameters. This means that weight
sharing in a fixed neural architecture leads to a significant reduction of
the upper bound of the capacity.

1 Introduction

Structured multi-layer feedforward networks gain more and more importance in
speech- and image processing applications. Their characteristic is that a-priori
knowledge about the task to be performed is already built into their architecture
by use of nodes with shared weight vectors. Examples are time delay neural
networks [10] and networks for invariant pattern recognition [4, 5].

One problem in the training of neural networks is the estimation of the num-
ber of training samples needed to achieve good generalization. In [1] is shown
that for feedforward neural architectures this number is correlated with the ca-
pacity or Vapnik-Chervonenkis dimension of the architecture. So far an upper
bound for the capacity has been derived for two-layer feedforward neural archi-
tectures with independent weights: it depends with O(% -In Z) on the number
w of connections in the neural architecture with ¢ nodes and a output elements.

In this paper we focus on the calculation of upper bounds for the capacity of
structured multi-layer feedforward neural architectures. First we give some defi-
nitions and introduce a new general terminology for the description of structured
neural networks. In section 3 we apply this terminology on structured feedfor-
ward architectures first with one layer then with multiple layers. We show that



they can be transformed into equivalent conventional multi-layer feedforward
architectures, and derive upper bounds for the capacity of the structured archi-
tectures. At the end we comment the results.

2 Definitions

A layered feedforward network architecture ./\f;a is a directed acyclic graph with
a sequence of e input nodes, r —1 (r € IN) intermediate (hidden) layers of nodes,
and a final output layer with @ nodes. Every node is connected only to nodes in
the next layer.

To every node k with indegree n € IN a triplet (wg, si, fi) is assigned,
consisting of a weight vector w; € IR", a threshold value s; € IR, and an
activation function fr : IR — {0,1}. The activation y; of the node for an input
vector # € R is computed in the common way: y; = fi (wy - ®). For all input
nodes (indegree 1) the weight vectors and the activation functions are fixed:
w := (1), f := Id. The activation function for all other nodes is the hard limiter
function, and without loss of generality we choose s = 0 for the threshold values
of all nodes. An architecture /\/;a with given triplets (w,s, f) for all nodes we
define as a net N/ ,. With the net itself a function /" : IR® +— {0, 1%is associated.

Let an architecture N , be given. A set of m € IN input vectors #; € IR® ([ =
1,...,m) arranged as m rows in a (m x e)-matrix S is denoted input matriz for
N;a. An input-matrix S is mapped to an (m x a)-output-matriz T by a net N,

Let S be a fixed input-matrix S for N7 ,. All nets N/, that map S on the
same output-matrix 7" are grouped in a net class of N, related to S. A(S) is
the number of net classes of /\f:’a related to S. The growth function g(m) of an
architecture NV, , with m input vectors is the maximum number of net classes
over all (m x e)-input matrices S.

Now we consider the nodes of the architecture N7 , within one layer (except
the input layer) with the same indegree d € IN. All nodes k& whose components
of their weight vectors w; € IR can be permuted through a permutation 7 :
IR? — IR? so that 7r(wy) = w Vk for some vector w € IRY, are elements of
the same node class K. We call an architecture N7 , structured if at least one
node class has more than one element. Then the architecture with b node classes
Kw;(i=1,...,b) is denoted N[ ;(Kw,- -, Kw,)-

The Vapnik-Chervonenkis dimension dy ¢ [9] of a feedforward architecture is
defined by dv¢ :=sup{m € IN | g(m) =2™%}.Let Q := {m €N ‘ g(% > %}

Then ¢ := sup@ for Q@ # 0, or ¢ := 0 for Q = 0, is an upper bound for the
Vapnik-Chervonenkis dimension and also defined as capacity in [2, 7].

3 Upper bounds for the capacity

In this section is shown how structured architectures can be transformed into
conventional architectures with independent weights. The upper bounds for the



capacity of these conventional architectures then are applied to the structured
architectures.

A basic transformation needed in the following derivations is the transforma-
tion of structured one-layer architectures N (Kqw, ..., Kw,) with input nodes
of outdegree > 1 and input vectors ®; into structured ome-layer architectures
N'(Kwy, ..., Kw,) with input nodes of outdegree 1 only and dependent input
vectors @;" (I = 1,...,m): Every input node with outdegree z > 1 is replaced by
z copies of that input node. The outgoing edges of the input node are assigned
to the copies in such a way that every copy has outdegree 1. The elements of
the input vectors are duplicated in the same way. By permuting the input nodes
and the corresponding components of the input vectors we get the architecture
N'"(Kw,, .., Kw,) without any intersecting edges.

3.1 Structured one-layer architectures

I) First we focus on structured one-layer architectures N ,(Kw) with a set
I:={uy,...,u.} of e input nodes and the output layer K := {ky,..., ks}. Let
Ka := K be the only node class. All nodes in Kqy = K have the same indegree
d € IN.

Theorem 1. Let a structured one-layer architecture Nelﬂ([(w) with only one
node class Ko = K be given. Suppose d € IN as the indegree of all nodes in
K. The number of input nodes is e < a-d. For m input vectors of length e

C(m-a,d) = 22 <””‘Z,_ 1)

is an upper bound for the growth function g(m) of the structured one-layer ar-
chitecture N ,(Kw).

Proof. At first we examine structured one-layer architectures with outdegree
1 for every input node, equivalent to architectures Nelya([{w) with e = a - d
input nodes. By permuting the input nodes and the corresponding components
of the input vectors we get the architecture N/( Kqp). Without loss of generality
we consider the permutation 7 of the node class Kq as the identity function.
Thus we have w = w(k)) = ... = w(k,) € IR? for the a weight vectors (cf.
Figure 1 a)). For m fixed input vectors z; := (®},...,2%) ¢ R* (! ¢ R?, | =
1,...,m, i=1,...,a) let S be an (m x a-d)-input matrix for /\/'elya(Kw):

o2 ] x{
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A given weight vector w; € IR defines a function F} : IR*? — {0,1}% or a
net N; respectively. Let wy be a weight vector that defines a function I3 (a net
N;) different to F; on the input matrix S. Thus these two nets are elements of
different net classes of /\/'elya(Kw) related to the input matrix S.
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Fig.1. a) Structured architecture A'(Kyw)"” with an input Vector T (l € {1,...,m}).
b) Architecture Nd , with the corresponding a input vectors z;,...,z{.

Now we consider the one-layer architecture N}, consisting of a single node
with indegree d. By rearranging the m rows of the input matrix S for N”(K )
to one column of the m-a input vectors x] € RI(I=1,...,m, i=1,...,a) we

derive the (m-a X d)-input matrix S for Njyl (cf. Figure 1 b))
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On Nil the weight vector w; (w3) defines a function FI : R4 — {0,1}
(E : R — {0, 1}) or a net Kf; (I\AT;) respectively. Because of Fi(x;) # Fa(x;)

for at least one input vector @, (s € {1,...,m}) and definition (1) the nets N;
and N, are elements of different net classes of AV}, related to the input matrix

S.

Summarizing we get: if two nets of the architecture ./\felﬂ(Kw) are different

related to any input matrix S we can define an input matrix S for N3, by (1),
so that the corresponding nets are different, too. For the number of net classes
this yields

A(S) < A(S) . (2)

With the results of [7] the growth function of the architecture Nd 1 is given by
C(m-a,d). From (2) also follows that this is an upper bound for the growth
function of the structured one-layer architecture N"/(Kqy) or N} da(l\w) Te-
spectively: g(m) < C(m-a,d). The inequation g(m) > C(m-a,d) can easily be
verified in a similar way, so it yields g(m) = C'(m-a, d) for the growth function
of structured one-layer architectures /\/'elya(Kw) with outdegree 1 for every input
node.



Now we consider structured one-layer architectures Nelﬂ(Kw) with outde-
gree z > 1 for some input nodes. These architectures can be transformed into
structured one-layer architectures N/(Kq) with € = a-d input nodes all with
outdegree 1. But the input vectors of the input matrix for the transformed ar-
chitecture N"'(Kq) cannot be chosen totally independent. Thus C(m-a,d) is
an upper bound for the growth function of structured ome-layer architectures
N} o(Kw) with exactly one node class Ky = K. O

Remark. With [7] we find 2('1—‘1 as an upper bound for the capacity of structured
one-layer architectures Nelya(Kw) with exactly one node class Kqp.

IT) Second we focus on structured one-layer architectures N ,(Kwy, ..., Kw))
with b (2 < b < a) node classes Kqp, ..., Kw,. These classes form the set K of
the a output nodes: K = leL'J .. .L'Jwa.

Theorem 2. Assume a structured one-layer architecture Nelya(le, o Kay)
with e < Ele a;-d; input nodes, a = Zle a; output nodes, and b € IN (2 <
b<a)node classes Kqp, (i =1,...,b). Let o := |Kaw,| be the sizes of the node
classes Kq,;, and d; the indegrees of the nodes in Ko, (i = 1,...,b). For m
input vectors the product

b

HC(mf%, dl)

i=1
is an upper bound for the growth function ofNelya(le, oo Kay).

Proof. First we examine structured one-layer architectures Nelya(le v Kapy)
with e = Ele «;-d; input nodes (all with outdegree 1) and an (m x ¢)-input
matrix S. The a nodes in the output layer K are permuted so that we get
the ordered sequence K = {Kuw;,..., Kw,} with K, := {ki,... kL } (i =
1,...,b). The input nodes and the corresponding components of the input vectors
are permuted as in the Proof of Theorem 1: so no edges are intersecting and
w(ki) = wki) =...= w(k;l) for i = 1,...,b. These permutations generate b
structured one-layer sub architectures /\/'elhal(Kwi) with e; := «a;-d; input nodes,
«; output nodes and (m x ¢; )-sub input matrices S° (i = 1,...,b) (cf. Figure 2).

With Theorem 1 we get g;(m) < C(m-«;,d;) for the growth functions
gi(m) of the sub architectures N/, ,,(Kw;). For the determination of the growth
function g(m) of /\/'elya(le, ..., Kw,) the b input matrices S° for the sub ar-
chitectures can be chosen independently. Thus we get g(m) = ngl gi(m) <
H?:l C'(m-ozi, dl)

Now we examine structured one-layer architectures Nelya(le, oo Kapy)
with outdegree > 1 for some input nodes, equivalent to ¢ < 2?21 a;-d; input
nodes. These architectures are transformed into structured one-layer architec-
tures with e = 2?21 «;-d; input nodes, each with outdegree 1 (cf. proof of Theo-
rem 1) which then are transformed as in the beginning of this proof. As we have
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Fig. 2. b sub architectures Nel,,a,(K‘wz‘) and the corresponding sub input matrices S°
(i=1,...,b) of a structured one-layer architecture N7 ,(Kwy, ..., Kw,) with b node
classes Kw; and e = Eb

et a;-d; input nodes.

seen in the proof of Theorem 1 there are dependences between some elements
of the input vectors since some components of the input vectors are identical.
So Hle C(m-w;,d;) is an upper bound for the growth function of structured

one-layer architectures Nelya(le, ooy Kapy) with e < Ele «;-d; input nodes,

too. ad

Theorem 3. Given a structured one-layer architecture Nelya(le, ooy Ky ) with
beIN (2 <b<a) node classes Kap; (1 = 1,...,b), mazimum indegree c/l\z 2 for

all nodes, mazimum size & := |Kqp,| of the node classes, and t := aTb > 2, then

for the capacity we get

c:(?(b d lnt)
a

Proof Sketch. With the above definitions and Theorem 2 we get for the growth
function g(m) of the architecture Nela(le, oo Ky )t

b b
H ma“ng (m- ,) C(m- ,A)b.

)

~ b
. . fpo. C(m-a,d 1
This yields an upper bound for the capacity: ¢ < sup {m €N AWL > 5} .
With some estimations and const := %12“)()? it follows:
t-d
m < const - —— - In(t) .
o

For details and further information see [8]. O



3.2 Structured multi-layer architectures

Consider a structured r-layer architecture with e input nodes, a; nodes in the
hidden layers H’ (j = 1,...,7 — 1) and a nodes in the output layer K. Let
the layers H? be the disjoint union of the b; < a; node classes Hw{’ e Hw{,'v
and the output layer the disjoint union of the node classes Kq; (1 =1,..., b)J.
The number of node classes is E;;% b; + b =: 3. The structured architecture is
denoted by /\/Z,a(Hw}a ooy Kapy)-

A structured r-layer feedforward architecture Ner,a(Hw}a ..., Kaw,) can be
regarded as a combination of r structured 1-layer feedforward architectures
since the output matrices of each layer are the input matrices for the fol-
lowing layer. Thus we get an upper bound for the growth function g(m) of
Ngya(Hwi, ..., Kaw,) by multiplying the growth functions of the r structured

1-layer architectures (refer to Theorem 2):

g(m) < 1:[ HC(m oﬂ d] ~HC’(m~ai,di) . (3)

With the maximum size @ := max{cyl, o apal ab } of the 3 node
classes, and the maximum indegree d of all nodes of the architecture

Ner,a(Hw}: ooy Kawy), C(m-& d)ﬁ is an upper bound for (3).

Theorem4. Let NQG(Hwi, ..., Kawy) be a structured r-layer feedforward ar-

chitecture with > 2 node classes Hw}’ oo Ky, c/l\z 2 the mazimum indegree

of all nodes, & the mazimum size of all B node classes, and T := aa—ﬁ > 2. For
the capacity of/\/'gya(Hwi, ooy Kapy) we get

c:(’)(ﬁ.din%\)
a

Proof. Analogous to the proof of Theorem 3. O

An architecture V7 ,(H w! - Kwy) with E b +b= EJ 1 @j + a node
classes is equivalent to an archltecture ./\fr in whlch every node class has size 1.
Thus the above upper bounds for the capa(:lty hold good for conventional r-layer
feedforward architectures with e input and a output nodes, too.

4 Conclusion

In this paper we determined upper bounds for the capacity of structured multi-
layer feedforward neural architectures. By transforming architectures with shared
weight vectors into equivalent conventional feedforward architectures and the ex-
tension of the definitions of the growth function and the capacity to multi-layer



feedforward architectures we could give estimations for the upper bounds of the
capacity of structured multi-layer architectures. These upper bounds depend
with O(Z - lnﬂ on the number p of free parameters in the structured neural

architecture with maximum size & of the 3 node classes, { := aa—ﬁ > 2, and a
nodes in the output layer. So weight sharing in a fixed neural architecture leads
to a reduction of the upper bound of the capacity. The amount of the reduction
increases with the extent of the weight sharing. With @ = 1 the upper bounds
hold good for conventional feedforward networks with independent weights, too.

It is known that the generalization ability of a feedforward neural architec-
ture improves within certain limits with a reduction of the capacity for a fixed
number of training samples. As a consequence of our results a better generaliza-
tion ability can be derived for structured neural architectures compared to the
same unstructured ones. This is a theoretic justification for the generalization
ability of structured neural architectures observed in experiments [5].

Further investigations will focus on an improvement of the upper bounds for
the capacity, on the determination of capacity bounds for special structured ar-
chitectures, and on the derivation of capacity bounds for structured architectures
of nodes with continuous transfer functions [3, 6].
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