Process Algebra CSP —

A Technique to Model
Concurrent Programs

Hui Shi

April 11, 2002



Contents

o CSP-Processes
e Operational Semantics

e Denotational Semantics |

e Denotational Semantics ||
o The Divergences

o The failures model

o The failures/divergences model

Hui Shi: CSP, April 11, 2002



Denotational Semantics Il

Hui Shi: CSP, April 11, 2002



Denotational Semantics I

Pl Q

o

P |~| STOP

&

a

P=a-—>P Q=b-—>Q

Example 1 (Uncompleteness of the traces model)
traces(P O ()) = traces(P 1 Q)

traces(P n Stop) = traces(P)
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The divergences

o Definition
divergences(P) is a set of traces s of P on which P can
diverge, in the sense that an infinite unbroken sequence of
T actions can occur after some s’ < s.

traces | (P) = traces(P) U {s | s € divergences(P)}
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Example 2 (A divergent producer/consumer system)
BUFF(<>) = leftte — BUFF(<x>)
BUFF(s" <a>) = ((lefttx — BUFF(<z> "s" <a>)) n Stop)
O (right.a — BUFF(s))

PROD INIT = produce.0 — PROD(0)

PROD(x) — leftx — PROD(x @ 1)
CONS = right’z — CONS
PC_SYS — (PROD_INIT ||| CONS)

I BUFF(<>)) \ {left, right}
{leftright}

Hui Shi: CSP, April 11, 2002 (&)



Denotational Semantics |

pc_live.fdr2

Start FDR2

Hui Shi: CSP, April 11, 2002




Denotational Semantics |

e Calculating the divergences of processes
o Foundamental operators

divergences(Stop) = {}
divergences(Skip) = {}
divergences(e — P) = {(a)"s | a € comms(e)

A s € divergences(subs(a, e, P))}
divergences(P O @) = divergences(P) U divergences(Q)
divergences(P M @) = diwergences(P) U divergences((Q)
divergences(P < b > Q) = if b then divergences(P)

else divergences( Q)
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o Parallel operators
divergences(P || Q) ={u v |
X

ds € traces  (P),t € traces (Q).u € (s || t) NX*
X

A (s € divergences(P) V t € divergences(Q))}
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o Hiding and renaming
divergences(P \ X) = {(s \ X )"t | s € divergences(P)}
U{(u \ X) t | winfinit A (u \ X)finit
AVs < u.s € traces (P)}
divergences(P | R|) = {s'"t | s € divergences(P).sRs"}
o Sequential operator

divergences(P; @) = divergences(P)U
{s"t | s (V) € traces (P) A t € divergences(Q)}
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The failures model (r)

e Definitions
refusals(P) = {a | As € ¥*.a"s € traces(P)}

fatlures(P) consists of all pairs of (s, X) where s is a trace
of P and X a set of actions P can refuse in some stable

state (unable to perform 7 or v') after s, or results from a
state after s which can perform v and X C ¥.

failures | (P) = failures(P) U {(s,X) | s € divergences(P)}
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P1 {ab}
{b,c} {ac} {bC}
% g
{abc O {ah,c} {ab,c}
Example 3 (Refusal sets of some transition systems)

Py =(¢c— a— Stop)d (c — b — Stop)
Py = ((¢ — a — Stop) O (b — ¢ — Stop)) \ {c}

Q {ab,c}
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o Calculating the failures semantics of processes
o Foundamental operators

failures(Stop) = {({),X) | X C ¥V}
failures(Skip) = {(), X)) | X CX U {((vV),X | X C¥¥}
failures(e — P) = {({), X) | comms(e) N X ={}}

U{({a) s, X) | a € comms(e)
A (s, X) € failures(subs(a, e, P))}

failures(P 1 Q) = failures(P) U failures( Q)
failures(P < b > @) = if b then failures(P) else failures(Q)
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failures(P O Q) =
{0, X) | ((),X) € failures(P) N failures(Q)}
U{(s, X) | (s,X) € failures(P) U failures(Q) N s # ()}
U{((),X) | X CX A (V) € traces(P) U traces(Q)}

o Parallel Operators

failures(P || Q) =
X
f(u, YUZ) | YN XUV)=Z\(XUV)
A 3ds,t.(s,Y) € failures(P)
A(t,Z) € failures(Q) N u € s || t}
X
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o Hiding and renaming

failures(P \ X) = {(s\ X, Y) | (s, Y UX) € failures(P)}

failures(P | R |) =
{(s',X) | 3s.5Rs" A (s, R"Y(X)) € failures(P)}

o Sequential operator

failures(P; Q) =
{(s,X) | (s, X U{V'}) € failures(P)}
U{(s"t, X) | s (V') € traces(P) A (t, X) € failures(Q)}
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The failures/divergences model (7p)

o failures/divergences model: (failures (P), divergences(P))

e Process relations
o Equivalences

P=70Q traces((Q)) = traces(P)

P=rQ failures( Q) = failures(P)

P =zp Q failures | (Q)) = failures  (P) and
divergences( Q) = divergences(P)

o Refinements

PLCr @ traces(Q)) C traces(P)

PLCr (@ failures( Q) C failures(P)

PLCrp Q failures | (Q) C failures  (P) and
divergences(Q) C divergences(P)
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e The properties of the failures/divergences model
F1 traces  (P) = {s | (s,X) € fatlures , (P)} is non-empty
and prefix closed.
F2 (s, X) € failures | (P)NY C X = (s, Y) € failures | (P)
F3 (s, X) e failures | (P) AVaec Y.s(a) & traces | (P)
— (s, X UY) € failures | (P)
F4 s (v) e traces | (P) = (s,%) € failures | (P)

D1 s e divergences(P)nx* A t e &%

— §'t € divergences(P)
D2 s ¢ divergences(P) = (s, X) € failures | (P)
D3 s (v) € divergences(P) = s ¢ divergences(P)
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Example 4 (Prove the following (in)equivalences)

P =div (e.g. P=(a— P)\{a})
P =div ||| (a — Stop)

P:]:D P P#T P

() = Stop

()'= Stop ndiv

Q=1 Q Q=5 Qr Q) #rp QF
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Example 5 (Process Equivalence Some algebraic laws)

POP=P
PnP =P
POQ=QOP
Prn@ =0QnP

PO(QOR =(POQOR
Pn(@nR) =P nR
PO@@nNR) =(POQnNn(POR)
Pn(QQOR)=(Pn@)OPnR)

(O —1dem
(M —idem
(L —sym
(M —sym
(O —assoc
(M —assocC
(O —dist

)
)
)
)
)
)
)
(M — O —dist)
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