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Abstract. We present the CoRe calculus for contextual reasoning which
supports reasoning directly at the assertion level, where proof steps are
justified in terms of applications of definitions, lemmas, theorems, or hy-
potheses (collectively called “assertions”) and which is an established
basis to generate proof presentations in natural language. The calculus
comprises a uniform notion of a logical context of subformulas as well
as replacement rules available in a logical context. Replacement rules
operationalize assertion level proof steps and technically are generalized
resolution and paramodulation rules, which in turn should suit the im-
plementation of automatic reasoning procedures.

1 Introduction

The main application domains of computer-based theorem proving systems are
mathematical assistants, mathematical teaching assistants, and hardware and
software verification. In these domains, a human guidance of the proof procedures
is indispensable, even for theorems that are simple by human standards. For
instance the user must provide guidance information about how to explore the
search space or specify intermediate lemmas. Therefore, communication between
the user and the theorem proving system is crucial. The information provided
by the theorem proving system about the proof must be intelligible to the user
and the user must convey his/her intentions about how to continue the proof in
a manner that is intelligible to the theorem proving system.

Exchanging the information in an intelligible manner is the bottleneck for the
communication. A user like a mathematician or software engineer usually has
a semantic representation of the problem domain and exploits it to approach
and solve proof obligations. They usually have little or no knowledge about
formal logic. State of the art automated theorem provers, however, only incor-
porate deep knowledge about the search space structure based on the syntax and
calculus rules. Interactive theorem provers use tactics [11] to incorporate more
high-level proof procedures, but these still stick to the syntax and the basic cal-
culus rules. Proof planning [7] has been designed to overcome these limitations.
However, in practice it also requires an understanding of the underlying calculus
from the user and does not completely overcome the limitations imposed by the
lack of abstraction imposed by the underlying calculus.

In this paper we present a calculus for contextual reasoning (CoRe) which
aims at narrowing the gap between the user and the proof procedures. The
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key idea of the calculus is that proof construction proceeds by transformation
of (parts of) a formula by applying definitions, lemmas, theorems as well as
information contained in the formula without enforcing its decomposition. We
have made a point of this idea in the CoRe calculus, where the logical contexts
can be statically determined for any part of a formula. The information contained
in a logical context is conditioned into replacement rules, which formalize the
notion of assertion level rules.

The assertion level has been introduced by Xiarong Huang in [13] as an
abstraction from the pure natural deduction calculus and it is the basis for the
generation of proof presentations in natural language close to the style of proofs
in mathematical textbooks. The idea is to subsume axioms, definitions, lemmas,
and theorems as assertions, and the use of a single assertion in the proof search
corresponds to a whole proof segment in the underlying calculus. Consider the
example assertion taken from [13]: ∀S1, S2 : Set .S1 ⊆ S2 ⇔ ∀x.x ∈ S1 ⇒ x ∈ S2.
This assertion allows us to derive (1) a ∈ S′

2 from a ∈ S′
1 and S′

1 ⊆ S′
2; (2)

S′
1 6⊆ S′

2 from a ∈ S′
1 and a 6∈ S′

2; and (3) ∀x.x ∈ S′
1 ⇒ x ∈ S′

2 from S′
1 ⊆ S′

2.
This paper is organized as follows: In Sec. 2 we recapitulate the basic defini-

tions of higher-order logic, uniform notation, and extensional expansion proofs
for higher-order logic [15]. Sec. 3 describes the CoRe calculus and how uniform
notation provides a uniform basis to define the logical context of subformulas
and to determine replacement rules from the assertions available from the logical
context. In Sec. 4 we present an example proof with the CoRe calculus, before
addressing related work and concluding in Sec. 5.

2 Preliminaries

2.1 Higher-Order Logic

For the definition of higher-order logic, we use a simple higher-order type system
T [4], composed of a base type ι for individuals, a type o for formulas, and where
τ → τ ′ denotes the type of functions from τ to τ ′. As usual, we assume that the
functional type constructor → associates to the right.

We annotate constants fτ and variables xτ with types τ from T to indicate
their type. A higher-order signature Σ = (T ,F ,V) consists of types T , constants
F and variables V , both typed over T . The typed λ-calculus is standard and is
defined over a given higher-order signature Σ := (T ,F ,V).

Definition 1 (λ-Terms). Let Σ = (T ,F ,V) be a higher-order signature. Then
the typed λ-terms TΣ,V over Σ and V are: (Var) for all xτ ∈ V, x ∈ TF ,V is a
variable term of type τ ; (Const) for all cτ ∈ F , c ∈ TF ,V is a constant term of
type τ ; (App) if t : τ, t′ : τ → τ ′ ∈ TF ,V are typed terms, then (t′ t) ∈ TF ,V is an
application term of type τ ′; (Abs) if xτ ∈ V and t : τ ′ ∈ TF ,V , then λxτ .t ∈ TF ,V
is an abstraction term of type τ → τ ′.

Definition 2 (Substitutions). Let Σ = (T ,F ,V) be a higher-order signature.
A substitution is a type preserving function1 σ : V → TF ,V that is the identity

1 i.e. for all variables xτ , σ(x) also has type τ .
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function on V except for finitely many elements from V. This allows for a finite
representation of a substitution σ as {σ(x1)/x1, . . . , σ(xn)/xn} where σ(y) = y
if ∀1 ≤ i ≤ n, y 6= xi.

As usual we do not distinguish between a substitution and its homomor-
phic extension to terms. Given a substitution σ we denote the domain of σ by
dom(σ) := {x ∈ V | σ(x) 6= x}. Given two substitutions σ and ν, we say that ν
is a σ-refinement if, and only if, there exists a substitution ρ, such that ν = ρ◦σ.
We say that a substitution σ is ground, if, and only if, for all x ∈ dom(σ), σ(x)
contains no free variables. Higher-order λ-terms usually come with certain re-
duction and expansion rules. We use the β reduction rule and the η expansion
rule (see [4]), which give rise to the βη long normal form, which is unique up
to renaming of bound variables (α-equal). Throughout the rest of this paper we
assume substitutions are idempotent2 and all terms are in βη long normal form.

For the semantics of higher-order logic we use the extensional general models
from [12] by taking into account the corrections from [2]. It is based on the
notion of frames that is a τ -indexed family {Dτ}τ∈T of nonempty domains,
such that Do = {⊤,⊥} and Dτ1→τ2 is a collection of functions mapping Dτ1

into Dτ2 . Given a variable assignment ρ, a variable xτ and an element e ∈ Dτ

we denote by ρ[e/x] that assignment ρ′ such that ρ′(xτ ) = e and ρ′(yτ ′) = ρ(yτ ′),
if yτ ′ 6= xτ .

Definition 3 (Satisfiability & Validity). A formula ϕ is satisfiable if, and
only if, there is a model M and a variable assignment ρ such that Mρ(ϕ) = ⊤.
ϕ is true in a model M if, and only if, for all variable assignments ρ holds
Mρ(ϕ) = ⊤. ϕ is valid if, and only if, it is true in all models.

2.2 Uniform Notation

The CoRe calculus relies on an extension of extensional expansion proofs and
makes use of the concept of polarities and uniform notation (cf. [18, 9, 17]). Po-
larities are assigned to formulas and subformulas and are either positive (+)
or negative (−). Intuitively, positive polarity of a subformula indicates that it
occurs in the succedent of a sequent in a sequent calculus proof and negative
polarity is for formulas occurring in the antecedent of a sequent.

Formulas annotated with polarities are called signed formulas. Uniform nota-
tion assigns uniform types to signed formulas which encode their “behavior” in
a sequent calculus proof: there are two propositional uniform types α and β, and
two types γ and δ for quantification over object variables. A signed formula is of
type α if the subformulas obtained by application of the respective sequent cal-
culus decomposition rule on the formula both occur in the same sequent. Signed
formulas are of type β, if the decomposition of the signed formula gives rise to a
split of the sequent calculus proof and the obtained subformulas occur in differ-
ent sequents. γ-type signed formulas indicate that the bound variable is freely
instantiable, while δ-type signed formulas are those for which the Eigenvariable

2 i.e. for all terms t holds σ(σ(t)) = σ(t).
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α α0 α1

(ϕ ∨ ψ)+ ϕ+ ψ+

(ϕ ⇒ ψ)+ ϕ− ψ+

(ϕ ∧ ψ)− ϕ− ψ−

(¬ϕ)+ ϕ−
−

(¬ϕ)− ϕ+
−

β β0 β1

(ϕ ∧ ψ)+ ϕ+ ψ+

(ϕ ∨ ψ)− ϕ− ψ−

(ϕ ⇒ ψ)− ϕ+ ψ−

γ γ0(c)

(∀x.ϕ)− (ϕ[x/t])−

(∃x.ϕ)+ (ϕ[x/t])+

δ δ0(c)

(∀x.ϕ)+ (ϕ[x/c])+

(∃x.ϕ)− (ϕ[x/c])−

ǫ ǫ0 ǫ1
(s ⇔ t)− s t

(s = t)− s t

ζ ζ0 ζ1
(s ⇔ t)+ s t

(s = t)+ s t

Fig. 1. Extended Uniform Notation.

condition must hold. We call γ-variable (resp. δ-variable) variables bound on
some γ-type signed formula (resp. δ-type). In Fig. 1 we give the list of signed
formulas for each uniform type.

An important intuitive concept is equality and equivalence and we want to
treat those as first-class citizens by supporting their use as rewrite rules. For
instance, given an equation s = t and a formula ϕ(s) it is natural to allow
the rewrite of ϕ(s) to ϕ(t). Similarly we want to support the rewriting with
equivalence, i.e. to apply P ⇔ Q on ϕ(P ) to obtain ϕ(Q). Note that we cannot
assign polarities to P and Q in P ⇔ Q, while P in ϕ(P ) may well have a polarity.
Furthermore, the uniform notion of rules obtained from uniform notation is
restricted to logical refinement rules and does not capture equivalence rules. In
order to capture equations and equivalences we introduce two new uniform types
ǫ and ζ respectively for negative and positive equations and equivalences (see
the rightmost tables in Fig. 1).

In the following we agree to denote by αp(F q, Gr) signed formulas of polarity
p, uniform type α, and subformulas F and G with respective polarities q and r
according the tables in Fig. 1, including the unary version αp(F q). Note that the
subformulas are not necessarily direct subformulas, as for instance α+(F−, G+)
denotes (F ⇒ G)+ but also (¬F ∨G)+. By abuse of notation we also allow the
replacement of F q and Gr by new formulas. Example: if α+(F q, Gr) is (A− ⇒
B+)+, then αp(C,Gr) denotes (C− ⇒ B+)+. We use an analogous notation for
formulas of the other uniform types. Furthermore we define αp(F q) := αp(F q)
and for n > 1, αp(F p11 , . . . , F pn

n ) := αp(F p11 , αp2(F p22 , . . . , F pn
n )). Analogously we

define β, but also add the case n = 0 by defining β
+
() := ⊤+ and β

−
() := ⊥−.

In the rest of this article we are mainly concerned with signed formulas. To
ease the presentation we extend the notion of satisfiability to signed formulas. In
order to motivate this definition consider a sequent ψ1, . . . , ψn ⊢ ϕ. It represents
the proof status that we have to prove ϕ from the ψi. In terms of polarities,
all the ψi have negative polarity while ϕ has positive polarity. The ψi are the
assumptions and thus we consider the models that satisfy those formulas and
prove that those models also satisfy ϕ. Hence, we define that a model M satisfies
a negative formula ψ−

i if, and only if, M satisfies ψi. From there we derive the
dual definition for positive formulas, namely that a model M satisfies a positive
formula F+, if, and only if, M does not satisfy F .

Definition 4 (Satisfiability of Signed Formulas). Let F p be a signed for-
mula of polarity p, M a model and ρ an assignment. Then we define: Mρ |= F+

holds if, and only if, Mρ 6|= F . Conversely, we define Mρ |= F− holds if, and only
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if, Mρ |= F . We extend that notion to sets of signed formulas F by: Mρ |= F ,
if, and only if, for all F p ∈ F , Mρ |= F p.

Lemma 1. Let M be a model, ρ a variable assignment, F q, Gr signed formulas
of polarities q, r. Then Mρ |= αp(F q, Gr) holds if, and only if, both Mρ |= F q

and Mρ |= Gr hold; Mρ |= βp(F q, Gr) holds, if, and only if, Mρ |= F q or
Mρ |= Gr holds.

Remark 1 (Notational Conventions). We denote formulas by capital Latin let-
ters A,B, . . . , F,G, . . ., and formulas with holes by Greek letters ϕ(.), which
denotes λ-abstractions λx.ϕ(x) where x occurs exactly once in ϕ. Similarly, we
define ψ(., .) to denote λx.λy.ψ(x, y) and x and y occur exactly once in ψ. 3

Definition 5 (Literals in Signed Formulas). Let ϕ(F )p be a signed formula
of polarity p. We say that F is a literal in ϕ(F )p if using the rules from Fig. 1
we can assign a polarity to F , but not to its subterms.

2.3 Extensional Expansion Proofs

For the CoRe calculus we build upon an extension of extensional expansion
proofs from [3]. They rely on extensional expansion trees which are defined in [15]
for formulas without equivalences, equations and the atoms ⊤ and ⊥ and where
all negations are around the literals. They are constructed for a formula F along
the tree structure of the formula. It follows closely that tree structure, except for
existential quantifiers, where it allows to have subtrees for arbitrary many in-
stances t of the quantifier. Each t is called an expansion term and the number of
instances is the multiplicity of that quantifier. For a universal quantifier the sub-
tree is created for the main formula instantiated with a selected parameter. The
non-instantiated formula represented by a subtree is called the shallow formula.
To each subtree we can associate a deep formula which represents the formula
where all quantifiers have been instantiated with expansion terms. Equations are
handled via Leibniz’ definition of equality in [15]. It also adds a rule to support
reasoning with respect to functional and Boolean extensionality, which gives rise
to extensional expansion trees. We denote the extensional expansion trees with
shallow formula F and multiplicity µ by △µ

F . The expansion terms in an ex-
pansion tree give rise to a substitution, which is △µ

F -admissible, if the transitive
closure of the relation induced by the hierarchy of quantifiers from the tree struc-
ture together with the relation induced by the substitution among introduction
nodes of expansion terms and selected parameters is irreflexive. An extensional
expansion tree △µ

F is an extensional expansion proof for F , if, and only if, (1)
its deep formula is a tautology (i.e., all paths through the deep formula are
unsatisfiable) and (2) the associated substitution σ is △µ

F -admissible.
In [3] we extend that calculus (1) by allowing for equivalences, equations

and the atoms ⊤ and ⊥; (2) by using polarities to overcome the restrictions on
the position of negations4; (3) by including a rule to dynamically increase the

3 This is similar to the notation used by Schütte in [16].
4 Here we follow the indexed formula trees of Wallen [18] for first-order modal logics

and fragments thereof.
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multiplicities on the fly in order to avoid guessing the initial multiplicities and
restart. Increasing the multiplicities thereby copies relevant existing connections
and results in a renaming of existential (γ) variables and universal (δ) variables.

Theorem 1 (Soundness & Completeness with Dynamic Increase of
Multiplicities). F is valid if, and only if, from an extensional expansion tree
for the signed formula F+ with singular multiplicities we can derive an exten-
sional expansion tree and a △µ

F -admissible substitution σ such that all paths in
△µ
F are unsatisfiable.

3 CoRe Calculus

The CoRe calculus relies on the idea to have a single signed formula represent-
ing the state of the proof and to use polarities and uniform types to manipulate
the subformulas. In order to check the admissibility of substitutions it uses the
extensional expansion trees from [3] (see previous section). For a closed signed
formula F p it constructs an extensional expansion tree with singular multiplici-
ties and with γ- and δ-variables. From such an initial extensional expansion tree,
we take its deep formula with free γ- and δ-variables.

As an example consider the closed formula representing the structural induc-
tion axiom ∀pι→o .(∀nι .n = 0 ⇒ p(n)) ⇒ ((∀n, n′

ι .(n = n′+1∧p(n′)) ⇒ p(n)) ⇒
∀nι .p(n)). Writing free γ-variables in capital letters, δ-variables in lower-case
letters and performing the necessary renamings to avoid name clashes, the free
variable representation of the extensional expansion tree for the negative version
of the formula and with singular multiplicities is ((n1 = 0 ⇒ P (n1)) ⇒ (((n2 =
n3 +1∧P (n3)) ⇒ P (n2)) ⇒ P (N)))−. Note that the free γ- and δ-variables are
bound in the corresponding extensional expansion tree. The extensional expan-
sion tree this formula stems from can be used to check the admissibility of any
substitution for this formula, even if the formula is further transformed.

The obtained signed formulas have the property that they do not contain any
quantifier with defined polarity, but may well contain quantifiers inside literals.
We denote this kind of signed formulas as quantifier-free formulas.

Definition 6 (Quantifier-Free & Ground Signed Formulas). Let F p be a
signed formula of polarity P . We say that F p is quantifier free (QF), if F p does
not contain any signed subformula of uniform type δ or γ. If F p additionally
contains no free γ-variables, then F p is ground.

An example for a ground signed formula which contains quantifiers inside
literals is the following definition of the predicate of even natural numbers
(Evenι→o = λxι .∃nι .x = 2 × n)p. Given a closed formula F , we denote by
△1
F the initial extensional expansion tree of singular multiplicity for F and by

F+
X the quantifier free formula obtained from △1

F . Using polarities and uniform
types we can define relationships between subformulas in signed QF-formulas as
well as the set of set of paths through signed quantifier-free formulas.
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Definition 7 (α- and β-Related Signed Formulas). Let ψ(F,G)p be a signed
formula of polarity p. We say that F and G are α-related (resp. β-related) in
ψ(F,G)p if, and only if, the smallest signed subformula of ψ(F,G)p which con-
tains both F and G is of uniform type α (resp. β).

Definition 8 (Paths in Signed QF-Formula). Let F p be a signed quantifier-
free formula of polarity p. A path in F p is a sequence ≪ F p11 , . . . , F pn

n ≫ of
α-related signed subformulas of F p. The sets P(F p) of paths through F p is the
smallest set containing {≪ F p ≫} and which is closed under the two operations:

(α) If P ∪{≪ Γ, αp(Gq, Hr) ≫} ∈ P(F p), then P ∪{≪ Γ,Gq , Hr ≫} ∈ P(F p).
(β) If P ∪{≪ Γ, βp(Gq , Hr) ≫} ∈ P(F p), then P ∪{≪ Γ,Gq ≫,≪ Γ,Hr ≫} ∈

P(F p).

The following lemma establishes the basic relationship between the paths in
the extensional expansion tree for a closed formula and the paths through the
corresponding quantifier-free signed formula.

Lemma 2. Let F be a closed formula, △1
F the extensional expansion tree with

singular multiplicity for F+ and F+
X the QF-formula for △1

F . Then the set of all
literal paths through △1

F are in P(F+
X ).

This allows us to derive from the existence of satisfiable (ground) literal
paths in the extensional expansion tree the existence of (ground) literal paths
in the QF-formula. The preservation of the existence of satisfiable ground paths
is the property ensuring the soundness of any further transformation performed
on the QF-formula. Since it is cumbersome to always have to reason about the
existence of ground paths only at the level of literals, we lift the level to paths
at an arbitrary, less granular level of paths.

Definition 9 (Satisfiable & Unsatisfiable Ground Paths). A path p is
ground if all contained signed formulas are ground. A ground path p is satisfiable
if there exists a model M such that M |= p. Otherwise p is unsatisfiable.

Corollary 1. Let p be a path, which contains either ⊤+, or ⊥− or signed for-
mulas F− and F+. Then any ground path for p is unsatisfiable.

The following lemma establishes then that we can choose the level of granularity
on which we want to reason about the satisfiability of a complete set of paths.

Lemma 3. Let F p be a signed formula, and P, P ′ ∈ P(F p) complete sets of
ground paths through F p. Then it holds: P contains a satisfiable ground path if,
and only if, P ′ contains a satisfiable ground path.

3.1 Admissible Replacement Rules

The logical context of some subformula in a signed formula is determined by
collecting all α-related subformulas. Now we are concerned with determining



8 Serge Autexier

the possible rules which can be generated from the available subformulas. To
motivate this, consider the goal sequent A ⇒ (B ⇒ C) ⊢ C. Applying A ⇒
(B ⇒ C) to C means that the goal to prove C is replaced by the goal to prove
A and B. In this case both occurrences of C have opposite polarities and are
α-related via ⊢. Furthermore, the new subgoals, i.e. the positive occurrences
of A and B, can be determined statically from the formula by collecting all
the formulas that are β-related to the negative occurrence of C. This enables
generating rules from a formula by fixing the left-hand side, e.g. the negative C.
The right-hand side of the rule is then the list of all formulas that are β-related
to the left-hand side, and we write this as a rule C− → 〈A+, B+〉. Analogously,
if there is a negative equation or a negative equivalence in the context, i.e.
an ǫ-type formula ǫ(s, t), we obtain the rules s → 〈t, F p11 , . . . , F pn

n 〉 and t →
〈s, F p11 , . . . , F pn

n 〉 where the F pi

i are the formulas β-related to ǫ(s, t). This rule
contains the information, that some goal formula ϕ(s) where s has an arbitrary
polarity – even no polarity – can be refined to the subgoals ϕ(t), F p11 , . . . , F pn

n .
Before formalizing the notion of replacement rules, we introduce a mechanism

which allows to weaken parts of α-type signed subformulas.

Definition 10 (Weakening of Signed Formulas). Let F p be a signed for-
mula. The set W(F p) of weakened signed formulas for F p is defined recur-
sively over the structure of F : (Atom) W(F p) := {F p} if F p is a literal; (α)
W(αp(Gq, Hr)) := {αp(Gqw , H

r
w) | Gqw ∈ W(Gq), Hr

w ∈ W(Hr)} ∪ W(Gq) ∪
W(Hr); (β) W(βp(Gq, Hr)) := {βp(Gqw, H

r
w) | Gqw ∈ W(Gq), Hr

w ∈ W(Hr)}.

Lemma 4. Let M be a model, F p a signed formula and σ a ground substitution
such that σ(F )p is ground. Then for any Gp ∈ W(F p) it holds: If M |= σ(F p)
then M |= σ(Gp).

Proof. By structural induction over F and using Lemma 1. ⊓⊔

Corollary 2 (Connectable Signed Formulas). Let F p and G−p be two signed
formulas. If there exists an F pw ∈ W(F p) which is α-equal to some F−p

w ∈
W(G−p), then for any ground substitution σ such that σ(F p) and σ(Gp) are
ground there exists no model M which satisfies both σ(F p) and σ(G−p). We say
that F p and G−p are connectable.

Example 1. As an example consider the negative formula A∨ (B ∧C)− and the
positive formula A∨ (C ∨D)+. The respective sets of weakened signed formulas
are W(A∨(B∧C)−) = {A∨(B∧C)−, A∨B−, A∨C−} and W(A∨(C∨D)+) =
{A∨(C∨D)+ , A∨C+, A∨D+, A+, C+, D+}. Thus, the formulas are connectable,
since A ∨ C− ∈ W(A ∨ (B ∧ C)−) and A ∨ C+ ∈ W(A ∨ (C ∨D)+).

Definition 11 (Subformula Conditions). Let ϕ(F q)p be a signed formula of
polarity p, Gp11 , . . . , G

pn
n be all maximal signed formulas that are β-related to F q

in ϕ(F q)p. Then the conditions of F q are Cϕ(.)p := W(Gp11 ) × . . .×W(Gpn
n ).

Replacement rules are of two kinds: the first kind are those where the left-
hand side is a subformula with a polarity, and the second kind result from ǫ-type
formulas. The former are called resolution replacement rules, while the latter are
called rewriting replacement rules.
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Definition 12 (Admissible Resolution Replacement Rules). Given the
signed formula ψ(L−p, Gp)q of polarity q and containing the two signed subfor-
mulas L and G of opposite polarities, let ψ′(L−p, Gp)r be the smallest signed
formula containing both L−p and Gp and (Rp11 , . . . , R

p1
n ) ∈ Cψ′(.,Gp)r . Then if

L−p and Gp are α-related in ψ(L−p, Gp)q, then L−p → 〈Rp11 , . . . , R
pn
n 〉 is an

admissible resolution replacement rule for Gp.

Definition 13 (Admissible Rewriting Replacement Rules). Given the
signed formula ψ(ǫ−(s, t), Gp)q of polarity q and containing the two signed sub-
formulas ǫ−(s, t) and Gp, let ψ′(ǫ−(s, t), Gp)r be the smallest signed formula
containing both ǫ−(s, t) and Gp and (Rp11 , . . . , R

p1
n ) ∈ Cψ′(.,Gp)r . Then if ǫ−(s, t)

and Gp are α-related in ψ(ǫ−(s, t), Gp)q, then s → 〈t, Rp11 , . . . , R
pn
n 〉 and t →

〈s,Rp11 , . . . , R
pn
n 〉 are admissible rewriting replacement rules for Gp.

A CoRe proof state is denoted by △;σ⊲F and consists of an extensional ex-
pansion tree △, a △-admissible substitution σ and a QF-formula F . We say that
△;σ ⊲ F is satisfiable if, and only if, for all △-admissible ground σ-refinements
ν there exists a satisfiable path in ν(F )+. In order to mimic a textual top-down
proof development style, the CoRe calculus rules π

π′ are to be read top-down5,
i.e. the problem of proving π is reduced to prove π′. The rules are given in Fig. 2
and consist of three parts separated by dotted lines: The upper part presents the
major calculus rules, the middle part consists of the propositional simplification
rules, and the lower part gives an extra rule for the application of rewriting re-
placement rule. The rules from the first two parts are the kernel of the CoRe

calculus necessary for completeness. The last rule is added for convenience, but
is admissible. We only illustrate some of the rules in detail and the meaning of
the other rules should follow easily from these descriptions.

The WeakL rule allows to reduce the goal to prove a positive formula ϕ in
which occurs a binary α-type subformula αp(F q, Gr) to the goal to prove the
formula ϕ, where the binary subformula is replaced by the left conjunct F q. The
surrounding αp is used to adapt the polarities by adding a negation, in case p 6= q.
Example applications of this rule are: △;σ ⊲ C ∧ (A⇒ B) ⊢WeakL

C △; σ ⊲ C ∧B, or
△;σ⊲C∧(A ⇒ B) ⊢WeakL

C △; σ⊲C∧¬(A). This rule changes neither the extensional
expansion tree nor the substitution.

The Leibniz -rule is used to expand an equality s =τ t into Leibniz definition
of equality ∀Pτ→ o .P (s) ⇒ P (t), for any type τ . Therefore we determine the ex-
tensional expansion subtree △s=tp for (s = t)p and apply the respective Leibniz-
Introduction-rule of extensional expansion proofs. This adds an initial exten-
sional expansion subtree △∀P .P (s)⇒P (t) conjunctively to △s=tp . From that new
subtree we take the corresponding QF-formula P (s) ⇒ P (t) and α-relate it to
s = tp to obtain the new QF-formula ϕ(αp(s = tp, P (s) ⇒ P (t))). Depending on
whether the polarity p is positive or not, P is a new δ-variable or a new γ-variable.
An example for this rule is: △△

s(X)+Y =s(X+Y )−
; σ⊲ (X ′ +0 = X ′∧ s(X)+Y = s(X+

Y )) ⇒ s(s(a)) + 0 = s(s(a)) ⊢Leibniz
C △α−(△s(X)+Y =s(X+Y ),△∀P .P (s(X)+Y )⇒P (s(X+Y )))

;σ ⊲

5 Unlike sequent calculus rules.
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△;σ ⊲⊤

q.e.d.
Axiom

△;σ ⊲ ϕ(F p)

△; σ ⊲ ϕ(αp(F p, F p))
Contract

△;σ ⊲ ϕ((F ⇔ G)+)

△;σ ⊲ ϕ(((F ⇒ G) ∧ (G⇒ F ))+)
ζ-Elim

△;σ ⊲ ϕ(αp(F q, Gr))

△; σ ⊲ ϕ(αp(F q))
WeakL

△; σ ⊲ ϕ(αp(F q, Gr))

△; σ ⊲ ϕ(αp(Gr))
WeakR

△△s=tp ;σ ⊲ ϕ(s = tp)

△αp(△s=tp ,△∀P .P (s)⇒P (t))
;σ ⊲ ϕ(αp(s = t, P (s) ⇒ P (t)))

Leibniz

△s=tp ;σ ⊲ ϕ(s = tp)

△αp(s=tp,λx.s=λx.t);σ ⊲ ϕ(αp(s = t, λx.s = λx.t))
f-Ext

if x local to s = t in ϕ(s = tp).

△A⇔Bp ;σ ⊲ ϕ(A⇔ Bp)

△αp(A⇔Bp,λx.A=λx.B); σ ⊲ ϕ(αp(A⇔ B,λx.A = λx.B))
b-Ext

if x local to A⇔ B in ϕ(A⇔ Bp).

△; σ ⊲ F

σ′(△);σ′ ◦ σ ⊲ σ′(F )
Subst

if σ′ ◦ σ admissible wrt. △.

△; σ ⊲ ϕ(F p)

△;σ ⊲ ϕ(β
p
(V p1

1 , . . . , V pn
n ))

Res

If U−p → 〈V p1
1 , . . . , V pn

n 〉 admissible for
F p and U−p and F p are connectable.

△△1 ···△n ;σ ⊲ ϕ(ψ1(
−→
V1), . . . , ψn(

−→
Vk))

△△1△
′

1
···△n,△′

n
;σ′ ◦ σ ⊲ ϕ(α(ψ1(

−→
V1), ψ1(ρ(

−→
V1))), . . . , α(ψn(

−→
Vk), ψn(ρ(

−→
Vk))))

µ-Inc

where ρ is the renaming of γ- and δ-variables declared in the △i, (
−→
Vi)i=1...k is a

disjoint partition of dom(ρ), such that for all i, all the variables in
−→
Vi occur only

in ψi(
−→
Vi), and σ′ := [ρ(σ(x))/ρ(x) | for all γ-variables x ∈ dom(ρ)].

△△F p ;σ ⊲ ϕ(F p)

△△C
; ρ ◦ σ ⊲ ϕ(βp(αp(A−, F p), αp(A+, F p)))

Cut A

where △F p is the minimal subtree containing all literals in F p, −→x ′ are the free
variables of A not bound above △F p , ρ := [−→x ′/−→x ], and △C is the subtree
γp−→x ′ .βp(αp(A−,△F p), αp(A+,△F p)).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

△;σ ⊲ ϕ(⊤∨ F )

△;σ ⊲ ϕ(⊤)
∨⊤

L

△;σ ⊲ ϕ(F ∨ ⊤)

△; σ ⊲ ϕ(⊤)
∨⊤

R

△; σ ⊲ ϕ(⊥ ∨ F )

△;σ ⊲ ϕ(F )
∨⊥

L

△;σ ⊲ ϕ(F ∨ ⊥)

△; σ ⊲ ϕ(F )
∨⊥

R

△;σ ⊲ ϕ(⊤ ⇒ F )

△; σ ⊲ ϕ(F )
⇒⊤

L

△;σ ⊲ ϕ(F ⇒ ⊤)

△;σ ⊲ ϕ(⊤)
⇒⊤

R

△; σ ⊲ ϕ(⊥ ⇒ F )

△;σ ⊲ ϕ(⊤)
⇒⊥

L

△;σ ⊲ ϕ(F ⇒ ⊥)

△;σ ⊲ ϕ(¬(F ))
⇒⊥

R

△;σ ⊲ ϕ(⊤∧ F )

△;σ ⊲ ϕ(F )
∧⊤

L

△;σ ⊲ ϕ(F ∧ ⊤)

△; σ ⊲ ϕ(F )
∧⊤

R

△; σ ⊲ ϕ(⊥ ∧ F )

△;σ ⊲ ϕ(⊥)
∧⊥

L

△;σ ⊲ ϕ(F ∧ ⊥)

△; σ ⊲ ϕ(⊥)
∧⊥

R

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

△ǫ(s,t);σ ⊲ ϕ(L(s)p)

△α−(ǫ(s,t),∀P .β−(L(s)−p,L(t)p)); [λx.L(x)/P ] ◦ σ ⊲ ϕ(β
p
(L(t)p, V p1

1 , . . . , V pn
n ))

Rew

If L(s)p is a literal, s→ 〈t, V p1
1 , . . . , V pn

n 〉 is admissible for L(s)p, and ǫ(s, t) is
the equation or equivalence this rule results from.

Fig. 2. The CoRe Calculus
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x
ρ
→ ρ(x) = x′

σ↓ ↓σ′

σ(x)
ρ
→ σ′(x′) := ρ(σ(x))

△α(△F ,△F ′ );σ
′ ◦ σ⊲















X ′ + 0 = X ′ ∧ (s(X) + Y = s(X + Y )
∧(s(s(X) + Y ) + 0 = s(s(X) + Y )

⇒ s(s(X + Y )) + 0 = s(s(X + Y ))))
∧(s(U) + V = s(U + V )
∧(s(s(U) + V ) + 0 = s(s(U) + V )

⇒ s(s(U + V )) + 0 = s(s(U + V ))))















⇒ s(s(a)) + 0 = s(s(a))

Fig. 3. (a) Construction of σ′ (b) Proof state after increase of multiplicity

(X ′+0 = X ′∧(s(X)+Y = s(X+Y )∧(P (s(X)+Y ) ⇒ P (s(X+Y ))))) ⇒ s(s(a))+0 =

s(s(a)), where P is a new γ-variable.

The functional and Boolean extensionality rules f-Ext and b-Ext require the
variable x to be local with respect to the equation (resp. equivalence). This
intuitively means that if x is a γ-variable, then it does not occur in a part which
is β-related to the equation (resp. equivalence). If x is a δ-variable, then it does
not occur in a part which is α-related. For a formalization we refer to [3].

The rule Res is the central rule operationalizing assertion level reasoning.
Assertions G can be applied to some subformula F p if it is possible to compile
from G an admissible resolution replacement rule U−p → 〈V p11 , . . . , V pn

n 〉. Such
a rule is applicable, if F p and U−p are connectable, and the application con-
sists of replacing F p by the disjunction of the subgoals V p11 , . . . , V pn

n , which is

represented by β
p
(V p11 , . . . , V pn

n ). Examples for this rule are: △;σ ⊲ (A ⇒ B) ⇒

B ⊢Res
C △; σ ⊲ (A⇒ B) ⇒ A by the rule B− → 〈A+〉, △;σ ⊲ (A∨ (B ∧C)) ⇒ B ⊢Res

C

△;σ ⊲ (A ∨ (B ∧ C)) ⇒ ¬(A) by the rule B− → 〈A−〉, or △;σ ⊲ (A⇒ B) ⇒ B ⊢Res
C

△;σ ⊲ (A⇒ ⊥) ⇒ B by the rule B+ → 〈.〉 where by definition β
−

(.) = ⊥−.

Finally, the µ-Inc-rule allows to increase the multiplicities of γ-quantifiers in
the extensional expansion tree. This rule is essentially necessary to be combined
with the substitution rule in order to preserve formulas containing those variables
that will be substituted. Assume {x1, . . . , xn} are those γ-variables that will
be substituted and whose associated subtrees △i are maximal with respect to
any other substituted γ-variable. The △i are the immediate subtrees in △ of
the γ-quantifier that introduced xi. The increase of the multiplicity of these γ-
quantifiers with respect to the xi results in copies △′

i of the △i, where all γ-
and δ-variables declared in △i have been renamed. This renaming ρ is injective
and maps γ-variables to γ-variables and δ-variables to δ-variables. Furthermore,
it holds ρ(xi) = x′i for all 1 ≤ i ≤ n. The extension σ′ of the substitution σ
is obtained by making the diagram on the left hand side of Fig. 3 commute
for any γ-variable x in the domain of ρ. Finally, the renaming is propagated to
the QF-formula by considering a partitioning (

−→
Vi)i=1...k of the renamed γ- and

δ-variables (dom(ρ)), such that for all 1 ≤ i ≤ k there is a subformula ψi(
−→
Vi)

containing all occurrences of the variables in
−→
Vi . The renaming ρ is applied to

these ψi(
−→
Vi) to obtain ψi(ρ(

−→
Vi)), which in turn are added conjunctively to ψi(

−→
Vi).

Consider the proof state obtained before by the Leibniz -rule: We first apply the
substitution σ(P ) = λx.s(x + 0) = s(x) and then increase the multiplicity of
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∀p.∀x.∃y.(p(0) ∧ (p(y) ⇒ p(s(y)))) ⇒ p(x) (1)

∀n.
∑0

i=1
in = 0 (2)

∀n,m.
∑s(m)

i=1
in = s(m)n +

∑m

i=1
in (3)

∀a, b.(a+ b)2 = (a2 + (2 × b) × a) + b2 (4)

∀a, b, c.a = b⇒ a+ c = b+ c (5)

∀n.
∑n

i=1
i1 = n×s(n)

2
(6)

∀m.2 × m
2

= m (7)

∀q.s(q)3 = s(q)2 + (q × s(q)) × s(q) (8)

0 = (0)2 (9)

Fig. 4. Axioms and lemmas assumed in the proof of ∀n.
∑n

i=1
i3 = (

∑n

i=1
i1)2.

the γ-quantifier for X . This results in the proof state shown on the right hand
side of Fig. 3. Thereby ρ := [U/X, V/Y,Q/P ], and σ′ := [ρ(σ(P ))/ρ(P )] =
[λx.s(x+ 0) = s(x)/Q].

Definition 14 (CoRe Calculus). Let π, π′ be CoRe proof states. π ⊢C π′ is
a CoRe proof step if, and only if, there is a CoRe calculus rule π

π′ (cf. Fig. 2).
A CoRe derivation is a sequence π1 ⊢C π2 ⊢C . . . ⊢ πn of CoRe proof steps
(as usual we define ⊢∗

C as the reflexive transitive closure of ⊢C).
Let F be a closed formula, △I the initial extensional expansion tree for F+,

FX the corresponding QF-formula and id the empty substitution. Then F is
provable in CoRe, if, and only if, there is a derivation △I ; id⊲FX ⊢∗

C △;σ ⊲⊤.

Theorem 2 (Soundness & Completeness). The CoRe calculus is sound
and complete.

Proof (Sketch). (Soundness) In order to prove the soundness of the CoRe cal-
culus, we prove (1) for any closed formula F , if F is not valid, then the initial
proof state △I ; id ⊲ FX for F is satisfiable (by Theorem 1 and Lemma 2); (2)
each CoRe calculus rule (except the Axiom-rule) preserves the satisfiability of
the proof state; (3) proof states on which the CoRe Axiom-rule is applicable
are unsatisfiable (a single path with ⊤+ is unsatisfiable by Corollary 1).
(Completeness) By completeness of extensional expansion proofs [15] we can as-
sume for any valid closed formula F that we have guessed the right multiplicities
for γ-type quantifiers, the right substitution σ, and the necessary applications
of Leibniz, f-Ext, b-Ext, ζ-Elim, and Cut.6 All paths in the resulting QF-formula
FP are (propositionally) unsatisfiable. That is from △I ; Id ⊲ FX we can derive
a proof state △P ;σ ⊲ FP . In a second phase we show that from △P ;σ ⊲ FP we
can derive △;σ ⊲⊤ by proving that path resolution [14] is admissible using Res,
Contract, Weakening and the simplification rules. The completeness then finally
follows from the completeness of path resolution for propositional logic. ⊓⊔

4 Example

We illustrate the CoRe calculus by proving the following theorem over the nat-
ural numbers: ∀n.

∑n
i=1 i

3 = (
∑n

i=1 i)
2. The function symbols have the standard

6 Cut is used to simulate the extensionality rule from [15]. Cut is not admissible in
the CoRe-calculus, but would probably be if we add the rules ξ and b (see [5]).
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meaning. Besides the necessary definitions and the structural induction axiom
for the natural numbers, we assume specific lemmas, in order to keep the proof
short. The axioms and lemmas, i.e. the assertions we assume, are given in Fig. 4.

The initial proof state consists of an extensional expansion tree △0 for the
conjunction of the assertions implying the conjecture, an empty substitution,
and the quantifier free formula resulting from △0. The initial proof state then is

△0; id ⊲









(P(0) ∧ (P(y) ⇒ P(s(y)))) ⇒ P(X ) (1)
∑0

i=1
iN = 0 (2)

∑s(M)

i=1
iN = s(M)N +

∑

M

i=1
iN (3)

(A+B)2 = (A2 + (2 × B) × A) + B2 (4)

A′ = B′
⇒ A′ + C′ = B′ + C′ (5)

∑

N′

i=1
i1 =

N′
×s(N′)

2 (6)

2 × M′

2 = M ′ (7)
s(Q)3 = s(Q)2 + (Q× s(Q)) × s(Q) (8)
0 = (0)2 (9)









⇒
∑

n

i=1
i3 = (

∑

n

i=1
i1)2

Due to lack of space, we introduce a macro step RuleApplication from H for
the application of some assertion H . Such a macro step consists of applying a
replacement rule that can be obtained fromH by (1) increasing the multiplicities
with respect to the variables that need to be instantiated to apply the rule, (2)
apply the necessary substitution, (3) apply the replacement rule, and finally (4)
“remove” the instantiated assertion by weakening. The proof is then as follows:

1. By RuleApplication from (1)

△1;σ1 ⊲

(

(1) ∧
∑

0

i=1
iN = 0 ∧ (3) ∧ (4) ∧ (5) ∧ (6) ∧ (7) ∧ (8) ∧ (9)

)

⇒
∑0

i=1
i3 = (

∑0

i=1
i1)2 ∧ (

∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2) ⇒ (

∑s(y′)

i=1
i3 = (

∑s(y′)

i=1
i1)2)

2. By RuleApplication from (2)(2×)

△2;σ2 ⊲

(

(1) ∧ (2) ∧ (3) ∧ (4) ∧ (5) ∧ (6) ∧ (7) ∧ (8) ∧ 0 = (0)2
)

⇒ 0 = (0)2 ∧ (
∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2) ⇒ (

∑s(y′)

i=1
i3 = (

∑s(y′)

i=1
i1)2)

3. By RuleApplication from (9)

△3;σ3 ⊲

(

(1) ∧ (2) ∧ (3) ∧ (4) ∧ (5) ∧ (6) ∧ (7) ∧ (8) ∧ (9)
)

⇒ ⊤ ∧ (
∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2) ⇒ (

∑s(y′)

i=1
i3 = (

∑s(y′)

i=1
i1)2)

4. By Simplify by ∧
⊤

L

△4;σ4 ⊲

(

(1) ∧ (2) ∧
∑s(M)

i=1
iN = s(M)N +

∑

M

i=1
iN ∧ (4) ∧ (5) ∧ (6) ∧ (7) ∧ (8) ∧ (9)

)

⇒ (
∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2) ⇒ (

∑

s(y′)

i=1
i3 = (

∑

s(y′)

i=1
i1)2)

5. By RuleApplication from (3)

△5;σ5 ⊲

(

(1) ∧ (2) ∧
∑s(M)

i=1
iN = s(M)N +

∑

M

i=1
iN ∧ (4) ∧ (5) ∧ (6) ∧ (7) ∧ (8) ∧ (9)

)

⇒ (
∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2) ⇒ (s(y′)3 +

∑

y′

i=1
i3 = (

∑

s(y′)

i=1
i1)2)

6. By RuleApplication from (3)

△6;σ6 ⊲

(

(1) ∧ (2) ∧ (3) ∧ (A+ B)2 = (A2 + (2 × B) × A) + B2
∧ (5) ∧ (6) ∧ (7) ∧ (8) ∧ (9)

)

⇒ (
∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2) ⇒ (s(y′)3 +

∑

y′

i=1
i3 = (s(y′) +

∑

y′

i=1
i1)2)

7. By RuleApplication from (4)

△7;σ7 ⊲

(

(1) ∧ (2) ∧ (3) ∧ (4) ∧ (5) ∧ (6) ∧ (7) ∧ (8) ∧ (9)
)

⇒ (
∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2) ⇒ s(y′)3 +

∑

y′

i=1
i3 =

(s(y′)2 + (2 ×
∑

y′

i=1
i1) × s(y′)) + (

∑

y′

i=1
i1)2

8. By RuleApplication from
∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2

△8;σ8 ⊲

(

(1) ∧ (2) ∧ (3) ∧ (4) ∧ A′ = B′
⇒ A′ + C′ = B′ + C′

∧ (6) ∧ (7) ∧ (8) ∧ (9)
)

⇒ (
∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2) ⇒ s(y′)3 + (

∑

y′

i=1
i1)2 =

(s(y′)2 + (2 ×
∑

y′

i=1
i1) × s(y′)) + (

∑

y′

i=1
i1)2

9. By RuleApplication from (5)

△9;σ9 ⊲

(

(1) ∧ (2) ∧ (3) ∧ (4) ∧ (5) ∧
∑

N′

i=1
i1 =

N′
×s(N′)

2 ∧ (7) ∧ (8) ∧ (9)
)

⇒ (
∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2) ⇒ s(y′)3 = s(y′)2 + (2 ×

∑

y′

i=1
i1) × s(y′)
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10. By RuleApplication from (6)

△10;σ10 ⊲

(

(1) ∧ (2) ∧ (3) ∧ (4) ∧ (5) ∧ (6) ∧ 2 × M′

2 = M ′
∧ (8) ∧ (9)

)

⇒ (
∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2) ⇒ s(y′)3 = s(y′)2 + (2 ×

y′×s(y′)
2 ) × s(y′)

11. By RuleApplication from (7)

△11;σ11 ⊲

(

(1) ∧ (2) ∧ (3) ∧ (4) ∧ (5) ∧ (6) ∧ (7) ∧ s(Q)3 = s(Q)2 + (Q× s(Q)) × s(Q) ∧ (9)
)

⇒ (
∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2) ⇒ s(y′)3 = s(y′)2 + (y′ × s(y′)) × s(y′)

12. By RuleApplication from (8)

△12;σ12⊲
(

(1) ∧ (2) ∧ (3) ∧ (4) ∧ (5) ∧ (6) ∧ (7) ∧ (8) ∧ (9)
)

⇒ (
∑

y′

i=1
i3 = (

∑

y′

i=1
i1)2) ⇒ ⊤

13. By Simplify by 2× ⇒
⊤

R : △13;σ13 ⊲ ⊤

14. By Axiom: q.e.d

Discussion. The proof illustrates how the CoRe calculus supports direct rea-
soning at the assertion level. The main focus here is less on the fact that we
can represent a proof at the assertion level, but rather on the support offered by
the calculus to perform a proof at the assertion level. Indeed, representing such
a proof is also possible, for instance, in a natural deduction calculus, provided
that it comes with a strong equality substitution rule and that the syntactical
structure of the assertions fits the decomposition structure of the calculus rules.
However, formulas must typically be decomposed in order to apply the contained
knowledge, as for instance in the application of the induction hypothesis in step
8 in the example proof. Moreover, there is no support which actively suggests
how the assertions can be applied. The CoRe calculus provides this information
as replacement rules, which are directly read out from the assertions.

5 Related Work and Conclusion

We presented the CoRe calculus for contextual reasoning. It uses proof theo-
retic information to statically determine the available assertions for arbitrary
subformulas. The proof theoretic information is further used to operationalize
the application of the assertions via replacement rules. Therefore the CoRe

calculus actively supports direct reasoning on the assertion level.
The technical details of the calculus, for instance, that replacement rules are

in principle non-normalform resolution and paramodulation rules, can mostly
be hidden from the user. However, they should ease the implementation of au-
tomated proof procedures, and any proof constructed on their basis would im-
mediately be available as an assertion level proof, which should ease the under-
standing of the proofs for a human user. Although in this paper we focused on
higher-order logic, in [3] we define CoRe calculi on top of the matrix calculi for
most of the first-order modal logics considered in [18].

The CoRe calculus should also provide a suitable basis to accommodate a
deduction modulo [8] approach, since it allows to implement a contextual congru-
ence on propositions which takes the logical context of subformulas into account
through the uniform mechanism to synthesize all available rules from it. It also
is in the Deep Inference paradigm for calculi, which is studied for instance in
the Calculus of Structures [6]. However, rather than studying proof theoretic
properties using deep structural manipulation rules, the CoRe calculus aims at
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supporting a reasoning based on assertions through replacement rules. Finally,
it is also related to Focusing Proof Construction [1] which derives sequent calcu-
lus macro steps from available assertions. Unlike replacement rules, the focusing
proof steps can only be determined for top-level formulas, only be applied to
top-level formulas, and do not include conditional equivalences and equations.

Future work consists of treating equality as a primitive concept, define CoRe

calculi for further logics (especially intuitionistic logics), provide transforma-
tions of CoRe proofs into sequent calculus proofs to ease proof checking, and
investigate automated reasoning procedures for CoRe by extending ordering-
based automated reasoning techniques like [10] to non-normalform resolution
and paramodulation.
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