PLAT Q: A Mediator between Text-Editors
and Proof Assistance Systems

Marc Wagner

Fachbereich Informatik, Universitat des Saarlandes
66041 Saarbrucken, Germanyufw. ags. uni-sb. de/ “mwagner)

Serge Autexier

DFKI GmbH & Fachbereich Informatik, Universitat des Saarties
66041 Saarbriicken, Germanyuw. dfki. de/ “serge)

Christoph Benzniller

Fachbereich Informatik, Universitat des Saarlandes
66041 Saarbriicken, Germanyuw. ags. uni-sb. de/ “chris)

Abstract

We present a generic mediator, calledaPQ, between text-editors and proof assistantsam®2 aims at integrated support
for the development, publication, formalization, and freation of mathematical documents in a natural way as plessib
The user authors his mathematical documents with a sceW¥iSIWYG text-editor in the informal language he is used to,
that is a mixture of natural language and formulas. Theserdeats are then semantically annotated preserving thestext
structure by using the flexible, parameterized proof lagguahich we present. From this informal semantic repretienta
PLATQ automatically generates the corresponding formal reptagen for a proof assistant, in our ca@®EGA. The pri-
r'r}altly tgsk of RATQ is the maintenance of consistent formal and informal repradions during the interactive development
of the document.

1 Introduction

Unlike computer algebra systems, mathematical proof tasgie systems have not yet
achieved considerable recognition and relevance in mattieah practice. Clearly, the
functionalities and strengths of these systems are géyperal sufficiently developed to
attract mathematicians on the edge of research. For appfisain e-learning and engi-
neering contexts their capabilities are often sufficienbugh. However, even for these
applications significant progress is still required, intigatar with respect to the usability
of these systems. One significant shortcoming of the cusgstems is that they are not
fully integrated into or accessible from within standardtineanatical text-editors.

For purposes such as tutoring mathematics, communicatipgtdishing mathematical
documents, the content is in practice usually encoded wsingnon mathematical repre-
sentation languages by employing standard mathematixtkethtors. Proof assistance
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systems, in contrast, require fully formal representatiand are not yet sufficiently linked

with these standard mathematical text-editors. Therefatber than developing a new user
interface for the mathematical assistance sySBmEGA [24], we propose a generic way

of extendingQMEGA to serve as a mathematical service provider for scientificaditors.

‘If the mountain won’t come to Mohammed, Mohammed must deetoanbuntain.

Our approach allows the user to write his mathematical decusnin the language he
is used to, that is a mixture of natural language and formulagse documents can then
be semantically annotated preserving the textual stradiyrusing the flexible parameter-
ized proof language we present. From this semantic repigmn RLATQ automatically
builds up the corresponding formal representatioQimEGA and takes further care of the
maintenance of consistent versions.

The formal representation allows the underlying proof siasice system to support
the user in various ways, including the management of madkieah definitions, theorems
and proofs, as well as the access to automatic theorem praanputer algebra systems,
and other mathematical tools in order to automaticallyfyeonclusions and computations
made by the user and to suggest possible corrections. Timest#ohalities can be provided
through RATQ by context-sensitive service menus in order to supportriteractive de-
velopment of mathematical documents at a high level of abttm.

On the one hand, these services could include the posgituldautomatically generate
parts of the proof as well as computations in order to dishuttie user of taking care about
cumbersome details and to let him concentrate on the suladtparts of the proof. Thus,
menu interaction may lead to changes of the formal reprasentwhich are reflected by
PLATQ in changes of the semantic representation in the documentth® other hand,
further proof development in the text-editor leads to clesng the document which are
propagated by ErTQ to changes in the formal representatiorQREGA.

Altogether, this approach allows for the incremental, rietéve development of math-
ematical documents which in addition can be formally vaédaby QMEGA, hence ob-
taining verified mathematical document3his approach is generally independent of the
proof assistance system as well as the text-editor. Neslegh the scientific WYSIWYG
text-editor BXpmacs [27] provides professional type-setting and supports autigowith
powerful macro definition facilities like i"IgX. It moreover allows for the definition of
plug-ins that automatically process the document and is éspecially well-suited for an
integration of RATQ.

This paper is organized as follows: SectiBrpresents an overview on tH2MEGA
system in order to more concretely motivate our settingti@e8 introduces the mediator
PLATQ with a focus on the interfaces to the text-editor and the fpassistance system. A
working example is presented in Sectibthat illustrates the integration ofLtRTQ into a
scientific text editor like for examplegKyacs. The paper concludes with an overview on
related work (SectioB) and a summary of the major results in Secifon

2 Preliminaries: QMEGA, MAYA, and the TASK L AYER

The development of the proof assistance syst8weGA is one of the major attempts to
build an all encompassing assistance tool for the workinthemaatician or for the formal
work of a software engineer. It is a representative of systenthe paradigm oproof
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planningand combines interactive and automated proof

construction for domains with rich and well-structured

mathematical knowledge (see Figure on the right). The bl
QMEGA-system is currently under re-development where, s ot Learing
among others, itis augmented by the development graph
manager MYA and the underlying natural deduction
calculus is replaced with thedRe-calculus B]. Veision

The MAYA system 8] supports an evolutionary for- *
mal development by allowing users to specify and verify  sugsin Carstan
developments in a structured manner, it incorporates a o
uniform mechanism for verification in-the-large to ex-
ploit the structure of the specification, and it maintains
the verification work already done when changing the spatifin. Proof assistance sys-
tems like QMEGA rely on mathematical knowledge formalized in structureeloties of
definitions, axioms and theorems. ThenxkA system is the central component in the new
QMEGA system that takes care about the management of change efttiesies via its
OMDoc-interface [L9].

The CoREe-calculus supports proof development directly at #ssertion leve[17],
where proof steps are justified in terms of applications dhd®ns, axioms, theorems or
hypotheses (collectively calleassertionys It provides the logical basis for the so-called
TASK LAYER [14], that is an instance of the new proof datastructureq)H5]. The Task
LAYER is the central component for computer-based proof cort&irui QMEGA. It of-
fers a uniform proof construction interface to both the homser and the automated proof
search procedures BATI [21] andQANTS [9,26]. The nodes of the P’s are annotated with
tasks which are Gentzen-style multi-conclusion sequents amggdeby means to define
multiple foci of attention on subformulas that are mainggirduring the proof. Each task
is reduced to a possibly empty set of subtasks by one of theniolg proof construction
steps: (1) the introduction of a proof sket@0[*, (2) deep structural rules for weakening
and decomposition of subformulas, (3) the application afrarha that can be postulated
on the fly, (4) the substitution of meta-variables, and (%) @pplication of an inference.
Inferences are the basic reasoning steps of #8XTLAYER, and comprise assertion appli-
cations, proof planning methods or calls to external th@opeovers or computer algebra
systems (se€lf,6] for more details about theABK LAYER).

A formal proof requires to break down abstract proof steph¢oCORE calculus level
by replacing each abstract step by a sequence of calcups Sthis has usually the effect
that a formal proof consists of many more steps than a caynebpg informal proof of
the same conjecture. Consequently, if we manually conssrdiormal proof many inter-
action steps are typically necessary. Formal proof sket{3@ in contrast allow the user
to perform high level reasoning steps without having toifyshem immediately. The un-
derlying idea is that the user writes down only the intergsparts of the proof and that
the gaps between these steps are filled in later, ideally &utomatically (see als@4]).
Proof sketches are thus a highly relevant for a mediatorRiker Q whose task it is to sup-
port the transition to fully formal representations fromiaformal proof in a mathematical
document via intermediate representations of underspdgifioof sketches.

] Knowledge
et Management

Maya Task Layer

1 In the oldQMEGA system this was realized by using so-callsidnd-methods.
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Figure 1. RATQ mediates between natural mathematical texts and the pssistantQMEGA

3 The PLAT Q System

The mediator PATQ is designed to run either locally as a plugin for a particukat-
editor or as a mathematical service provider which textoeslitould access through the
web. In order to manage different text-editor clients ad aeldifferent documents in the
same client, we integrated session management ind0 ®. The text-editor may request
a unique session key which it has to provide as an argumeitnfpfurther interaction in
this particular session.

PLATQ is connected with the text-editor by an informal represimdanguage which
flexibly supports the usual textual structure of mathemaatiocuments. Furthermore, this
semantic annotation language, calpedof languaggPL), allows for underspecification as
well as alternative (sub)proof attempts. In order to geteettze formal counterpart of a PL
representation, IRATQ separates theory knowledge like definitions, axioms andréms
from proofs. The theories are formalized in tiemvelopment graptahguage(DL), which
is close to the OMDc theory language supported by thexkh system, whereas the proofs
are transformed into theasklayer inguage(TL) which describes the Bs instance of the
TASK LAYER. Hence, RATQ is connected with the proof assistance sysemeEGA by a
formal representation close to its internal datastructure

Besides the transformation of complete documents, it isrdéd to be able to propa-
gate small changes from an informal PL representation tdameal DL/TL one and the
way back. If we always perform a global transformation, weildamn the one hand rewrite
the whole document in the text-editor which means to losgelgnarts of the natural lan-
guage text written by the user. On the other hand we would tesalatastructure of the
proof assistance system to the abstract level of proof BketcFor example, any already
developed expansion towards calculus level or any conipuatagsult from external sys-
tems would be lost. Therefore, one of the most importantcspd R.ATQ’s architecture
is the propagation of changes.

The formal representation finally allows the underlyinggfrassistance system to sup-
port the user in various ways.LRT Q provides the possibility to interact through context-
sensitive service menus. If the user selects an object imldlsament, PATQ requests
service actions from the proof assistance system regatdenfprmal counterparts of the
selected object. Hence, the mediator needs to maintain dippimg between objects in the
informal language PL and the formal languages DL and TL.
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In particular, the proof assistance system could suppentisier by suggesting possible
inference applications for a particular proof situationnc® the computation of all infer-
ence argument instantiations may take a long time, a mayigtimenu with the possibility
of lazy evaluation is required. LRTQ supports the execution of nested actions inside a
service menu which may result in a change description ferrtienu.

Through service menus the user may get access to autorretieth provers and com-
puter algebra systems which could automatically verifyobasions and computations and
suggest possible corrections. These and many more fuatties are supported byt RT Q
through its mechanism to propagate changes as well as téitibs of custom answers
to the user of the text-editor. Altogether, the mediatoaTX2 is designed to support the
interactive development of mathematical documents atlaleigel of abstraction.

3.1 PLATQ’s Interfaces

PLATQ provides abstract interfaces to the text-editor and thefassistance system (see
also Fig.1). Before we discuss their design and realization, we firss@nt the functional-
ities of PLATQ from the perspective of the text-editorL A Q's methods are:

* Initialize a session plato:init starts a new session inLRrQ

¢ Upload a document plato:upload uploads a whole document in the informal lan-
guage PL, from which EATQ builds up the formal representations DL and TL. If a
document has already been uploadedat®) performs an internal difference analysis
using a semantic based differencing mechan@ghdnd then proceeds as with patching
the document.

e Patch a document plato:patch patches an already uploaded document in the in-
formal language PL with patch information given in the XbATE standard (see Sec-
tion 3.2). PLATQ transforms this patch information into patches for the falrnepre-
sentations DL and TL, which are used to patch the datasteictithe proof assistance
system.

¢ Request a menu plato:service requests a menu for an object in the informal lan-
guage PL inside the document. The response is either a mehe Bervice language
SL (or an error message).LRr Q uses its maptable relating objects in PL with objects
in DL and TL to requests service support from the proof asstst system for the latter.

¢ Execute a menu action plato:execute triggers the execution of an action with its
actual arguments. The result can be a patch for the curremtin@epatch for the doc-
ument or a custom answer (or an error message). The purptsevaluate an action
inside a menu. This style of responses offers quite manyaatien possibilities: If the
selected action was nested somewhere in the menu, the @sisfaace system will usu-
ally modify the menu. This will be propagated byAr Q to a corresponding response
which only modifies the menu and leaves the patch for the deotirand the custom
answer empty. If the selected action was situated on top ¢é¥ee menu, the execution
in the proof assistance system will more likely change thinéd representation. Any-
how, RLATQ propagates these changes to changes in the informal préeantf the
text-editor, such that the response will usually removentieau and patch the document
appropriately. The custom answer leaves room for arbitrggraction possibilities like
knowledge retrieval or natural language feedback.
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¢ Close a sessionplato:close terminates a session.

A detailed descriptions of AT Q’s interface functions is given in Appendix.

3.2 Interface to the Text-Editor and Proof Assistance fyste

The goal of RATQ is to lay a compatible foundation for a text-editor intedfacross dif-
ferent environments. It should be a clean, extensiblefaterthat is very simple and easy
to implement such that it could quickly be adapted to run \aitly scientific text editor on
any operating system. Therefore we decided to represemh#itikematical document as
well as the service menus in XMLL]], the patches for documents and menus in theeXU
DATE update language2{] and to use XML-RPC 31] as interface protocol. XBDATE
[20] is an XML update language which uses XML to encode its uslartel the expression
language XRTH [10] to select elements for processing. An update may conta&rfdh
lowing types of elements relevant foL RrQ: insert-before, insert-after, append,
update, remove. All operations in an update have to be applied in parallehtotarget
document. XML-RPC is a remote procedure call protocol whisbs XML to encode its
calls and HTTP as a transport mechanism. It is a very simmltopol, defining only a
handful of data types and commands, and its entire two paggigéon can be found at
[31].

The QMEGA system is implemented inisp. Therefore, we decided to implement the
interface toQMEGA, which provides Lsp functions for each PATQ method, in LsP too.
These functions operate only on the formal representatidgheomathematical document
and they will be illustrated in more detail in the next Secti®_ATQ allows to start, stop
and manage multiple servers in parallel for the same prai$t@sce instance. Generally,
we aim at an approach that is independent of the particutzof @ssistance system to be
integrated. Therefore the proof language as well as thécgemenu language are param-
eterized over the sublanguages for definitions, formulefgrences and menu argument
content. Extending these sublanguages allows to scaleeupativer of the whole system
regarding representation capabilities as well as servicetionalities. As soon as there will
be significant progress in the area of natural language sisalyne could even allow full
natural language in these sublanguages. Thus 8 is designed to support the evolution
of the underlying proof assistance system towards an idatdiematical assistance system.
We will present some more aspects of this more general viewpothe next Section. The
focus, however, is on the integration of € EGA system into the scientific WYSIWYG

text-editor EXpacs:

4 A Working Example

In this section we will evaluate the mediator A Q in combination withQMEGA and
TeXmacs: We will illustrate all available methods ofLBTQ by discussing a working
example in the theory of Simple Sets.

In this paper, we describe the mediation between the infopaesentation in the text-
editor and the formal representation in the proof assistagstem on an abstract level. All
details on the communicated documents, patch descriptindsmenus for this example
can be found inZ8].

Since the EXmacs interface for proof assistance systems is under contindeuslop-
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File Edit Tnsert Text Format Document View Go Tools Help
[fauCeax [ BBRDROC DASDHEER «
ESS=E=EIicEE|ESVSNAM
ﬁ
————  Theory [Simple Sets] ——
This theory defines the basic concepts and properties of the Theory of Simple Sets.
Definition [Type of Individuals] :
First of all we define the type ¢ of individuals.
Definition [Type of Sets| :
Then we define the type set of sets of individuals.
Definition [Function in] :
The function in: (( x set) — o) takes an individual and a set
and tells whether that individual belongs to this set.
Definition [Function subset] :
The function subset: ((set x set) — 0)-takes two sets
and tells whether the first set is a subset of the second set.
Axiom [Definition of subset] :
The function subset is defined by YU,V. (UCV)wvVz.zeU=zeV .
Definition [Function set=] :
The function set =: ((set x set} — o) takes two sets
and tells whether both sets are equal.
Axiom [Definition of set=] :
The function set= is defined by ¥U,V. U=V & (UCV)A (VCU). |
Definition [Function union] :
The function union: ((set x set) — set) takes two sets
and returns the union of both sets.
Axiom [Definition of union] :
The function union is defined by YU, V,z. ze (UUV)&e zelvzeV .
Definition [Function intersection| :
The function intersection: ((set x set) — set) takes two sets
and returns the intersection of both sets.
Axiom [Definition of intersection] :
The function intersection is defined by YU,V 2. 2 (UNV)e zelAzeV .
g
article plato menus text roman 10 start

Figure 2. TheonSimple Set; TEXyacs

ment, a RATQ plugin for TeXmacs has been developed by tlkBMEGA group that maps
the interface functions of IRTQ to the current ones ofgKyacs and which defines a style
file for PL macros in fXyacs- In the following example, we use this plugin to establish a
connection betweergKyacs and RATQ's XML-RPC server.

First of all, the text-editor gXpacs initializes a new session by calling the method
plato:init together with a client name, for exampleskmacs#1”. The resulting session
name has to be saved by the text-editor in order to use it &fdltowing communication
with PLATQ.

In the text-editor, we have written an example document thithsemantic annotation
language PL (defined ir2f]). The theorySimple Set this document contains for exam-
ple definitions and axioms faubsetset=, unionandintersection Fig. 2 shows the theory
as seen in @Xyacs and Fig.3 shows the encoding of this theory igyacs with PLATQ
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L exampleitm:

|File Edit Insert Source Format Document View Go Tools Help
DAdbeaX | sBRERARYE Das0Himy
|=x'El310=|2 8E|IBTSScH

{pkdocument|DOCL | %’

(pktheory| (tuple| _key|TH1|name|Simple Sets)|
This theory defines the basic concepts and properties of the Theory of Simple Sets.

(pkdefinition | (tuple | _key | DEF1 |name | Type of Individuals) | First of all we define the
type (T|i} of individuals.)
(pkdefinition| {tuple| _key|DEF2|name|Type of Sets)|Then we define the type (T|set) of
sets of individuals.)
(pkdefinition|{tuple| _key|DEF 3|name|Function in}|
The function (S|in|{TF|{TX|(T|i}|{T|set})|(T|o}}} takes an individual and a set
and tells whether that individual belongs to this set.)

(pkdefinition|{tuple| _key| DEF4|name|Function subset}|
The function {S|subset|{TF|{TX|(T|set}|({T|set}}|{T|o}}}(nbsp)takes two sets
and tells whether the first set is a subset of the second set.)

(pkaxiom|{tuple| _key|AX1|name|Definition of subset}|

The function subset is defined by (pl-conclusion|CON1|{pl-formula [FORM1| {Fforall|
(BICV| U|(T|sety}| (V| V| (T|set))) |(Feav| (Fsubset| (v |U}|(V[V})| {Fforall| (BI(V[x| (T [i)}}]
(Fimpl| (Fin| (V] |(V[O)}(Fin| (V) {(V[VIINNY -}

(pkdefinition|{tuple| key|DEF5|name|Function set=}|
The function (S|set=|(TF|{TX|(T|set}|(T|set)}|({T|o))) takes two sets
and tells whether both sets are equal.)

(plaxiom|{tuple| key|AX2|name|Definition of set=}|

The function set= is defined by {pl-conclusion | CON2|(pl-formula| FORM2| {Fforall|
(BI(V|U|(T|set))|(V|V|(T|set})}| (Feqv| (Fset=| {(V[U}| (V[V}}| {Fand|{Fsubset| (v |U})| (V[V}}|
(Fsubset| (VIV} (VIUNID) )

(pkdefinition|(tuple| _key|DEF6|name|Function union}|
The function (S|union|{TF|{TX|{T|set)|(T |set})|{T|set}))) takes two sets
and returns the union of both sets.)

(pkaxiom|({tuple| _key|AX3|name|Definition of union)|

The function union is defined by (pl-conclusion|CON3 | {pl-formula| FORM3| {Fforall|
(BI(V[U|(T|set))| (V| V|(Tlset))| (V]x|(Ti))}| (Feqv| (Fin|(V|x)| (Funion| (VU) | (V[V})} | {For|
(Fin (V) | (VIOD) [ (Fin| (VI [(VIVIY D)) -) 7

| article plato menus src roman 10 start

Figure 3. Encoding of Theorgimple Set& TEXpmacs

macros.
Furthermore, we have written a theddystributivity in Simple Sets/hich imports all
knowledge from the first theor§imple SetsThis second theory consists of a theorem about
the Distributivity of intersection The user has already started a proof for this theorem by
introducing two subgoals. Figt shows the theory as seen ipXiyacs and Fig.5 shows
the encoding of this theory ireERKyacs-
By pressing a keyboard shortcut, the user can always easgiighsbetween both views
in the text-editor. The PL macros contained in the documemstrbe provided by the
user’ and are used to automatically extract the correspondingd@lrdent, the informal
representation of the document farA Q.
Uploading this PL document withlato:upload, PLATQ separates theory knowl-

2 Currently this still requires some expertise about PL aedTtXyacs macro language. Future work includes to provide
better support for this task.
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|File Edit Insert Text Format Document View Go Tools Help
Cadfeax xatRBRA0C Has/0HmR|n
: IEEE|ESVSNAME

—— Theory [Distributivity in Simple Sets] —

Context :
We refer to the definitions and axioms of the theory =— [Simple Sets]| .

Theorem [Distributivity of intersection] :

It holds that VA, B,C. (AN(BUC))=((ANB)u(ANnC)) .

Proof :
We prove the equality of these sets by proving the following two subset relations :
(1) ((An(BUC))C ((ANB)U(ANC))
@ (ANB)U(ANC))C (4N (BUC)))

|
artiele plato menus text roman 10 before pldocument:

Figure 4. Theonistributivity in Simple Set& TEXpmacs

|File Edit Insert Source Format Document View Go Tools Help

Dadaeax|inalilkoe | HasoHamu|n
=)'E[3T()=|EEF|IBTSScH
(pktheory| (tuple| _key|TH2|name|Distributivity in Simple Sets)|
(pkcontext | CONT1 |We refer to the definitions and axioms of the theory (pl-reference|
REF1|(R|Simple Sets)) .)
(pktheorem|(tuple|_key|THEO1|name|Distributivity of intersection)|
Tt holds that (pl-conclusion|CONS|{pl-formula|FORMS | (Fforall| (B|{V |A}]| (V|B} (V]
C) )| (Fset=|(Fintersection | (V| A} |{Funion|(V|B}|{V|C}})|{Funion | {Fintersection | (V| A} |{V|
B)) |{Fintersection| (V| A)|(V|C})}))}) -)
(pkproof|{tuple| _key|[PROOF1|_for| THEO1)|
{plsubgoals|SUBGOALS1|
We prove the equality of these sets by proving the following two subset rela-
tions :
(1) {pl-subgoal| SUBGOALI | (pl-formula| FORMS | {Fsubset | {Fintersection | (V|
A)[(Funion| (V|B)|(V|C}})|(Funion|{Fintersection| (V|A}|(V|B)}| (Fintersection| (V|A}|
viem)
(2) (pksubgoal |SUBGOAL2| (pl-formula|FORMT|(Fsubset|{Funion|{Fintersec-
tion|(V|A)|{V|B))|(Fintersection|{V|A}| (V|C)}} |{Fintersection|{V|A}|(Funion|(V|B}|{V|

Chnn
{pkdone|DONEL|})
) 4
| article plato menus src roman 10 start

Figure 5. Encoding of Theoistributivity in Simple Setg TEXyacs

edge like definitions, axioms and theorems from proofs aadssgenerating the formal
representation.

On the one hand, IRTQ creates a DL document containing definitions, axioms and
theorems in a representation close to O®D On the other hand, the proof is transformed
into a TL document, an abstract representation for the iRstance of the ASK LAYER
in the proof assistance system.

From the DL document, theltRTQ instance folQMEGA generates a theory represen-
tation in OMDoc that MAYA takes as input for the creation of a development graph.gig.
shows the theories uploaded@MEGA. For this evaluation we use the old user interface
LQuiI [25] to visualize the status dRMEGA. The user interacts of course only with the
text-editor. The old KQui interface, including the display of MA’s development graphs,
shall be entirely replaced byXuacs and RATQ. They are only presented in this paper

9
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Figure 7. Partial Proof of Theoreistributivity of intersectiorin QMEGA

to show the internal representation obtained frgyfacs via PLATQ. From the TL doc-
ument, the BPATQ instance forfQMEGA builds up the concrete datastructure of thes&

LAYER (see Fig.7).

The upload procedure has terminated successfully withdheptete generation of the

formal representation in the proof assistance system ehBmer Q returns '0K”.

Further developing the document, the user has started v pie first subgoal by de-
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—————  Theory [Distributivity in Simple Sets| ——

Context :
We refer to the definitions and axioms of the theory — [Simple Sets] .

Theorem [Distributivity of intersection] :
It holds that VA, B,C. (AN(BUC))=((ANB)U(ANC)) .

Proof :

‘We prove the equality of these sets by proving the following two subset relations :
(1) ((An(BUC)) C((ANB)U(ANC)))
(@) ((AnB)u(AnC))c(An(BuC)))

‘We start by proving the first subgoal.

By the — [Definition of subset] we need to prove
Yz, ze(AN(BUC)) =z ((ANB)U(ANQO)) .

Assume z € (AN(BUC)) .

| article plato menus text roman 10

Figure 8. Modification of the Proof ingKyacs by the User

;FﬂeEditInsartSou:anrmst Document View Go Tools Help

[Codieax|iBpRABRYE(MAZ DTN o
|=2'E[3TO0=|Z8F|IBTSScH

We start by proving the first subgoal. [ﬁ[
(pkproof|(tuple| _key|PROOF2| _for|SUBGOALL)|

(pkfact|FACT1|
(pkby|BY1|By the (pl-reference| REF2| (L |Definition of subset})) we need

to prove

? (pl-obtain| OBTAIN1| (pl-formula | FORMS| (Fforall| (B | (V|x)}| (Fimpl| I
(Fin|(V|x)|(Fintersection|(V|A}| {Funion|(V|B)|(V|C)}}} | (Fin|{V |x)|(Funion| {Fin-

tersection]| (V| )| (V|B) (Fintersection] (V| A} | (VIC)))}}})) -
(plassumption|ASSUMPTION1]| =
Assume (plassume|ASSUMET1|(pl-formula|[FORM9| (Fin |(V|x} |{Fintersec- =
tion| (V| A}|(Funion| (V[B}|(VICH))) )
{pkdone|DONEL|}) -
i Je
| article plato menus sre roman 10 start

Figure 9. Modification of the Encoding of the Proof igXiyacs by the User

riving a new subgoal and introducing an assumption (seed8Fidl his modification of the
encoding of the document (see F8).has to be propagated by #r Q to the formal repre-
sentation iMMEGA. In general, the difference with respect to the last synubkem version
of the document should be computed and senduterR by usingplato:patch. At the

moment, EXuacs IS hot able to compute this difference, therefore the wholeudhent is
send again bplato:upload and RATQ computes the difference.

The difference of the informal PL document is then transtdnby RATQ to a dif-
ference of the formal representations in DL and TL. Sincentleglifications do not affect
theory knowledge, this transformation only results in nficdtions for the intermediate
representation and finally the representation of theKTL AYER proof data structure.

The RATQ instance forQMEGA uses this patch information to modify theadk
LAYER rather than to completely rebuild it from scratch (see HiQ. The patch pro-
cedure has terminated successfully, henceTR returns '0K”. Altogether, the user is

11
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Figure 10. Modification of the Proof iI@MEGA by PLATQ

_exampl =0 o)

Theory [Distributivity in Simple Sets|

Context :
‘We refer to the definitions and axioms of the theory — [Simple Sets] .

Theorem [Distributivity of intersection] :
It holds that VA, B,C. (AN(BUC))=((ANB)U(ANC)) .

Proof :
‘We prove the equality of these sets by proving the following two subset relations :

(1) ((An(BuC)) c({(AnBYU(ANCY))

(2) ((AnB)U(ANC)) C(AN(BUC)))

‘We start by proving the first subgoal.

By the — [Definition of subset] we need to prove
Vo, z€(AN(BUC)) =z ((ANB)U(ANC)) .
ze(AN(BUQC)) :

Assume

Figure 11. Service Menu inERKuacs requested by the User

able to synchronize his informal representation in the-ésghtor document with the formal
representation in the proof assistance system.

The next interesting feature oLRT Q is the possibility of getting system support from
the underlying proof assistance system. Selecting thentigcatroduced formula in the
assumption, the user requests a service menu fromm ®@.

12
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L= x|

Theory [Distributivity in Simple Sets]

Context :
We refer to the definitions and axioms of the theory — [Simple Sets] .

Theorem [Distributivity of intersection] :
It holds that YA, B,C. (AN(BUC)) = ((ANB)U(ANC)) .

Proof :

‘We prove the equality of these sets by proving the following two subset relations :
(1) (An(BUC))c((AnB)u(ANC)))
(2) ((AnB)u(ANC))C(AN(BUC))

‘We start by proving the first subgoal.

By the — [Definition of subset| we need to prove
Ve, z€(AN(BUC)) =z ((ANB)UANC)) .

z€(AN(BUO) '

Assume

Figure 12. Modification of the Service Menu igXyacs by PLATQ

CORE@Kirana (Development: None)
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Figure 13. Modification of the Proof i@MEGA by the System

Requesting services for the corresponding task in h&<TLAYER, a list of available
inferences is returned toLRTQ. In order to answer quickly to the text-editor, we gen-
erate nested actions that allow to incrementally computefdhmulas resulting from the
application of an inference rather than to precompute asiixde resulting formulas for all
available inferences. For this example, the inferences wemually generated in the proof
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* Yexample tm)
File Edit Insert Source Format Document View Go Tools Help
DOdeaX | BpREL9E HasOHFun
=2'El3T()=|282|IBTS5cH
‘We start by proving the first subgoal. A
{pk-proof|(tuple| _key|PROOF2|_for|SUBGOALL}|
(pHfact|FACT1|
{pkby|BY1|By the (plreference [ REF2|{L |Definition of subset})) we need
to prove
(pl-obtain| OBTAIN1| (pl-formula | FORMS| (Fforall | (B | (V|x}}| (Fimpl|
(Fin|(V|x)|{Fintersection|(V|A}| {(Funion|(V|B}|(V|C}}}} | (Fin|{V|x}|(Funion| (Fin-
tersection| (V| A)|(V|B)) |(Fintersection| (V| A} | (V[C})}))})) )
(plassumption| ASSUMPTION]|
Assume (plassume |ASSUME1|{pl-formula |[FORM9| (Fin |(V|x} |{Fintersec-
tion| (V| A} |(Funion|(V[B)[(V|C))})}) -)
(pHfact|PL#3|1t follows that (plderive|PL#1|(pformula|PL#2|(Fand|{Fin|
(V) [(VIA)) |(Fin| (V]x} | (Funion| (VIB}|(VIC}})})) -)))
{pkdone|DONEL1|}) I
2 .

article plato menus sre roman 10 start

Figure 14. Modification of the Encoding of the Proof ipXfyacs by PLATQ

assistance system, since the automatic inference gearefatim the theory knowledge in
the development graph is still under development.

The menu is displayed to the user igXJyacs as shown in Figll, where we already
expanded the actioApply Definition of intersection - to its nested actio@ompute Re-
sults. ExecutingCompute Resultscalls the methoglato:execute in PLATQ, which
leads in the ASK LAYER to the computation of all resulting formulas for the inferen
Definition of intersection -, defined by the corresponding axiomLA? Q tells the text-
editor how to change the menu by sending a patch descriptioiné menu.

The user selects the desired formula (see E&ywhich triggers the application of the
top level inference and launchespaato:execute. PLATQ calls the RSK LAYER for
the application of the selected inference in order to oltaénchosen formula. TheABK
LAYER performs the requested operation which typically moditiesgroof data structure
(see Fig.13). This modification is transformed by the & Q instance forfQMEGA into a
patch description for the formal representation in TL.

After that, RATQ transforms this TL patch into an IL patch and finally a PL patch
for the informal document in BXyacs, Which is then send to the text-editor. Further-
more, the menu is closed by sending a patch description whitloves it. Currently, the
new proof fragments are inserted together with additionadlgfined natural language frag-
ments. However, we plan to integrate the natural languagef presentation systemrtx
[15] into PLATQ, in order to generate true natural language output for thefmteps added
by the proof assistance system.

The text-editor finally patches the encoding of the docunfess Fig.14) according to
this patch description. Fid.5 shows the patched document displayedgXpacs.

Note that the user can change any part of the document, ingltlde parts generated
by the proof assistance system. Due to the maintenance sistent versions, the further
development of the document can be a mix of manual authogirigeéouser and interactive
authoring with the proof assistance system.

Last but not least, closing the document or the text-ediithiclose the active session in
PLATQ and in the proof assistance syst€ImMEGA by calling the methoglato:close.
For this evaluation we chose a simple mathematical domairder to focus on the system

14
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————  Theory [Distributivity in Simple Sets] ——

Context :
‘We refer to the definitions and axioms of the theory — [Simple Sets] .

Theorem [Distributivity of intersection] :
Tt holds that ¥A, B,C. (AN(BUC))=((ANB)U(ANC)) .

Proof :

‘We prove the equality of these sets by proving the following two subset relations :
(1) ((An(Bucy c((AnB)U(ANC)))
(2) ((AnB)U(ANC)) C(AN(BUC)))

‘We start by proving the first subgoal.

By the — [Definition of subset] we need to prove
Vz. z€(AN(BUC) =z ((ANB)U(ANC)) .

Assume z € (AN (BUC)) .

It follows that z € AAze(BUC) .

article plato menus text roman 10 start

Figure 15. Modification of the Proof ingKyacs by PLATQ

behavior of the mediator. In general, the problem solvingabtdities only depend on
the underlying proof assistance system. Cutting edge @ssiktance can be provided by
extending the representational sublanguages for congticdomains.

5 Related Work

The AUTOMATH project [L3] of Nicolas de Bruijn and his idea of a mathematical ver-
nacular has to be mentioned as pioneering work in the fielchil&i to AUTOMATH, the
MizARr 2 and ISAR[29] projects aim at a well balanced compromise between riggriou-
mal representation languages suitable for machine priogeasd human readable, natural
representations. The “grammatical framework” approach) (@3] goes one step further
and employs a-calculus based formalism to define grammars consistinghabstract
and a concrete syntax. In the abstract syntax one can formegliesent mathematical def-
initions, theorems and proofs and check their correctnedgstee concrete syntax defines
a mapping from the abstract syntax into linguistic objegsscommon problem of these
approaches are the diverging requirements of represemtetithe machine and the user
side. AUTOMATH as well as MzAaR and ISAR sacrifice readability to obtain machine pro-
cessability. GF in contrast shows high readability as wehnachine processability but the
supported fragment of natural language is far too small afieiible to allow mathemati-
cians to use their familiar language.

Many mathematical assistance systems favor machine maduiéy over human au-
thoring, while trying to enhance readability. This is donedeparating input and output
language: the input language remains machine orientedeabédhe output language gets
close to natural language. The systemd® [2] for example uses a schematic approach
to represent its output in quasi-natural language. ThesysNUPRL [16], CLAM [1] and
QMEGA/PREX [15] go further and use natural language processing technigugsnerate

8 www.mizar. org
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true natural language output.HEOREMA [12] is a system which strictly separates infor-
mal and formal parts in mathematical documents: The useingai informal parts of text
without any restriction but these parts are not used for imacprocessing. The formal
parts, however, have to be written in the input language efcttmputer algebra system
MATHEMATICA.

In contrast to that, we suggest in our approachd formal representation language
for mathematical content detached from any particularclagicalculus. This allows us
to represent arbitrary content regardless of the undeyliggic. Moreover, the language
allows us to represent both different levels of concept amdetspecification and is thus
particularly well-suited to represent proofs that are argtl in a natural way by human
beings. Closely related to our approach is MiernL.anG project [L8]. It also proposes a
top-down approach starting from natural mathematicaktewards machine processing.
However, theMaTHLANG project so far concentrates mainly on supporting the aisabfs
the abstract representations based on type checking andnirast to our approach, the
gap between real theorem provers and mathematical agsdiaols remains open.

To our knowledge there has not been any attempt to integnati@od assistance system
with text-editors in the flexible way as done viaAr Q. All approaches described above do
not consider the input document as an independent, firss-cliéizen with an internal state
that has to be kept consistent with the formal represem&iivthe proof assistance system
while allowing arbitrary changes on each side. The only worthat direction has been
carried in the context of ROOFGENERAL [3]. In PROOFGENERAL the user edits a central
document in a suitable editing environment, from which it ¢ge evaluated by various
tools, such as a proof assistant, which checks whether thamkent contains valid proofs,
or a renderer which typesets or renders the document int@humented documentation
readable outwith the system. However, the system is onlyi@nface to proof assistance
systems that process their input incrementally. Hencedtwaments edited in BOOF
GENERAL are processed incrementally in a top-down manner and edlygearts that have
been processed by the proof assistance systems are loakedrarot be edited by the user.
Furthermore, the documents are in the input format of thefpassistant rather than in the
format of some type-setting program. Though we have triedeign the functionalities
and representation languages InPQ’s interface as general as possible, future work will
have to show that ERT Q can be as easily adapted to different proof assistants &séslg
possible for ROOF GENERAL.

6 Conclusion

The main contribution is the design and development of arijenediator, called PATQ,
between text-editors and the proof assistance syS&smGA. The presented mediator al-
lows the user to write his mathematical documents in thedagg he is used to, that is
a mixture of natural language and formulas. These docunagatsemantically annotated
preserving the textual structure by using a flexible paraned proof language. LRTQ
automatically builds up the corresponding formal repres@mn in QMEGA and takes fur-
ther care of the maintenance of consistent versions whileiging a mechanism to prop-
agate changes between both representations. All kindsw€ee of the underlying proof
assistance system regarding the formal representatiobecarovided through AT Q by
context-sensitive service menus in order to support theraotive development of math-

16



VVLARAALN LI,y 44V L HALLIL,, ALY ALY

ematical documents at a high level of abstraction. AltogetRLATQ contributes to the
evolution of proof assistance systems towards ideal madtieah assistance systems.

In this paper we have illustrated how informal, natural fisodeveloped in the text-
editor are mapped to formal representation2QMEGA. Does this mapping already im-
ply that the informal proofs are validated? Clearly notcsi@MEGA proof sketches at
the TAsk LAYER may be unsound and only full expansion of these proof sketth¢he
CoRe-calculus layer will assure soundness. In our approach gitpansion can ideally be
automated byYQMEGA's reasoning tools. However, this clearly depends on thecttral
quality and the granularity of the informal proof. And, ofuree, if the informal proof is
wrong, the expansion will fail and an interaction with thes patch the proof is required.
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Appendix

A PLAT Q’'s Interfaces

In this section we provide detailed descriptions APQ’s abstract interface functions:
* Initialize a session
plato:init (client.name) -> session.name

initializes a new session. It takes the client name (stragpnly argument and returns
the session name (string) or an error message. The purposstast a session inlATQ
and in the proof assistance system in order to get a sesgntifidr which can be used to
indicate the working session in all following interactiomgh PLAT Q. This is important,
for example, if the text editor user wants to get support fay br more documents, or
if PLATQ is launched as mathematical service provider to allow ¢ehitors the access
over the web.

¢ Upload a document

plato:upload (session.name, document) -> OK
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uploads a whole document in the informal language PL. Theraegts are the session
name (string), received previously p¥ato:init, and the document (string). It returns
a simpleOK (boolean) or an error messageLARPQ first verifies the syntax of the doc-
ument and then automatically builds up the correspondimmdb representations DL
and TL, which are uploaded into the proof assistance sydfemdocument has already
been uploaded, IATQ performs an internal difference analysis using a semaatied
differencing mechanisn®2p] and then proceeds as with patching the document.

Patch a document
plato:patch (session.name, diff) -> O0OK

patches an already uploaded document in the informal layegB& with patch informa-
tion. The arguments are the session name (string) and tble jpddrmation (XUPDATE,
see Sectior8.2). PLATQ returns a simpl@K (boolean) or an error messageLAPQ
transforms this patch information into patches for the falrmepresentations DL and
TL, which are used to patch the datastructure of the prodtasse system.

Request a menu
plato:service (session.name, object.id) -> menu

requests a menu for an object in the informal language Pldéngie document. The
arguments are the session name (string) and the uniquéfieieat the selected object
(string). The response is either a menu in the service laggg&d (string) or an error
message. The purpose is to ySeto:service in order to get a service menu from
the proof assistance system with actions for the selectgdtoh the document. IATQ
looks into his maptable for the corresponding objects inftmmal representation and
requests service support from the proof assistance sysighese objects.

Execute a menu action

plato:execute (session.name, action.id, arguments)
-> (menu.diff, document.diff, custom)

triggers the execution of an action with its evaluated arguist The arguments are
the session name (string), the unique identifier of the tadeaction (string) and the
arguments as a list of pairs with hame (string) and valuén¢gtr It returns a list with
a patch for the current menu (string), a patch for the docur(ering) and a custom
answer (string), or an error message.

Close a sessian
plato:close (session.name) -> OK

closes a session. The argument is the session name (stilinggturns a simpledk
(boolean) or an error message. The purpose is to termin&ssea appropriately, such
that RLATQ as well as the proof assistance system are able to deletenfamgnation
regarding this session.
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