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Motivation — MKM'’05 Q
OMEEL R OIp

A Generic Proof Datastructure: [Autexier,Benzmudller,Dietrich,Meier,Wirth]

= Calculus independent representation of proof attempts

= At different levels of granularity and alternative subproofs

= View = selection of specific granularity and subproof alternative

= Can be serialized to OMDOC proofs (Except for alternative subproofs)
m Problem: PDS and OMDOC lack semantics specification

Investigation of \pji-calculus as a proof format [Sacerdoti-Coen]

= Intuitionistic fragment has straightforward translation into pseudo-natural
language (rendering semantics)

= Proof terms in the classical fragment can be translated into the
Intuitionistic fragment

= Question: Is the classical fragment necessary to exploit the \uji-calculus
as a proof format?

Source: Autexier MKM'06, 11th August 2006 — p.2



What did we do? Q
OMEEL R O1P

Use \ufi-calculus to provide a semantics for OMDOC + Alternatives (= PDS)

= Choose a fragment of \uji-calculus as proof terms which is suitable to
represent alternative proofs
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What did we do? Q
OMEEL R O1P

Use \ufi-calculus to provide a semantics for OMDOC + Alternatives (= PDS)

= Choose a fragment of \uji-calculus as proof terms which is suitable to
represent alternative proofs

s Defined rendering semantics ﬂ.]];uﬁ for A\pii-calculus fragment
= Defined OMDOC proofs with alternatives

s Defined rendering semantics [[.]o for OMDOC proofs

= Defined translation from \p.i to OMDOC

= and translation from OMDOC to A/

= Such that
1. omdocToAuii and A fiToOmdoc are inverse functions (almost!)

2. [oMDOC-Proof] o and [[OmdocToXu/](OMDOC-Proof)]]XM have the same
Informative content. MIKM06, 111h August 2006 - p.3

Source: Autexler
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\uji-Fragment Used to Encode Proofs with
Alternatives
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Auji-Calculus Q

ONEEL R OLP
Commands Terms Environments
c == (v||E) v ou= X E = «
| Az :Tw | woFE
| pa:T.c | px:T.c

= “Intuitionistic” fragment = allow exactly one continuation variable
= Otherwise “classical” fragment
= Intuitionistic fragment Curry-Howard to Gentzen LJ sequent calculus

= Classical fragment Curry-Howard to Gentzen LK sequent calculus

Source: Autexier MKM'06, 11th August 2006 — p.5



Properties Q

ONEEL R OLP
Reduction rules: n-like rules:
(pac: Toc||E) > c{FE/a} p-expansion: v = pa : T.(v||a)
(v|| gz = T'.c) > c{v/x} pg-expansion: FE = fjz : T.(z||E)

(Ax : Twp||lvgo E) > (vg]|fix : T.v1 o E)

= First two reduction rules may form a critical pair (call-by-value vs.
call-by-name)

= Comparing the fragments

Fragment Deterministic? | Rendering natural?

Intuitionistic Yes Yes

Classical No No

Source: Autexier MKM'06, 11th August 2006 — p.6



Encoding Alternatives in A\ Q

= A proof with alternatives must non-determnistically reduce to
either alternative proof.
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Used Fragment of \uji-Calculus Q
OMEED CROUP

= Weused i :T.cand i : T.c to denote that the bound
continuation/variable does not occur in ¢ (Affine Binders)

Intuitionistic Fragment C Used-Fragment
C Affine Fragment C Classical Fragment

= Intuitionistic Fragment: 1 binds only the single x
= Affine Fragment: Any u either binds only the single x or is affine
= Affine binders can only occur in two positions:

» First subterm of a command:

Axq :Thy.... Az T Tocl|E) (Spine position)
» First subterm of a “cons” environment:

Aep T ey T T.coE (Argument position)

Source: Autexier MKM'06, 11th August 2006 — p.8



\uji-Fragment: Q

Rendering Semantics ONEEA RO
C'ommands Spinelerms
c == (V|E) [v'][E] v/ = x byz
| (p_:T.cy | ? by a conjecture
||&_: T.ca) we provide two alternative proofs | v ifv=px: T(V||faz : T.(x||x)) then
first proof:| — by = (that proves T as follows | —
[e1] [Cv[l2)]
alternative proof;| — else
[c2] by some proof (in detail | —
Environments [{v]|*)]
E = % — |done Terms
| px :T.c we proved T (x) v == Ax:T.w supposeT (x)
] [v]
| aoFE and [a] |  wx:T.c weneedtoprove T

[£] — []

Source: Autexier MKM'06, 11th August 2006 — p.9



\uji-Fragment: Q

Rendering Semantics OEEL RO
Commands Arguments
c == (V|E) [v'][E] a == x byz
| i Ta @ @]

||i_: T.co) we provide two alternative proofs

first proof:| —

[c1] Complex Arguments
alternative proof:;| — a’ = px:T.c aproofofT| —
[c2] ]
Environments | Az : T.a’ under hypothesis T' (x)

E = x «— |done [a’]

| px :T.c we proved T (x)
[c]

| aoFE and [a]
[£]

Source: Autexier MKM'06, 11th August 2006 — p.9



OMDOC Proofs with Alternatives

MKM'06, 11th August 2006 — p.10



Abstract OMDOC Q

PROOF := hyp L:F;PROOF
| alt(PROOF; | PROOF,)
| derive L : F JUST;PROOF
| derive _: F JUST

m Added construct for alternatives

= Only consider hypothesis and derivation steps that have exactly one
formal formula (FMP)

= No local declarations and definitions (for sake of simplicity)

= Derived formula in final proof step has no label

Source: Autexier MKM’'06, 11th August 2006 — p.11



Abstract OMDOC Q
OMEEA CROP

JUST := method M(ARG; ... ARG, ) OPTEXP
| plan(ARG; ... ARG,) : (F PROOF)
eeare, e

OPTEXP := nil|:(F PROOF)

ARG = L|(FPROOF)

= Justifications:
» Method: reference to a used method
» Plan: description of a subproof
» Sketch: Wiedijk’s “proof sketches”, “Gap” steps in OMDOC

terminology

= Arguments: Either a label (of a premise) or a fact with its proof

top-down proof step = at least one fact with proof

bottom-up proof step = only labels (only premises are used)

Source: Autexier MKM’'06, 11th August 2006 — p.11



Rendering Semantics for OMDOC Q

[hyp L:F;PROOF] := “Assume F (L)[PROOF]” OMEF R OUR
[derive L : F method M (ARG, ..., ARG;) OPTEXP; PROOF’]
.= “ By M [(ARGy,...,ARG})]* [OPTEXP]° we prove F (L); [PROOF]”
[derive L : F plan(ARG4, ...,ARG;) (F' PROOF); PROOF]
= “ We prove F (L) [(ARGy,...,ARG)]* [(F PROOF)]’; [PROOF]"
[derive L : F sketch(ARG1, ..., ARG); PROOF']
.= “We showF (L [(ARGq,...,ARG)]*; [PROOF']"
[derive _:F method M (ARG, ...,ARG);) OPTEXP]
.= “ By M [(ARGy,...,ARG})]* [OPTEXP]° we proved F;[ < |

[derive _:F plan(ARG1,...,ARGy) : (F PROOF) :

.= “ We proved F [(ARGq,...,ARG)]* [(F PROOF)]*;[ <
[derive _:F sketch(ARGq,...,ARG)]
= “We can obtain F [(ARG,...,ARG)]*;[—T
[at(PROOF; | PROOF;)] := “ FEither | — |[PROOF]
or | — [[PROOF:]”

01 =« (ARG, ..., ARG i= “from [ARGAI",..., and [ARGL]"
[nil]]® :== [(F PROOF)]* := “F (proved by [PROOF])”
[L]* == “L" [[ (F PROOF)]]O := “(Indetail : [PROOF])”

Source: Autexier ot MKM’'06, 11th August 2006 — p.12



Translations

Source: Autexier MKM'06, 11th August 2006 — p.13



OMDOC to Auji-Calculus Q
OMEEL CROUP

[hyp L:F;PROOF]%. ., = AL : F.[PROOF]",

[derive _:F JUST]L, = ik : F.([JUST]?||[JUST](»))

[derive L:F JUST;PROOF]%, = pok : F' ([QUST]!||[QUST]S (AL : F.([PROOF]L, |[x)))
[altPROOF; | PROOF,)]t, = alt! ([PROOF, ], [PROOF,],)

[sketch(ARG; . .. ARG,,)]! =?

[sketch(ARG; ... ARG )]]9( ) =[ARG1]" o 0 [ARG,]" 0 E

[plan(ARG; ... ARG,,) | (F PROOF) ]/ = [PROOF],

[plan(ARG; ... ARG,) : (F PROOF) 1A(E) = [ARG]0 - -- 0 [ARG,]% 0 E

[method M(ARG; ... ARG,,) : (F PROOF): ]1 = p* : F.([PROOF]%||aM : F.(M||*))
[method M(ARG; ... ARG,,) :

[method M(ARG; ... ARG,,) 'n'.i]]'ﬂ' -M

[method M(ARG: . .. ARG,,) nill}(E) = [ARG1]% o - - - 0 [ARG,]* 0 E
[L]* =L

[(F PROOF)]* = [PROOFT]%

Source: Autexier MKM'06, 11th August 2006 — p.14



OMDOC to Auji-Calculus Q
OMEEL RO

[hyp L:F;PROOF]%._ ., = AL : F.[PROOF]?,

[derive _:F JUST], = px : F.([JQUST]||[JUST] (%))

[derive L:F JUST;PROOF]Y, = px : F'.([JUST],||[JUST]L (AL : F.([PROOF],
[altPROOF; | PROOF,)]%, = altf ([PROOF, ], [PROOF,])

[sketch(ARG; . .. ARG,,)]! =?

[sketch(ARG; ... ARG )}]9( ) = [[ARGl]]a .o [ARG,]¢0 E

.................

[plan(ARG; ... ARG, (F PROOF) iJJ = [PROOF]L

..................

%))

.................

[plan(ARG; ... ARG,,) i (F PROOF) JA(E) = [ARG[?0 - - 0 [ARG,]% 0 E

..................
.................

[method M(ARG; ... ARG,,) | (F PROOF) ]]{ — pk : F.([PROOF]%||AM : F.(M]|}))
[method M(ARG; ... ARG,,):

[method M(ARG; . .. ARG,,) 'n'.i]]'j -M

[method M(ARG; ... ARG,,) nil[}(E) = [ARG;]% 0 - -- 0 [ARG,]* 0 E
[L]* =L

[(F PROOF)]* = [PROOFT]%

..................
.................

Source: Autexier MKM’06, 11th August 2006 — p.14



Auji-Calculus to OMDOC

[Az : T.w] = hyp X : T;[v]

[px : T v||vy o--- 0w, ox)] = derive _:T [o]™([v1]%, ..., [vn]?)

[ : T-(v||vy 0 -+ 0wy 0 iz : T.c)] = derive X:T' [v]™([v1]%, ..., [vn]®);[p* : T.c]
T [x] = ruled out

[alty (v1,v2)] = alt([v1] | [ve])

[]™(ARG4,...,ARG,) = method z(ARG; ... ARG,)

[!I"(ARGy, ..., ARG,) = sketch(ARGy, ... ,ARG,)
o [ux:T.(v||fix : T.(x||*))]"(ARGq,...,ARG,) = method z(ARG; ... ARG,) [v] :

[v]™(ARGq,...,ARG,) = plan(ARG; ... ARG,,) [v]: forv ¢ {z,?, pux: T.(v||az : T-(z||x))}

[z]* =2
[px : T.c]* = (T [px: T.c])
Jaltl (v, v2)]* = (T [alt! (v, v2)]

Aey:The. day : Tpopx:Te]* =(Th = - =T, =T [Aey Ty ... dxy, Ty opx - Tc])
Mzt :Th. ... Az Thoaltl (v, 02)] = (Th = - = T, = T [Mx1 : Th. ... Azy, 2 Tpoaltl (v, v2)]

T [Ax1:Th.... Azy : T),.x]® = ruled out

o Necessary to make the translation the inverse of the other
T Never used when applied on terms obtained from OMDOC

Source: Autexier

MKM'06, 11th August 2006 — p.15



Example
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Example Textbook Proof Q

Irrationality of /12

1. The proof is by contradiction
2. We assume rat(v/12);

3. We show there are n, m, such that

int(n) Aint(m) A mcommondiv(n,m) A V12 = =,
4. By Lemma /2 = L= 2 X y? = 22 we know 12 x m? = n?;

5. We show commondiv(n, m);

6. We have a contradiction.

Source: Autexier MKM’'06, 11th August 2006 — p.17



OMDOC Proof

derive _ : —rat(v/12)

method ProofByContradiction ((rat(v/12) = L
hyp Lo : rat(v/12);

derive L : mt( ) Aint(m) A ~commondiv(n,m) A V12 = >
plan(Lo) :  (rat(v/12) = int(n) A int(m) A ~commondiv(n,m) A V12 = =
. hyp Lo : rat(v/12); derive Lqq : Jyrint, z:int. /12 = £ A ~commondiv(y, z)
method ApplyLemma(Rat-Criterion, L)
derive _ :int(n) Aint(m) A mcommondiv(n,m) A 12 ==
method decomposition(L11))
derive Lo : 12 x m? = n? method ApplyLemma(y/z = £ :> zxy? =22,L11);
derive L3 : commondiv(n, m)
plan(Ls) : (12 x m? = n? = commondiv(n, m)
hyp Lag : 12 x m? = n?
( derive L3 : div(n,3) A div(m, 3)
method and-1 (div(n, 3) ) (div(m,3) ... ); ...
| derive Lsy : div(n,2) A div(m,2) :
method and-1 (div(n, 2) ) (div(m,2) ... );...);
derive _ : J_ method Contradiction(L1, L3)))

Source: Autexier

MKM'06, 11th August 2006 — p.18



A\ fi-Proof obtained by Translation

wx @ raty/12.
(ProofByContradiction

| ALo : rat(v/12).

pk L ( px : rat(v/12) = int(n) A int(m) A ~commondiv(n, m) A 12 =
AL : rat(+/12).

(ApplyLemma ||

3|3

Rat-Criterion © Lig o jiL1y : Jy:int, z:intav/12 = £ A ~commondiv(y, z).

(decomposition || Li1 o))

| Lo o jiL1 : int(n) Aint(m) A ~commondiv(n,m) A V12 = .
(ApplyLemma ||
[[\/Zzgisz2:aj2]]oL1

( AL3zo : 12 x m? = n?.
alt,(ux : commondiv(n, m).
(and-1 || [(div(n,3)...)] o [(div(m,3)...)]o
fLs1 : div(n,3) A div(m,3).([...], | %)),
p* : commondiv(n,m).
(and- || [(div(n,2)...)] o [(div(m,2)...)]o
fLss : div(n,2) Adiv(m,2).([...], || *)))

| L2 o iL3 : commondiv(n,m).

Source: Autexier (Contradiction || L1 o Lz o %)) o %))) MKM'06, 11th August 2006 — p.19



Rendered OMDOC Proof Q
OMEEL R O1P

Proof: By ProofByContradiction from rat(/12) = L

(proved by: Assume rat(v/12) (Lo)
We prove int(n) A int(m) A ~commondiv(n,m) A /12 = & (L1) from Lo
(In details: Assume rat(\/_) (L10) By ApplyLemma from Rat-Criterion and Lo we prove
Jyzint, ziinta/12 = £ A ~commondiv(y, z) (L11)
By decomposition from L1 we proved
int(n) Aint(m) A V12 = & A —commondiv(n, m));
By ApplyLemma from /z = % = z X y2 — 22 and L1 we prove 12 x m? = n? (L»):
We prove commondiv(n, m) (L3) from Lo
(In details:
Assume 12 x m? = n? (Lso)
Either by and-I from div(n, 3) (proved by [. . .]) and div(m, 3) (proved by [. . .]) we
proved div(n, 3) A div(m, 3) (La1); . ..
Or by and-I from div(n, 2) (proved by [. . .]) and div(m, 2) (proved by [. . .]) we proved
div(n,2) A div(m,2) (Laa); ...)

By Contradiction from L1 and L3 we proved _L)

Source: Autexier MKM'06, 11th August 2006 — p.20
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Rendered ) ji-Proof Q
OMEEL RO

Proof: we need to prove —rat(1/12)
by ProofByContradiction and the hypothesis rat(\/ 12) (Lo) a proof of L

by some proof
(in detail: we need to prove rat(v/12) = int(n) A int(m) A
—commondiv(n,m) A V12 = ~: Suppose rat(+/12) (L1o); By ApplyLemma and
Rat-Criterion and Lo we proved Jy:int, z:int.\/12 = £ A =commondiv(y, 2)
(L11). By decomposition and L11. Done)
and Lo we proved int(n) A int(m) A =commondiv(n, m) A /12 =
By ApplyLemma and /z = % = z X y2 = 22 and L1 we proved 12 x m? = n? (L»):

n
m’

By some proof

2

(in detail: Suppose 12 X m~ = n? (L30); we provide two alternative proofs:

First proof: we need to prove commondiv(n, m): By and-l and
[(div(n,3)...)] [(div(m,3)...)] we proved div(n, 3) A div(m,3); [...] Done.
Second proof: we need to prove commondiv(n, m): By and-l and [(div(n,2)...)]
[(div(m,2)...)] we proved div(n, 2) A div(m,2); [...] Done.)
and L2 we have proved commondiv(n, m) (Ls);

By Contradiction and L and L3 done.

Source: Autexier MKM’'06, 11th August 2006 — p.21
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Analysis Q

OMEE CROLP

= Almost equivalent informative content in both natural language
explanations
= Main differences are omission of repetitions of the thesis:

1. in the two alternative proofs the local thesis is restated in the
Auji-calculus, but not in OMDoc; “we need to prove that . ..”

2. at the end of the first expanded proof OMDoc states again what has
been proved while the \uji-calculus does not. “We proved ...”

= Possible to work on renderings to obtain two syntactically closer texts

= But of limited interest:
» We are already convinced that the informative content is equivalent

» Neither of the two is really more readable or natural than the other.

Source: Autexier MKM’'06, 11th August 2006 — p.22



Conclusions Q

OMEEL CROUP
= Pure classical fragment of the \uji-calculus necessary (for alternative

proofs, proofs at different level of granularity)
= Correspondence between OMDOC proofs and \uji-calculus

= Clear understanding of OMDOC proofs (and hence PDS)
Enables studies of properties for OMDOC proofs (cut-elimination)

= Natural language rendering only used to check “adequacy” of translations

(Real presentation of proofs in natural language is something else)

= Faced difficulties as guide to adjust/extend the OMDOC proof language
(Future work)

» We used already an extension that clarifies the role of proofs at
different levels of granularity and adds alternative proofs

= Find properties of bigger \ufi-calculus fragments used as a proof format

Source: Autexier MKM'06, 11th August 2006 — p.23
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