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Why and What did we Change? Q
OMEEL CR O

= Natural Deduction Calculus too cumbersome (not natural enough)

» Want direct reasoning with the assertions (interactive & automatic)
= CoRE-calculus that directly supports that [Autexier, CADE’05]

= The proof datastructure was completely overcrowded
» New generic proof datastructure (PDS)
» Definition of the task-layer as uniform reasoning platform

s GUI L2UT nice, but did not meet requirements of targeted users,
say mathematicians

» Plug OMEGA as reasoning service provider into tools anyway used
by users, e.g. WYSIWYG text-editors like TEXMACS (analogy:
grammar checkers)

= Add development graph manager MAYA to efficiently maintain
formal theories and proofs
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Development graphs:
Maintaining structured mathematical
theories
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Development Graphs

LIST[ELEM]

Local Signature:
MONOID

Local Signature:

_ - Local sorts: Elem

Local Axioms: - [| ++ K=K, ... o

- Local sorts List[Elem]
- Local constants []: List[Elem], ...

- Local constants: x ;: Elem x Elem — Elem
Local Lemmata:

Local AXioms: xxe = x, ...

- reverse(K ++ L) = reverse(L) ++ reverse(K)

-1

Local Signature:

- Local sorts: Elem

[Hutter’'00], [AutexierHutter'02&’05], [MossakowskiAutexierHutter'01&’'06]
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Role of Development Graphs Q

OMEEL CROIPp
Development Graph
Structured Logical Content of Specifications Structured Specification
+
Status of proof obligations Verification +
(pending, proven, used axioms, ...) Management

= Deals with evolution of formal specifications and proofs
= Save as much proof work as possible!

= EXxploits graph structure of formal specifications to reduce effects of
changes on existing proofs

= Difference analysis of formal specifications to determine fine grained
changes

Source: Autexier STP 2006, June 6, 2006 — p.11
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The Task Layer:
Developing and maintaining proofs, proof
plans, proof sketches, and alternatives
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The TASK LAYER at a Glance Q
OMEEL CRO1P

The uniform proof construction interface used by both the human user and
the automated proof search procedures

= Instance of the new proof datastructure (PDS)

= Tasks = Gentzen-style multi-conclusion sequents + focuses of attention
on subformulas
= Proof construction steps (task justifications):
1. introduction of a proof sketch [Wiedijk, TYPES'03]
deep structural rules for weakening and decomposition of subformulas
the application of a lemma that can be postulated on the fly

the application of a CoORE calculus rule

SIS

the application of an inference (<= Proof Planning, Q2ANTS)
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The TASK LAYER at a Glance Q
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The uniform proof construction interface used by both the human user and
the automated proof search procedures

 Instance of the new proof datastructure (PDS)

m Tasks = Gentzen-style multi-conclusion sequents + focuses of attention
on subformulas

= Proof construction steps (task justifications):
1. introduction of a proof sketch [Wiedijk, TYPES'03]
2. deep structural rules for weakening and decomposition of subformulas
3. the application of a lemma that can be postulated on the fly

4. the application of a CORE calculus rule

. theappicatonof an nirence (< Proof Planing, 2avr)
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The new Proof Datastructure (PDS)
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Proof Data Structure (PDS) Q

= Proof simultaneously at different levels of granularity

» Representation of abstract proof ideas and their refinement
(Proof Planning)

» Representation of external systems proofs/computations and their
refinement

» Definable level of granularity (slices through the hierarchy) Views

. Interactive proof development
. Adaptive natural language proof explanations

» Allows to postpone verification (expansion) of higher-level proof steps
= Alternative proof attempts (on the same level of granularity)

= Support for lemmatization (forest of PDS trees with links)
[AutexierBenzmiullerDietrichMeierWirth, MKM 2005]

Source: Autexier STP 2006, June 6, 2006 — p.16
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Example Complete PDS
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Example Complete PDS
Complete PDS A PDS View
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PDSs Q

OMEE CROIP

= Alternative subproofs require to allow for alternative substitutions of
Metavariables =—- Mechanism to support that efficiently

[Dietrich, Diploma Thesis, 2006]

= PDS provided basis to use \up-calculus proof terms as semantics for
OMDOC proofs extended by alternatives (= PDS)

[Autexier&Sacerdoti-Coen, MKM’'06]

(Aui-calculus proposed by Curien and Herbelin, Curry-Howard Isomorphism to
classical SK, allows call-by-value/call-by-name)

Source: Autexier STP 2006, June 6, 2006 — p.19



Proof Construction by Inference Application
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From Tactics and Methods. .. Q
... to Inferences ONBEL RO

In the old OMEGA system there were
m (QOMEGA-)tactics (interactive theorem proving)
m methods (proof planning)

For each of them, again each application direction (AD) had to be specified manually:

m Having P; and P,, we can get C (fw) m Having C and Py, we can get P, (bw2)

m Having C and P,, we can get P; (bwl) = Having P;, P, and C, we check the
proof step

Source: Autexier STP 2006, June 6, 2006 — p.21



The same as a single Inference. .. Q

There were 4 tactics and 2 methods in the old OMEGA system!

= Inferences unify (OQOMEGA-)tactics and methods, overcome manual
specification of ADs

Source: Autexier STP 2006, June 6, 2006 — p.22



Examples of Inferences Q

Application Condition: —
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Examples of Inferences Q

e>0,D>0,0<|x—A||x—A|<D]

P:F(x)—L|<e
C:limF =1L
A

Limit(e, x)

Application Condition:  EV(e, {F,A,L}) AEV(X,{F,A,L,D})

Source: Autexier STP 2006, June 6, 2006 — p.24



Examples of Inferences Q

P:0(U,V)
C:Oo(U, V)

Maple-Simplify

Application Condition: 0O € {=,<,<,>,>}
Outline functions: U maple-sinplify(U))

(UY)
(U))
(V')
(V)

-

" maple-sinplify
V/
V' mapl e-sinplify(V)

<

mapl e-sinplify

<
<
< )
<
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General Form of Inferences Q ,

Name(ws, . .., wn)

Outline Functions: (it,f'(if,...,if))  Application Conditions: ~ P(i},...,i

(i £, 0)

Source: Autexier STP 2006, June 6, 2006 — p.26



General Form of Inferences Q

Name(ws, . ..,wn)

Outline Functions:  (i*,f*(if,...,i;))  Application Conditions: ~ P(i7, ..., i)

(i £, 0)

m Procedure to automatically synthesise inferences from arbitrary formulas
contained in the mathematical theories.

VA,B,C:Set. ACBABCC)= (ACC()
Vf,a,lVee>0=300 >0=WW.(0<|x—a|A|x—al|<d)=|f(x)—I|<e¢
= lim, f = |

(Had all to be encoded manually in the old OMEGA system...)

= Only the other inferences must be manually encoded (e.g. =subst - m

Source: Autexier STP 2006, June 6, 2006 — p.26



Application of Inferences Q

= Inference are applied on subformulas of a task

= Not all premises and conclusions need to be mapped.
= Premises are mapped to negative positions in a task

= Conclusions are mapped to positive positions in a task

= Example:

P=(ACB)FQ=(AcC(

Source: Autexier STP 2006, June 6, 2006 — p.27
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= Example:
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Application of Inferences Q

= Inference are applied on subformulas of a task

= Not all premises and conclusions need to be mapped.
= Premises are mapped to negative positions in a task

= Conclusions are mapped to positive positions in a task

= Example:

P:(ACB) P:(BcC(O)
P=(ACB)FQ=(AcCC( 0 (ACO) Subset

Suppose we map P; — (1,2) and C — (2,2) (Hence P, — B C Q).

P=(ACBFQ=(PA(BCOQ)
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Interesting Questions Q
= =subst-m() m

= When is an inference applicable?  Appication Condiion: -

Outline functions:

(C  conput e- =subst - premPy, Py, 7))
(P1 conput e- =subst - premC, Py, 7))

As soon as we have matched enough premises and conclusions such
that we can compute any missing premise and conclusion using the

outline functions

Application directions = These sets of premises and conclusions
— Sufficient information for the proof planner
— No need for extra methods as in the old OMEGA system

= More enhanced “static analysis” of inferences allows for automatic
generation of inference-specific agents required by Q2ANTs
—> Overcomes manual definition of the agents as in the old
(OMEGA system [Autexier&Dietrich, MKM’06]

Source: Autexier STP 2006, June 6, 2006 — p.28



Next Steps Q

= Automation of proof search at the TASK LAYER
» Reactivate QQANTs on that basis
» Reimplement proof planner MuLi

= Further evaluation:
» Coding effort is already drastically reduced
» Less inferences required by deep application of inferences
» Benefit for automated proof search?

s Specific services required to support proof development in
TEXMACS via PLATQ

STP 2006, June 6, 2006 — p.29
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Mediating between Texteditors and Proof
Assistance Systems

The PLAT () System

Source: Autexier



Plato at a Glance Q

- Proof
. #3 Planning
Text Editor
Semantic Web

. #2 Services Learnin, g
Text Editor e nitialize a session
) #1
Text Editor ¢ upload a document = )
& A 7R Proof _ E;; A Knowledg
Verbalisat Treei- = Management

3 [ ]
T{'??Eefrj: 77777777777777777777 ‘\_/ patCh g dOCU ment May Task Layer
"""""""""""""" e request a menu
Proof - L
,,,,,,,,,,,,,,,,,,,,,,,,,,,, ; Suggestion Constraint
,,,,,,,,,,,,,,,,,,,,,,,,,,,, ® execute a menu action Mechanism Solving
""""""""""""""" e close a session

m The user authors his mathematical documents with a scientific
WYSIWYG text-editor

» In the informal language he is used to, that is a mixture of natural
language and formulas

» using semantic annotations (PL) that follow the textual structure

Source: Autexier STP 2006, June 6, 2006 — p.32



Plato at a Glance

i
Text Editor *2
Text Editor ™

emantic Web
T . Services
e initialize a session
e Upload a document
m Proof
e patch a document s U
e request a menu
. Suggest
® execute a menu action Mecha

e close a session

nnnnn

m The user authors his mathematical documents with a scientific

WYSIWYG text-editor

= Generate from this informal semantic representation the corresponding
formal representation for a proof assistant

Source: Autexier
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Plato at a Glance Q

. Proof
. #3 Planniny g
Text Editor _
) #2 . _ Semank Web Leaming
Text Editor e jnitialize a session
; #1
Text Editor e upload a document ni
m p /_“ Proof __ E_é = Knowledg
Verbalisation Treei- < Management
5 [ ]
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Proof - —
7777777777777777777777777777 ) Suggestion Constraint
,,,,,,,,,,,,,,,,,,,,,,,,,,,, e ecxecute a menu action Mechanism Solving
""""""""""""""" e close a session

m The user authors his mathematical documents with a scientific
WYSIWYG text-editor
= The primary task of PLATQ(Marc Wagner, Diploma Thesis, ?June 20067?)

» Maintain consistent formal (PA) and informal representations
(Text-editor)

» Relay service requests from the Text-editor to the PA

» Propagate changes from the PA to the Text-editor

Source: Autexier STP 2006, June 6, 2006 — p.32
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My work during the visit to the DREAM Group:

“Automated Reasoning in Large Structured
Theories”

(EPSRC Visiting Researcher Project)

Source: Autexier STP 2006, June 6, 2006 — p.33



Motivation Q

ATP
(Proof Planner)

Proof
or
Fail

Failures of automatic proof search procedures (e.g. classical ATP, Proof
Planner, ...) and reasons:

= Too much knowledge/Search space too large (Restrict Knowledge)

= Not a theorem

» Only part of knowledge has been provided:
(Adjust provided knowledge)

» All knowledge has been provided: (Definitely not a theorem)

Source: Autexier STP 2006, June 6, 2006 — p.34



Question Q

OMEE CROIP

= How to automate restriction and adjustment of knowledge provided to the
ATPs? (Based on Feedback provided in case of failure)

ATP
(Proof Planner)

Proof
or
Fail

*
ATLAS

Theory
Formation

/7NN

(MathsAid)

*The titan in the Greek mythology punished by Zeus by giving him the task to hold up the sky

Source: Autexier STP 2006, June 6, 2006 — p.35



Main Objectives Q
OMEEL CR O

= System environment that supports the definition and evaluation of
knowledge filters and in-the-large reasoning procedures.

= Criteria characterising the knowledge that can be provided by
ATP, ATF and systems maintaining structured theories

= Basic set of filters to formulate queries for each subsystems
= Criteria to rate the response given by a subsystem to a query.

= Sample in-the-large reasoning heuristics:
» Given the goal to prove a conjecture

» Automate cooperation among the subsystems by formulating
gueries, evaluating responses and formulating new queries.

= Status: Interfacing systems nearly done

Source: Autexier STP 2006, June 6, 2006 — p.36



Summary Q

= Development Graphs to maintain formal specifications and proofs

= Hierarchical proof datastructure that allows for alternative proofs on
different levels of granularity, manages alternative substitutions

= Unifying tactics and methods into inferences

» deep application of inferences (inspired by CORE’s assertion
application)

» automatic synthesis of inferences from mathematical knowledge

» automatic computation of additional information required by proof

planner and QANTs

= PLATQ tool to plug OMEGA into texteditors:

» mediates between text structure and logical structure, relays service
requests and propagates changes (ask for screenshots of a worked
example)

= Project: “Automated Reasoning in Large, Structured Theories”

Source: Autexier STP 2006, June 6, 2006 — p.37



The initlal Document In the Te xt- Q
Editor ONEEL CROP

Theory [setdistr]

Context : We are going to prove a simple theorem in the theory of sets (->[set-theory])

Theorem [Distributivity of Intersection] :
The following proposition follows at onece from the definitions:
YA, B,Ciset . (AN(BUC))=((ANB)U(ANC))
Proof:
In order to prove this equation, we show that the following subset relations hold:
(1) VA, B, C:set . (AN(BUC))C((AnB)u(ANC)))
(2) VA, B,C:=set . ((ANB)U(ANC))C(AN(BUC)))

Source: Autexier STP 2006, June 6, 2006 — p.38
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Theory [setdistr]

Context : We are going to prove a simple theorem in the theory of sets (- >[set-theory])

Theorem |[Distributivity of Intersection] :
The following proposition follows at once from the definitions:
VA, B,C::set . (AN(BUC))=((ANnB)U(ANC))
Proof:
In order to prove this equation, we show that the following subset relations hold:
(1) VA, B,C:set . ((AN(BUC))C((ANB)U(ANC)))
(2) VA, B,Ciset . (((ANB)U(ANC) C(AN(BUC)))
We prove first the proposition (1).
It follows that VA, B, C:set z:i. € (AN(BUC))=ze((ANBYU(ANC))
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Theory [setdistr|

Context : We are going to prove a simple theorem in the theory of sets (- >[set-theory])

Theorem [Distributivity of Intersection] :
The following proposition follows at once from the definitions:
VYA,B,C:set . (AN(BUC)H=((ANB)U(ANC}))
Proof:
In order to prove this equation, we show that the following subset relations hold:
(1) VA, B,Csset . (AN(BUC)) C((AnB)Uu(ANC)))
(2) VA, B,C:set . (((ANB)U(ANC))C(AN(BUCQC)))
We prove first the proposition (1).
It follows that VA, B, C:set z:i. z€(AN(BUC))=ze((ANB)U(ANC))
Apply same
Apply union+
Apply union-

Apply intersect+: Arguments: Compute Instantiations
Apply intersect-
Apply subset
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Theory [setdistr|

Context : We are going to prove a simple theorem in the theory of sets (->[set-theory])

Theorem [Distributivity of Intersection] :

The following proposition follows at once from the definitions:
VA,B,C:set . (AN(BUC)H)=((ANB)U(ANCY))
Proof:

In order to prove this equation, we show that the following subset relations hold:
(1) VA, B,C:set . ((AN(BUC) C((AnB)U(ANC)))
(2) VA, B,C:set . (((ANB)U(ANC))C(AN(BUC)))
We prove first the proposition (1).
It follows that VA, B,C:set z:i. z€ (AN(BUC))=ze((ANB)U(ANC))
Apply same
Apply union+
Apply union-

Apply intersect+: Arguments: Pl — z€ AAze(BUC)
C — ze(AN(BUC))
GSETB + (BUC)
GSETA — A
X — =z

Apply intersect-
Apply subset

Source: Autexier

STP 2006, June 6, 2006 — p.44



System-Modified Proof in the T ASK

Bigsys Dewvelopment graph Logics Proof Interrupt Inka prover Tasklayer Theorem provers Help|

Q

4 1 1
ourapn | [Frot] .| [FrooBrovser]

Map Lahel Hypothesis Term Method Premises
AL, 2.1 ===> nil (list (set= {inter Ll g 2, &
L1.,2,1.1 plato:proof L1,2.2
) === nil {list {w {ha, {1 o (b I e
(b5 T m it =i platotsubgos L1, 2,2 L1204 L1,
L1243 ===} nil &list {w (ha, (O o Ll 2 5egaa].
L1231 plato;done
Ll 2ad === nil {list {w {ha, (i o 16 N i
L1.2.4.1 platotproof L1,2.5
L1.2.6 === nil ¢list {w {ha, tr o L1.2.6.1
L1,2,6,1 platoifact L1.2.7
B e ===3 {list {w {ha, {m {Ab,t Lol S F 50,
11| | Rt plato:fact L1,2.8
| s | E==y (list Or (ha. (i Ot
L1.2.5 === nil {list (w {ha, {1 o
Rl Jie el 1o KA1 T ) [l
Pretty Term
_ ix £ f{intersection a funion b cii? —_\\‘
B {x € {union {intersection a b} {intersection a c}):
5 i
Output" Error} Warning} Trace} (e, fr
] S Cb,
create mnew controlruleinterpreter (ho,
Create solution blackhboard :
Create control blackkoard Chocgstdmipl .
Create Tasklayer with new {empty} taskforest f(x € al n (x € funion b cid}
Create Tasklayer with new (empty) taskforest {x € {union {intersection a b} (intersection a c)}!
In=zert Element Basetype "PAI" into blackboard O0OBJ 2
Insert Element Core-Inference: "seteq" into blackb ilist
Insert Element Core-Inference: "subset' into black {r
Insert Element Core-Inference: "intersect-" into b ta, £
Insert Element Core-Inference: "intersect+" into b 5
Inzert Element Core-Inference: "union-" into black Chb, Lo
Inzert Element Core-Inference: "unicon+" into black (e, (zet=
Inzert Element Core-Inference: "same" into blackbo| | : . .
- {intersection a f{union b cii
K | : K

Hoe #: O @o @0 Ao Ao Ao Voo ot 14 Deptho 0 Cammand; Time: Dms
[

Source: Autexier STP 2006, June 6, 2006 — p.45



Patched Document in the Text-Editor Q
OMEEL CRO1P

Theory [setdistr|

Context : We are going to prove a simple theorem in the theory of sets (->[set-theory])

Theorem |[Distributivity of Intersection] :
The following proposition follows at once from the definitions:
VA,B,C:set . (AN(BUC))=((ANB)U(ANC))
Proof:
In order to prove this equation, we show that the following subset relations hold:
(1) VA, B,C::set . (AN(BUC)C((ANnB)U(ANC)))
(2) VA, B.C:=:set . (((ANB)U(ANC))C(AN(BUC)))
We prove first the proposition (1).
It follows that VA, B, Ciset z:ii. e (AN(BUC))=ze((ANB)U(ANC))
VA, B,Cset z:i. ze AAze(BUC )= ze((ANB)U(ANC))
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