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Why and What did we Change? Q
OMEEL CR O

= Natural Deduction Calculus too cumbersome (not natural enough)
» Want direct reasoning with the assertions (interactive & automatic)

» Natural Deduction not flexible enough

= The proof datastructure was completely overcrowded
» New generic proof datastructure

» Definition of the task-layer as uniform reasoning platform

s GUI L2UT nice, but did not meet requirements of targeted users,
say mathematicians

» Plug Q2MEGA Into tools anyway used by users, e.g. TEXMACS

» (JMEGA as reasoning service provider (analogy: grammar checkers)
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The CoRE Calculus

SonrcedAniexier Theorema-Ultra-Omega Workshop, November 15 2005 — p.8



Context Q

OMEE CROLP

= Interactive proof assistant system (XMEGA
= Human user assisted by ATPs (including PP)

= Communication between the user and the theorem proving

system is crucial
(close to CML, “mathural” proof development style)

= ...Especially if human user is not expert in formal logics

= ...How do they do proofs?

Theorema-Ultra-Omega Workshop, November 15 2005 — p.9



A Textbook Proof Q
OMEEA CROP

Theorem. For any natural numbers n it holds > i3 = (30 )%
Proof.

The proof is by induction over n. For n = 0 the statements holds trivially
by definitions. In the induction step by definition we have

(n+1>3+§:'3=(<n+1)+§:i>2

(n+1)+>_ 1 i)?isequivalent (n+1)2+2(n+1) > i+ (D1, i)?, and

by induction hypothesis we obtain (n +1)> = (n+1)2 +2(n+1) >, i.

SonrcedAniexier Theorema-Ultra-Omega Workshop, November 15 2005 — p.10



Sequent Calculus Proof

n=n 1A B = (O 02 L P = (T2
R n = OF Z?:l i’ = (Z?:l i)?,

Fn=n+1AYE, # = (20, 1)?)
=>n,d= (Z-”_lli)2 1 vn. YL, B = (0L, 0)? o
FVn,n’.(n=n"+1A Z.n;1 i = (Z.n;1 i)?) e _ n=0-33, P = (2L, )%
- Zn i3 _ (Zn |)2 ] ] Ax vn. Zinzl i3 = (Zin:1 I)Z
= = Weak "M 2im P = (L) D
o (n =0+ TAST B = (T 1)) Vn. 3L, P = (S )2 R i
TR = (0 e, S P = (L 2 PRt o
(Yn,n.(n=n'+1A" B = (20, 1)2)) bRV =0= 30,8 = (L, 0)?,
1= 1= n 3 i X
S LB = (D0, 2o Ve, T, B = (S0, )2 v Y P = (0 )
Fvn. >0 3= (200 0)?
=L

(Vnn=0=>1,"= (L0
=( (Yn,n’.(n=n"+1AZL, P = (3;1))

=Vn. 3L, = (CL )P)Fvn. 0L, B = (L, 1) y
L

VP.( Vn.n=0= P(n))
= ( (Yn,n’.(n=n"+1AP(n))) = Vn.P(n))Fvn. >0 i3 = (> ,i)?
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Analysis Q

= Human users perform proofs by applying definitions, lemmas, theorems

(assertions), information contained in the formula to (sub-)formulas

= [Huang94] introduced the assertion level as basis for NL proof
presentation
m Example: V51,5, : Set.S5;1 C S, & Vx.x €51 = x € Ss.
This assertion allows us to derive
1. ae S, fromaeS)andS] CS)
2. S1Z S, fromaeSianda ¢ S)

3. ™x.xe€S] =xe€S5; fromS] C S,

m Drawbacks:
» Proof search is not at the assertion level

» No active support what rules follow from an assertion

SonrcedAniexier Theorema-Ultra-Omega Workshop, November 15 2005 — p.12



Goals & Requirements Q
OMEED CROUP

= Have a calculus where assertion application is a primitive rule

= Requires:
» Means to efficiently obtain possible rules from an assertion
» Include information contained in subformulas
» Means to apply these rules on subformulas

= Build a calculus around a primitive assertion application rule

SonrcedAniexier Theorema-Ultra-Omega Workshop, November 15 2005 — p.13



|dea

()

(0)

)

To prove Vn. zn:i3 = ( n i)
we apply VP.(Vn.n=0= P(n)) = ((Vn,n".(n=n"+1AP(n")) = P(n))
= Vn.P(n))

toobtain Vn.n=0=>" =" i)°A

Vn,n'n=n'+ 1A TP = (O, ) = 2L, P = (T )
then apply n =0

toobtain Vn.n=0= 3" i¥=(32,i)%A

Vo n=n'+1AY" B = (20,230, 0= (0, 0)

Everything we need is in the formulas,
but how to make that information explicit?
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Sequent Calculus Proof Q

mw
e n -3 n -\2 n= OI—PrOp(O),
Let Prop(n) := Zizl I = (Zi:l ) Vn.Prop(n)
Rew
n = OProp(n),
— Ay Vn.Prop(n)
Vn.Prop(n) ) S
—0=P
=Vn,n’.(n =n’ 4+ 1 A Prop(n’)) ~Vn.Prop(n) n - e
Vn.Prop(n)
= Vn.Prop(n), Vn.Prop(n) VRO
=LP  LVYn.n = P
(Vn,n’.(n=n"+1 A Prop(n))) n =0 = o)
Vn.Prop(n)
=Vn.Prop(n)
=Vn.Prop(n)
=L B
( Vn.n =0 = Prop(n))
=( (Yn,n’.(n=n" 41 A Prop(n’)))
= Vn.Prop(n))~Vn.Prop(n)
VP.( Vn.n =0= P(n))
= ( (Vn,n’.(n=n"+1AP(n"))) = Vn.P(n))-Vn.Prop(n)
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Sequent Calculus Proof Q

}_
. n 3 __ n =2
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Sequent Calculus Proof Q
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Sequent Calculus Proof
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What Formulas can tell us. .. Q

= Formulas are not just a string of symbols. ..
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tell us. .. Q

OMEE CROLP

Polarities g of symbols. ..

Uniform Types ulas occur negatively or positively

[Smullyan68, Wallen90]
ave a close correspondence to structural

» positive A and negative V to splits in the SK proof
— their subformulas occur in different sequents
different logical context

» hegative A and positive vV don'’t
— their subformulas occur in the same sequent
same logical context

» hegative 4 quantifiers and positive V quantifiers have an Eigenvariable
condition

» positive d quantifiers and negative V quantifiers can be freely
iInstantiated
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Polarities & Uniform Types Q

OMEEL CROUP
m Assign polarities to formulas P15 Pn - ﬁbl, e ,@bmj Signed formulas ¢, ¢
= +
m Categorize signed formulas by uniform types
o ag | o B Go | B1 ¥ Yo(c)
(V)T | ot | T (AT | ot | pT (Vx.0)7 | (plx/t])~
(p=P)T | o= | ¥T (V)™ | o™ | ¥~ (Fx.0)T | (plx/t])T
(eAY)™ |~ | ¥~ (=) | ¢t | ¥~
(~o)T o™ | - 0 %(c)
o) | ot | — (vx.0)T | (plx/a)t
(Ix. o)™ | (plx/c])™
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Signed Formulas Q
‘

n

YP.(Vn.n = 0= P(n)) = ((vn,n’.(n = ' +1AP(n')) = P(n)) = ¥n.P(n)) F ¥n. 3P = (3]0)?

=)
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Signed Formulas Q

OMEEL RO
VYP.(Vn.n =0 = P(n)) = ((¥n,n".(n = n’"+1AP(n")) = P(n)) = Vn.P(n)) - Vn. ZF‘ -~ (Z i)
VP. Vn.
! !
= Zinzl i° = (Zinzl i>2
/ \
Vn. =
A N
= . vn.
AN A
n=0 P(n) P(n)
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Signed Formulas

Source: Autexier

)

OMEE CROLP

n

=)

-\ 2

VP.(Vn.n =0 = P(n)) = ((¥n,n".(n = n"+1AP(n")) = P(n)) = V¥n.P(n)) I V¥n. Zi3 =(> i

i=1 i=1
VnT.j
St = ()T
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Signed Formulas Q

OMEEL CROUP
VP.(Vn.n = 0= P(n)) = ((Vn,n".(n = n"+1AP(n")) = P(n)) = Vn.P(n)) F ¥n. > "i* = () i)
i=1 i=1
VP.S ‘v’n.;
A A .
ig Zinzl > = (Zinzl i)2
/ \ )
Vn.j{ =3
A 7 AN
— Vn,n’.F Vn.
7N A A
n=0" P(n)* =3 P(n)~
7/ N\
Na  P(n)7T
N
n=n"+1" P(n")~

n

Replacement rule for vn. 3" i = (32, i)2":
Vn.P(n)” — < Vn.n=0=P(n)", Vn,n.(n=n"+1AP(n")) = P(n)*" >

— Fix left-hand side Vn.P(n)~ and collect all 5-related formulas
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Application. . . Q

OMEEL CROUP
By substitution [P « Ax. > i® = (3%, i)?] application of
n=0= P(n)*
v P(n)- — { T =0= P
Vn,n.(n=n"+1AP(n)) = P(n)"
tovn. SN i3 = (300, )27 yields

Vhon=0=>1"1.3=0"",0)°%A
Vn,n".n=n"+1A Z:n;1 i* = (Z:ﬂ;1 i)2 = Zinzl i* = (Zinzl i)2

Now: How to enable application of n = 0?7

SonrcedAniexier Theorema-Ultra-Omega Workshop, November 15 2005 — p.19



Signed Formulas Q

((Yn.(n=0" :>(Z 1i (Z 1))));/\
(v, (n=n"+1A (L, = (0 ) Da = (L, P = (L, 0)HDHDE

/\-|—
Vn. ¥ Vn,n’.}
A A
=3 = o
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Signed Formulas Q

/\-|-
Vn. ¥ Vn,n’.}
A A
= & =1

n=0" L=l AL CECLP=CL )T
n=n"+1" (XL, =003

m Formulas connected by a-type node are in the same context

—> Uniform and static notion of logical context of subformulas!
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Signed Formulas Q

(Vn.(n=0"= L, P=C, )N
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Signed Formulas Q

(vn.(n=0" = (L, 1 = (L D)) DFA
(v, (n=n"+ 1A (T, P = (T, 1)) a = (T = (S ) HHHE

_|_
i Vn,n’. &

n.; )
A A
= & = a
n=0" (Ziozl > = (ZO 2 (Zin:1 > = (Zinzl i)2)+

/ \ /
n=n"+1" (Z. =2 D)7
m Formulas connected by a-type node are in the same context

— Uniform and static notion of logical context of subformulas!

m Derive replacement rules from context
Example: n — 0for (37, = (00, i)™
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Turning this into a Calculus Q
OMEED CROUP

= Signed formulas are close to extensional expansion trees (EET)
[Andrews81,Miller83, Pfenning87] and Wallen’s indexed formula trees
(IFT)[wallen90]

= Uniform integration of IFT and EET
» as a starting point and
» to deal with quantifiers and admissibility of substitution

= Take a free variable representation of our signed formula

= Define a calculus
» Starting with primitive rules for assertion application
» Further rules to obtain a complete calculus

SonrcedAniexier Theorema-Ultra-Omega Workshop, November 15 2005 — p.21



Extensional Expansion Trees Q
OMEEL CROUP

= Defined in [Pfenning87], minimal set of logical connectives, all
negations pushed to the literals
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Extensional Expansion Trees Q
OMEEL CROUP

= Defined in [Pfenning87], minimal set of logical connectives, all
negations pushed to the literals

= Tree construction follows exactly tree structure of the formula,

except. ..

... for existential quantifiers where it ~Px. F(x)

allows to have subtrees for arbitrary / T x
many instances of the quantifier. Aml) . F(tm)

= Rule for functional and Boolean extensionality
= AL denotes EET for F and multiplicity

s Deep formula DF(AE): the formula extracted from AZ by omitting

all quantifiers.
vPx. F(x)

DF ( AF(tl)/ T ™~ ) = Oé(DF(AF(tl)); ce ey DF(AF(tm)))
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Substitutions and Extensions Q
OMEEA CROP

= /A ¢-admissibility of substitution (instances of y-quantifiers)

m An extensional expansion tree At is an extensional expansion proof for
F, if, and only if,

1. its deep formula is a tautology (i.e., all paths through the deep formula are

unsatisfiable) and
2. the associated substitution o is Ag-admissible.

= Extend that calculus by

1. allowing for rich set of logical connectives (<, =, T, 1)
2. use polarities like in Wallen’s IFT: overcome restrictions on the position of

negations
3. on the fly increase of the multiplicities

avoids “guessing” the initial multiplicities and restart. [Tableau05]

m Deep formulas are quantifier-free (QF) signed formulas
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Contexts Q

m Context in QF-signed formulas

Two subformulas related by an a-type connective are in the same logical context
m Signed formulas obtained by Weakening W(FP)

» WAV BAC) )={Av(BAC) ,AVB ,AvC}
m Conditions of L9 in ¢(L%)P:

» If Git, ..., Gb» are all maximal signed formulas g-related to L9 in o(L%)P
» Then the conditions of L% are C,,(.yo := W(G}') x ... x W(G")
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Replacement rules Q

m Resolution Replacement Rules

> Assume (a(p(LP), ¢ (FP)))
> (Ci)la Tty Cﬁn) = CSD()

» Then L=P — (C}*,...,CP) is a replacement rule for FP

a
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Replacement rules Q

m Resolution Replacement Rules
» Assume y(a(p(L7P), ¢'(FP)))
> (C?l, ce e Cﬁ“) - CSD(,)

» Then L=P — (C}*,...,CP) is a replacement rule for FP

m Rewriting Replacement Rules
» Assume Y (a(p(u =v™),¢'(s))) or (a(e(u < v7), ¢'(s)))
> (C?l, ce e Cﬁ“) c Cgo(.)
» Thenu — (v,C*,...,CPyand v — (u,C}*, ... CP)
are replacement rules for s
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Replacement Rules Q

Examples for rules from (AVB) = (CAD)~

IA+—><C/\D_> IC_—><A\/B+>
IB+—><C/\D_> ID_—><A\/B+>
= AVBT — (CAD™) » CAD” = (AVBT)

Weakening right-hand sides: From C A D~ also have rules with either C or D
m AT — (CT), AT — (D7)
m Also: CAD™ — (AT),CAD™ — (BT)

Weakening to enable rule application

= AVBT — (CAD™) is applicable on (A V E)~ to rewrite it to D

» ATe WA VB )and A~ ¢ WA VE)
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CoRE Calculus Q

Rule application

m Replace by conjunction (3) of subgoals by respecting polarities
m Example: From (A= (B= (CAD)))A(BVE)™

by BY — (AT,CAD ) on (BVE)

we obtain (A= (B= (CAD)))A(A= (CAD))”
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CoORE Calculus Rules: Q

OMEEL RO

Given a conjecture F

m Construct At with singular multiplicity and meta-variables

= Extract deep formula DF(AR) := Fx

= The initial proof state is A¢; Id > Fx

Ao G
Rules ’ R top-down, deep structural
N'sol > G (top P )
= Replacement rule application NNF Resolution and paramodulation style
= Rules from EET functional and Boolean extensionality,

Substitution of meta-variables, dynamic increase of multiplicities

= Rules to deal with richer set of connectives: Introduction of Leibniz’ equality
Elimination of positive equivalences

m Structural rules Weakening, Contraction, propositional simplification

m Cut and Axiom
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Soundness and Completeness Q

Soundness:
m Define paths through the QF signed formula
m Initial QF signed formula is deep formula of initial EET

m Show for each rule that it preserves the existence of satisfiable paths

Completeness:

m From completeness of EEP: Guess the right initial multiplicity and substitution, +
applications of Leibniz, f-Ext, b-Ext, (-Elim, and Cut.

m The resulting QF signed formula Fp is propositionally unsatisfiable.

m Show that we can reduce Ap;o>Fp to A;o> T (Axiom rule)

» path resolution [MurrayRosenthal87] is admissible using Res, Contract,
Weakening and the simplification rules.

» path resolution complete for propositional logic

Source: Autexier
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Example

Assume Axioms and Lemmas

Vp.Vx.3y. (p(0) A (p(y) = p(s(y)))) = p(x)
vn. S0 " =0
Vn,m. S5 in — s(m)n 4 STM i
Va,b.(a+b)? = (a® + (2 x b) x a) + b?
Va,b,c.ca=b=a+4+c=b+c

Conjecture: Wn. >0 P = (32 it)?

The initial proof state

>0, =0

A | SRR =sma sl
Y

\

= > i’ = (>, it)?

Source: Autexier

([ (PO A(P(y) = P(s(y) = P(X) (1)

(A+B)?=(A>+(2xB)xA)+B*> (5

(1) vn.3on, it = X0 (7)
(3) Vm.2 x 2 =m (8)
(4) Va.s(a)® =s(@? + (a x s(a) xs(a) (9)
(5) 0 = (0)° (10)
(6)
Al=B =A +C =B 4+ (6) \
(3) RV, it = M) (7)
(4) 2x M —w (8)
s(Q)° =s(Q)* + (Q xs(Q) xs(Q)  (9)
0 = (0)? (10)
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Example Proof

)

OAEEL ER O

1. By RuleApplication from (1) (P(0) A (P(y) = P(s(y)))) = P(X)

Al;()‘l >

(WAB)A@B)AB)A®B)AT)A®B) A©)A(10) )

= (Y =0=Y =L)AL =0,

2. By RuleApplication from ¢y’ = 0

= (/=0=51,F = LA (L, (Zy

3. By RuleApplication from (3) Y20, iV = 0(2x)

AQ; oo D>

) = (231 = (22 1))

i > > = (T = (5% iN?)

WS = (T R
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Example Proof (cont'd) Q

4. By RuleApplication from (10) 0 = (0)?

(WAB)AMABG) AG) AT)A®)A(O)A(L0) )
= (Y =0= )AL P =5 1Y) = ()8 = (%))
5. By Simplify with =~ and A}

A3; o3 D

A4;0'4>
(WA ATIN =sMM + M, N A (5) A (6) A (7) A (8) A (9) A (10) )
= (0L P = (0L ) = (0 P = (0 M)
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Compare first two Steps to.. . Q

n

To prove Vn. » ° = () i)

i=1 i=1

S

we apply VP.(Vn.n=0= P(n)) = ((Vn,n".(n=n"+1AP(n")) = P(n))
= Vn.P(n))

toobtain Vn.n=0=>" =" i)°A

Vn,n'.n=n'+1ATL P = (O, ) = 2L, P = (T )
then apply n =0

toobtain Vn.n=0= > i¥=(3",i)%A

/

Vo n=n'+1AY" B = (0,23, = (0, 0)
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Sequent Calculus Proof

n=n 1A B = (O 02 L P = (T2
R n = OF Z?:l i’ = (Z?:l i)?,

Fn=n+1AYE, # = (20, 1)?)
=>n,d= (Z-”_lli)2 1 vn. YL, B = (0L, 0)? o
FVn,n’.(n=n"+1A Z.n;1 i = (Z.n;1 i)?) e _ n=0-33, P = (2L, )%
- Zn i3 _ (Zn |)2 ] ] Ax vn. Zinzl i3 = (Zin:1 I)Z
= = Weak "M 2im P = (L) D
o (n =0+ TAST B = (T 1)) Vn. 3L, P = (S )2 R i
TR = (0 e, S P = (L 2 PRt o
(Yn,n.(n=n'+1A" B = (20, 1)2)) bRV =0= 30,8 = (L, 0)?,
1= 1= n 3 i X
S LB = (D0, 2o Ve, T, B = (S0, )2 v Y P = (0 )
Fvn. >0 3= (200 0)?
=L

(Vnn=0=>1,"= (L0
=( (Yn,n’.(n=n"+1AZL, P = (3;1))

=Vn. 3L, = (CL )P)Fvn. 0L, B = (L, 1) y
L

VP.( Vn.n=0= P(n))
= ( (Yn,n’.(n=n"+1AP(n))) = Vn.P(n))Fvn. >0 i3 = (> ,i)?
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Related Work Q
OMEEA CROP

= Deep Inference paradigm for calculi:

» Calculus of Structures (CoS) [Guglielmi,Brinnler04, ...]
» Used to study proof theoretic properties, no assertion level reasoning
» CORE calculus supports reasoning with assertions, no proof theoretic

studies
» Maybe combination/integration with CoS could provide a basis for proof

checking

= Focusing Proof Construction [Andreoli00]

» Derives sequent calculus macro steps from available assertions.
» Derived rules can only be applied on top-level formulas

= IMPS "macetes” [FarmerGuttmanThayer1993]

» Builtin procedures to extract very specific application procedures from

theorems.
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Implementation Q
OMEED CROUP

= Itis implemented and provides all major features
» determine available assertions for arbitrary subformulas

» determine possibilities to apply an assertion on arbitrary subformulas
» apply assertions on arbitrary subformulas

» get additional renamed copies of formulas via dynamic increase of
multiplicities
to the Task-Level of QMEGA

= ...and thus to the user working with TEXMACS, to the planner, to
the Q2ANTS.

SonrcedAniexier Theorema-Ultra-Omega Workshop, November 15 2005 — p.36



Conclusion Q

OMEEL RO
CoRE Calculus where

m Assertion application is primitive rule (closer to CML, more “mathural”)
m Assertion application is actively supported

m Deep structural

m Technically assertion application corresponds to NNF resolution and
paramodulation

» Interactive proof construction: Technicalities of assertion application are
hidden from the user

» Automated proof construction: Directly presentable as a proof at the level of
assertions

Here we focused on higher-order logic (Cut not admissible—yet!).

The formulations (Cut-free) for many first-order modal logics considered
In [Wallen90] can be found in [AutexierPhDO03]
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Future Work Q

OMEED CROUP
= Define CoRE calculi for further logics, for instance intuitionistic logic

m Define cut-free version of CoORE for HOL
= Define CoRE with primitive equality (so far via Leibniz)  [Brown,Cade05]

= Deduction modulo [DowekHardinKirchner98] to enable rule application:

» Wish: Take local context into account for Deduction modulo in place
» Difficulty: Rules from different contexts for left-hand side of rule and

application position
= Transformations of CORE proofs into SK proofs (proof checking)

= Integrate/combine CORE and Calculus of Structures (CoS)

(get independent from expansion trees, proof checking)

= Investigate automated reasoning procedures for CORE
Ordering-based techniques like [GanzingerStuber03] for NNF
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