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Abstract

Monadsarea usefulabstractionof computation,asthey modeldi-
versecomputationaleffectssuchasstatefulcomputations,excep-
tionsandI/O in a uniform manner. Their potentialto provide both
a modularsemanticsanda modularprogrammingstyle wassoon
recognised.However, in general,monadsproved dif�cult to com-
poseandsoresearchfocusedonspecialmechanismsfor theircom-
positionsuchasdistributive monadsandmonadtransformers.

Wepresenta new approachto this problemwhich is generalin that
nearly all monadscompose,mathematicallyelegant in using the
standardcategorical toolsunderpinningmonadsandcomputation-
ally expressive in supportinga canonicalrecursionoperator. In a
nutshell,we proposethattwo monadsshouldbecomposedby tak-
ing their coproduct. Although abstractlythis is a simpleidea,the
actualconstructionof the coproductof two monadsis non-trivial.
Weoutlinethisconstruction,show how to implementthecoproduct
within Haskell anddemonstrateits usagewith a few examples.We
alsodiscussits relationshipwith otherwaysof combiningmonads,
in particulardistributive lawsfor monadsandmonadtransformers.

Categories and Subject Descriptors

D.1.1[Programming Techniques]: FunctionalProgramming

General Terms

Algorithms,Languages,Theory

1 Introduction

It haslong beena goalof researchwithin the theoreticalcomputer
sciencecommunityto provide a modularsemanticsfor program-
ming languages.In detail, onewould like to give a semanticsfor
individual featuresof a programminglanguagesuchasexception
handling, non-determinismand state-basedcomputationand, by
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suitablycomposingthese,obtaina semanticsfor theprogramming
languageasa whole. If successful,reasoningaboutlargepiecesof
softwarecouldbeachievedby reasoningaboutsmaller(andhence
moretractable)subcomponentsandthenlifting theseresultsto the
originalproblem.

One exciting possibility was Moggi's proposal[17] to usemon-
adsto structuredenotationalsemantics.Moggi pointedout that a
numberof computationalfeatures(includingall of thosementioned
above) couldbemodelledby monads.Wadlertook Moggi's ideas
furtherby showing how onecouldactuallyprogramwith monads.
For examplemonadscan be usedto supportimperative features
within apurelyfunctionallanguage.Soon,however, it becameclear
thatdespitetheundoubtedvalueof monadsfrom boththesemantic
andprogrammingperspectives,composingmonadswould prove to
bea signi�cant challenge.Putbrie�y , monadsjust do not seemto
composein any generalmanner. Thus,a varietyof differentmeth-
odsto combinemonadswereproposed,mostnotablyin theuseof
distributivity lawsandmonadtransformers. While beingusefulin
speci�c situations,thesetheoriesdo not cover all situations,and
furthermore,aswe commentlater, cansometimesseemratherad-
hoc.

What theseapproacheshave in commonis the observation that
monadsare functorscarrying extra structure. Thus the obvious
way to composea monadT anda monadR is to usethe functo-
rial compositionR.T. Unfortunately, R.T is not a monadandone
canseeboth monadtransformersanddistributivity laws asan at-
tempt to coaxR.T into a monad. An alternative point of view is
to observe that, just asfunctorsarethe objectsof the functor cat-
egory, so monadsare the objectsof the category of monadsand
monadmorphisms.Thenthecanonicalway of puttingtwo objects
togetheris take theircoproduct,andthis is whatthispaperis about.

Ourinterestin thistopicarosefrom previousresearchof ourswhich
usedthe coproductof two monadsas a framework for modular-
ity [14] and, in particular, modular term rewriting [12, 13]. In
modulartermrewriting, termsbuilt over two signaturesaredecom-
posedinto termsbuilt overeachof thetwo signatures,calledlayers.
Within thesepapers,we arguedthat the layer structureis the key
conceptof modularity, andshouldbe taken asa primitive notion
ratherthanasa derived concept.The relevanceof monadsis that
they provided anabstractandaxiomaticformulationof thenotion
of a layer. Whenwe tried to apply this work to the combination
of monadswithin functionalprogrammingwe found that we had
usedseveral assumptionswhich importantcomputationalmonads
did notsatisfy. Thus,thecompositionof computationalmonads,in
particularfrom thefunctionalprogrammer's perspective, becamea
challengefor us, and this paperis the result of our research.Its



concretecontributionsare:

� to explain the constructionof the coproductof two monads
usingtheideaof layersto describehow theindividualmonads
areinterleavedto form thecoproductmonad;

� to explain how the coproductcanbe regardedasan abstract
datatypewith a canonicalrecursionoperatorsimilar to fold;

� to explain that,unlike currentapproaches,virtually all mon-
adscanbecomposedvia thecoproductconstruction;

� to explain how the coproductof two monadscanbe imple-
mentedin Haskell. This is non-trivial sincethecoproductis
nota freedatatypebut rathera quotient;

� to explain how thecoproductapproachrelatesto currentap-
proaches.For example,in thepresenceof strongdistributiv-
ity laws, thefunctorialcompositeof two monadsis not just a
monad,but alsothecoproductof thetwo monadsin question.

To summarise,we feel that coproductsprovide the right general
framework for composingmonads.Thefactthatalmostall monads
composein thiswayandthatthecoproducthasauniversalproperty
andanassociatedrecursionoperatoraretwo powerful argumentsin
its favour over currentapproaches.However, thereis a price to be
paid,namelythatwearekeepingtrackof all possiblelayers.As we
show later, one can regardmonadtransformersanddistributivity
laws asanattemptto squashall theselayersinto onespeci�c layer
which,whenpossible,resultsin adatastructurewhichispotentially
easierto manage.However, even in suchsituations,thecoproduct
analysisstill contributesto our understanding,e.g. in remindingus
that however we composemonads,thereshouldbe an associated
recursionoperator.

Ouraim hereis to explainour ideasto thefunctionalprogramming
community. Consequentlywekeepthecategoricaljargondown to a
minimum,focusingon intuitionsandexamplesratherthandetailed
proofs;however, at timesweneedto betechnicallyexact(in partic-
ular in Sect.4.2).Then,abasicknowledgeof category theory(such
ascategories,functorsandnaturaltransformations)will behelpful.

Theremainderof this paperis structuredasfollows: in Sect.2 we
introducemonads,bothastermalgebrasandcomputationalmonads
asfoundin Haskell, anddiscusshow distributivity lawsandmonad
transformershave beenusedto composemonads. In Sect.3, we
constructthecoproductof two monadsandgive someexamplesof
its use. In Sect.4, we evaluatethe constructionandin particular
show how distributive monadsform a specialcase.

2 A Brief History of Monads

Monadsoriginally arosewithin category theoryasmodelsof term
algebras.Suchmonadsprovide goodintuitions asto how to con-
struct the coproductof two monadsand so we begin with them.
Since this is standardmaterial, we refer the readerto general
texts [15] for moredetails.

2.1 Monads and Term Algebras

Term algebrasarebuilt from signatureswhich arede�ned as fol-
lows:

De�nition 1. A (single-sorted)signature consistsof a functionS :
�

! Set. Thesetof n-aryoperators of S is de�ned Sn = S(n).

De�nition 2. GivenasignatureS anda setof variablesX, theterm
algebra TS(X) is de�ned inductively:

x 2 X
’x 2 TS(X)

f 2 Sn t1; : : : ;tn 2 TS(X)

f (t1; : : : ;tn) 2 TS(X)

Quotesare usedto distinguisha variable x 2 X from the term
’x 2 TS(X) andcanbe seenasintroducinglayer information into
terms. As we shall see later, when constructingthe coproduct
of two monads,this layer structureis the central concept. For
every set X, the term algebraTS(X) is also a set; categorically
TS : Set! Set is a functor over the category of sets. In addition,
for every setof variablesX, thereis a functionX ! TS(X) sending
eachvariablex to theassociatedterm’x. Lastly, substitutiontakes
termsbuilt over termsand �attens them,asdescribedby a func-
tion TS(TS(X)) ! TS(X). Thesethreepiecesof data,namelythe
constructionof a theoryfrom a setof variables,theembeddingof
variablesastermsandtheoperationof substitutionareaxiomatised
asa monad:

De�nition 3. A monadT = hT;h;µi onacategoryC is givenby an
endofunctorT : C ! C , calledtheaction, andnaturaltransforma-
tions,h : 1 ) T, calledtheunit, andµ : TT ) T, calledthemultipli-
cationof themonad,satisfyingthemonadlaws: µ.Th = 1 = µ.hT ,
andµ.Tµ = µ.µT .

Wehavealreadysketchedhow thetermalgebraconstructionTS has
an associatedunit andmultiplication. The equationsof a monad
correspondto substitutionbeingwell behaved, in particularbeing
associative with the variablesforming left and right units. If we
think of TS(X) asa layer of termsover X, the unit convertseach
variableinto a trivial layerandthemultiplicationallows usto col-
lapsetwo layersof thesametypeinto a singlelayer.

Monadsmodel a numberof other interestingstructuresin com-
puterscience,suchas(many-sorted)algebraictheories,calculiwith
variablebinders[4], termrewriting systems[12], and,via compu-
tational monads[17], state-basedcomputations,exceptions,con-
tinuationsetc. Several of thesecomputationalmonadsare used
throughoutthis paperandtheir de�nition is given in AppendixA.
Importantly, theseapplicationsinvolve basecategoriesother than
Set(in fact,every monadon Setcanbeconsideredasanalgebraic
theory[16]), andpossiblyeven enrichment.Even in this abstract
setting,monadscanbe consideredasa generalisedform of alge-
braic theories[9, 21]. We do not pursuethe theoryin its full gen-
erality here,but shouldbearin mind that althoughwe draw our
intuitions from monadson Set, this is just a particularcasewhich
we dowell not to restrictourselvesto.

In therestof this paper, we oftenregardT(X) abstractlyasa layer
— in the examplesabove, layerswereterms,rewrites,or compu-
tations;monadsthenabstractfrom thenatureof a layerandrather
provideacalculusfor suchlayerswheretheactuallayer, theempty
layers,and the collapsingof two layersof the sametype are are
takenasprimitive concepts.Thecoproductconstructionwe detail
laterwill thenconsistof all interleavingsof layersfrom thecompo-
nentmonads.

We endthis sectionwith two minor technicalcommentsabout�ni-
tarinessandenrichment; while not importantfor the basicunder-
standing,they areessentialfor themathematicalcorrectness.

Firstly, a monadis �nitary if its actionon in�nite objectsis deter-
mined by its actionon �nite objects. For example,for a �nitary



signatureS andanin�nite setX of variables,we have

TS(X) =
�

X0⊆X;X0 �nite

TS(X0)

Categorically, this propertyis de�ned in termsof preservation of
directedcolimits,but weshallnotneedthislevel of detail;however,
someof ourconstructionswill only bevalid for �nitary monads,so
we introducethe terminologyon an informal level here. For the
precisede�nitions, see[1]. All known computationalmonadsare
�nitary , exceptfor thecontinuationmonad[19].

Secondly, when reasoningaboutthe semanticsof functional lan-
guages,we usuallypassfrom setsto orderstructuressuchascom-
plete partial orders(cpos). Categorically, this meansnot only a
changeof thebasecategory, but imposinganorderstructureon the
morphismsaswell (seee.g. [23]; crucially thesetof functionsbe-
tweentwo cpo's formsin turnacpo.)This is calledenrichment[8].
We notethatall of thetheoryin thefollowing canbeenriched[9],
but preferto keepthepresentationsimple.

Thede�nition of a monadgivenabove is unlike whatreadersmay
have seenin a functional languagelike Haskell. Here is how the
two arerelated.

2.2 Monads in Haskell

In the programminglanguageHaskell, a monadis given by two
operations>>= andreturn, which form a typeclass:

class Monad m where
(>>=) :: m a-> (a-> m b)-> m b
return :: a -> m a

This is theso-calledKleisli-category of amonad:

De�nition 4. For a monad T = hT;h;µi , the associatedKleisli-
categoryCT hasthesameobjectsasC . Eachmorphismf : X ! TY
in C givesamorphismf † : X ! Y in CT , with compositionis given
g†. f † = (µ.Tg. f )† andidentity1X = h†

X : X ! TX.

TheKleisli-category for a signatureS hasasobjectssets(of vari-
ablesor terms), and as morphismsassignmentsof the form s :
X ! TS(Y). Compositionis by variablesubstitution,i.e. given
t : Y ! TS(Z), we have t .s : X ! TS(Z) ast .s(x)

def
= t[t (y)=y] for

s(x) = t.

TheKleisli-category canbeconsideredthe freesyntacticcategory
generatedfrom the signature,and as such it hassomeattractive
properties(for example,uni�cation canbeexpressedelegantlyasa
coequaliser[22]). However, we preferto work with Def. 3 sinceit
is unclearhow to form thecoproductof two Kleisli-categoriesdi-
rectly. It is mostcertainlynot thecoproductof the two categories,
which would just be their disjoint union. In contrast,aswe have
alreadyseen,thepresentationof monadsin Def. 3 supportsthein-
tuition basedon layerswhich turnsout to bethecentralconceptin
constructingthecoproductof two monads.

Fortunately, Def. 3 andDef. 4 areequivalentin thesensethatgiven
onewecanalwayscalculatetheotherin abijectivemanner. For ex-
ample,givenamonadT, oneconstructsfunctorsFT : C ! CT ;GT :
CT ! C whichonobjectsarerespectively theidentityandT, while

onmorphisms:

FT( f : X ! Y) = (hY. f )†X ! TY

GT( f : X ! TY) = (µY .T f ) : TX ! TY

Thefunctor FT is left adjoint to GT , andtheir compositionresults
in amonadwhichis isomorphicto T [15,TheoremVI.5.1]. Wecan
directlyexpressthis in Haskell asfollows:1

class Functor t=> Triple t where
eta :: a-> t a
mu :: t (t a) -> t a

instance Triple f=> Monad f where
x >>= y = (mu . (fmap y)) x
return = eta

instance (Functor m, Monad m) => Triple m where
eta = return
mu x = x >>= id

Of course,we could have de�ned a new classMonad or Triple
which hasall of (>>=), eta andmu, but theadvantageof this ap-
proachis that we canuseHaskell's syntacticsugarwhenwriting
down monadswhich we combineusingtheTriple class,andwe
canfurtheruseHaskell'sprede�nedmonadsasinstanceof Triple,
combiningthebestof bothworlds.

2.3 Composing Monads

Givena monadmodellingexceptionsanda monadmodellingstate
transformations,can we derive a monadmodellingcomputations
which caneitherraiseexceptionsor modify thestate.More gener-
ally, givenmonadsT andR which we maythink of asperforming
T-computationsandR-computationsrespectively, is therea monad
which performsboth?We �nish this sectionby discussingtwo ap-
proachesto this problem.

Distrib utivity: A �rst guesswould be to considerif the functo-
rial compositeT.R is a monad.Thiswould requirea multiplication
of the form T.R.T.R) T.R but thereis no reasononeshouldex-
ist. Onesolution[6, 10] is to restrictattentionto thosemonadsfor
which thereis a natural transformationl : R.T ) T.R and then,
given somecoherencelaws, the multiplication canbe constructed
as

T.R.T.R =====
Tl R

) T.T.R.R =======
µT µR

) T.R

Sucha naturaltransformationl is calleda distributive law [2] and
ensuresT.Ris amonad.A practicalexampleoccurswith theexcep-
tion monadwhichdistributesover any othermonad.Thatis, if E is
a �x edobjectof exceptionsandT is a monad,thentheassignment
mappingX to T(X +E) is alsoa monad.

From our layer basedperspective, the functorial compositeT.R
correspondsto a T-layer over an R-layer. In general,combining
a monadT with a monadR shouldnot include just this speci�c
layering,but all layerings,e.g. T.R.T or R.T.R. Thusit is not sur-
prisingthat in generalT.R is not a monad.Now, a distributive law
correspondsto aninterchangelaw whichpermutesT-layersoverR-
layersandhenceallows us to squashanarbitrarylayeringinto the

1Triple is anotherword for monad[2]. Thiscodewill produce
overlappingandundecidableclassinstances,andwill be rejected
by ghc andhugs unlesstheappropriateoptionsaregiven.



speci�c layeringT.R. Welaterformalisethisobservationby show-
ing that whenthereis a strong distributive law, not only is T.R a
monad,but it is alsothecoproductmonad.

Monad Transformers: Monadtransformersprovide a partial an-
swer to the questionof composingmonadswhenthereis no dis-
tributivity law present. In a nutshell, a monadtransformer[18]
is a pointedendofunctoron thecategory Mon(C ) of monadsover
a �x ed basecategory. That is, a functor F : Mon(C ) ! Mon(C )
mappingevery monadT to a monadF(T), andfor every monadT
a naturalfamily of monadmorphismsaT : T ) FT. We think of
thefunctorF transformingamonadT to themonadF(T), while aT
ensuresthemonadT is sitting insideF(T). Giventhat the identity
functoris amonad,wemaythusregardF asaddingto everymonad
T themonadF(1).

Forexample,thede�nition of theexceptionmonadtransformer[11]
is

type ExnT m a = m (Exn a)

As wehave alreadyseen,thereis adistributivity law presentandin
thiscase,theactionof themonadtransformertakesany monadT to
TExn. However, thede�nition of thestatemonadtransformeris

type StateT s m a = s -> m (s, a)

There is no distributive law herebetweenthe monadm and the
statemonadwhich allows us to permuteonelayer over the other.
Nevertheless,onecanseethatthemonadm hasbeenpartially per-
mutedpastthepairing operationalthoughnot pasttheouterfunc-
tion space.So, monadtransformersallow us a more �ne-grained
control of the combinationallowing someform of mixing of the
layersbetweenthestatemonadandanarbitrarymonadm.

In ouropinion,theconceptof amonadtransformeris ratherelegant
but thede�nition is toogeneralto supportanadequatemeta-theory.
By this we meanthat given a monad,it is not clearwhetherit is
possible,andif sohow, to de�ne anassociatedmonadtransformer.
For example,thereis nomonadtransformerfor thelist monadasso-
ciatedto themonadictreatmentof non-determinism[11]. Another
disadvantageis thatwe have to pick anorderin which to combine
themonads,whichdoesmakeaconsiderabledifference.Moreover,
whenaddinganew monadtransformerwehaveto considerthepos-
siblecombinationswith all existingmonadtransformersseparately,
andthisnumberof combinationsgrowsquadratically. Thus,monad
transformersarenot reallymodular.

To summarise,bothdistributivity laws andmonadtransformersat-
tempt to de�ne a compositemonadby squashingall the different
layersobtainedby interleaving thecomponentmonadsinto onespe-
ci�c layer. As we shall see,thecoproductapproachsimply keeps
all thelayers.Thisshift in emphasismeanswebuy generalitysince
we canalways composemonads. Of coursethe price to be paid
is that thedatastructurehasto manageall layersandthis imposes
somecomputationaloverhead.

3 The Coproduct of Monads

Having discussedthecurrentapproachesto composingmonads,we
now explain our approachbaseduponcoproducts.We �rst discuss
abstractlywhat thecoproductmeansandshow how theassociated
universalpropertyprovidesa recursionoperator. We thendiscuss
theconstructionof thecoproductof two monadsbeforeimplement-
ing it in Haskell anddiscussingits correctnessbrie�y .

3.1 Using the Coproduct

Giventwo monadsT1;T2, their coproductcanbethoughtof asthe
smallestmonadcontainingboth monads.Formally, thecoproduct
of two monadsis simply thecoproductin thecategory of monads.
For de�niti venesswegiveaformalde�nition includingtherelevant
universal property:

De�nition 5. Given two monadsT and R, their coproduct is a
monaddenotedT+R suchthat

� therearemonadmorphismsin1 : T ! T + R and in2 : R !
T+R;

� for any othermonadS andmonadmorphismsa : T ! S, b :
R ! S, thereis auniquemonadmorphism[a;b] : T+R ! S,
calledthemediatingmorphism, suchthat

[a;b].in1 = a [a;b].in2 = b (1)

A monadmorphismis just a natural transformationcommuting
with theunit andmultiplication[2, Sect.3.6]. Theuniversalprop-
erty allows us to treatthe coproductof two monadsasan abstract
datatype;so given monadsTriple t1, Triple t2, we have a
typePlus t1 t2 a andtwo injections:

inl :: Triple t1=> t1 a-> Plus t1 t2 a
inr :: Triple t2=> t2 a-> Plus t1 t2 a

Morever, givenany two monadmorphismfrom t1 andt2 respec-
tively to anothermonads, wehavea functionoutof thecoproduct.
The monadmorphismshave the type t1 a-> s a, but eachhas
to be de�ned uniformly for all a, hencethe type of coprod uses
rank-2polymorphismandis not standardHaskell98 anymore:

coprod ::(Triple t1, Triple t2, Triple s)=>
(forall a.t1 a-> s a)->
(forall a.t2 a-> s a)-> Plus t1 t2 a-> s a

Justlike fold on lists is givenby theuniversalproperty(i.e. free-
ness,initiality) of thedatatype[a], coprod is givenby theuniver-
salpropertyof thecoproduct,andjust like fold, it canbeusedto
implementrecursive functionson thecoproduct.

Wenow considera smallexample.Assumethatwe have anexcep-
tion monadExn (seeSect.A.2). Usingthismonad,wecande�ne a
function

check :: Char-> Exn Char
check c = if isPrint c || isSpace c

then return (toLower c)
else raise "Illegal character"

which takesits argumentto lower case,but raisesan exceptionif
thecharacteris neitherprintablenorawhitespace.Wenow wantto
combinethis exception-raisingfunctionwith a statemonadStore
(seeSect.A.3) to implementa functionwhich imperatively counts
theoccurrenceof aparticularcharacterin astring,raisinganexcep-
tion if the string containsnon-printingnon-spacecharacters.The
typeof thefunctionwill be

count :: Ref Int-> Char-> String->
Plus Exn (Store Int) Int

as it usesboth Store (of which Ref is a part) andExn. Within
the function count, we can use both stateful computationsand
exception-raisingcomputations,injecting theminto the coproduct



usinginl andinr:

count r _ [] = inr (readRef r)
count r x (c:cs) =
do c <- inl (check c)

if c == x then inr (incRef r)
else return ()

count r x cs

To runthiscomputation,wehave to mapStore andExn to another
monadusingcoprod. Note that we have not de�ned coprod yet
(wewill dosoin Sect.3.2); thepointhereis thatto usethecoprod-
uct all we needis the universalproperty, asgiven by the mediat-
ing morphismcoprod. This follows goodprogrammingpractice
in hiding theimplementationof anabstractdatatypefrom thepro-
grammer. The simplestmonadpossibleis the identity monadId,
asde�ned in theAppendixA.1. Wecanusetheidentitymonadasa
targetmonadif for botht1 andt2, wehavemapst1 a -> a, t2
a-> a. For theidentitymonadwe geta specialcaseof coprod:

coprod’:: (Triple t1, Triple t2)=>
(forall a. t1 a-> a)->
(forall a. t2 a-> a)-> Plus t1 t2 a-> a

coprod’ f g x = r where
Id r = coprod (Id. f) (Id. g) x

To evaluateexceptions,we catchall exceptionswhichmightoccur,
andto evaluatestatefulcomputations,wehavetherunSt combina-
tor. Then,wecanrun thecount computationwith

run :: Char-> String-> Int
run x s = coprod’ catch runSt

(do r<- inr (newRef 0)
count r x s)

Now we wantto augmentthefunctionby having it print a doteach
time it encountersan occurrenceof the characterit is supposed
to count. Thus, we add the prede�nedIO monadto the type by
replacingStore Int with Plus (Store Int) IO, andthe type
becomes

count’ :: Ref Int-> Char-> String->
Plus Exn (Plus (Store Int) IO) Int

Thecoderemainslargelyunchanged,exceptthatweneedto change
theinjectionsof thestatefulcomputationstoinr.inl. Thischange
seemsinconvenientat this point, but we will show how to avoid it
later(seeSect.3.4):

count’ r _ [] = inr (inl (readRef r))
count’ r x (c:cs) =
do c <- inl (check c)

if c == x then do inr (inl (incRef r))
inr (inr (putStr "."))

else return ()
count’ r x cs

This example also shows that we can use both self-de�ned and
built-in monads.To run this example,we cannotusethe identity
monadasthe target anymore,sincewe cannot get out of the IO
monad;hence,we useIO asthetargetmonad:

run’ :: Char-> String-> IO Int
run’ x s =

coprod (return.catch)
(coprod (return. runSt) id)

(do r<- inr (inl (newRef 0))

count’ r x s)

Summingup, if we have two differentmonadsandwe want to im-
plementa computationusingbothof these,we canusethecoprod-
uct of the two monads. The universalpropertyof the coproduct
givesthe mediatingmorphismcoprod, which allows us to de�ne
functions(likerun andrun’ above)outof thecoproduct,by de�n-
ing functionsf andg on thecomponentmonads.So,we canhave
morethanonefunctionoutof thecoproductmonad,but coprod f
g is determineduniquelyby f andg.

Now thatwehaveseenhow to usethecoproductin apracticalsitu-
ation,we turn to theactualconstructionof thecoproductmonad.

3.2 Constructing the Coproduct

To motivateour generalconstruction,we considerthesimplecase
of thecoproductof two termalgebramonads.Giventwo signatures
S andW with correspondingterm algebramonadsTS andTW, the
coproductTS+TW shouldcalculatethetermsbuilt over thedisjoint
union of the signatures,S+ W, i.e. TS + TW = TS+ W.2 Termsin
TS+ W(X) have aninherentnotionof layer, asa termin TS+ W either
is avariableor decomposesinto atermfrom TS (or TW), andstrictly
smallersubtermswith headsymbolsfrom W (or S respectively).
Thissuggeststhatwecanbuild theactionof thecoproductTS+ W(X)
by successively applyingthetwo actionsTS andTW:

(TS+TW)(X) = X +TS(X)+TW(X)+
TSTS(X)+TSTW(X)+
TWTS(X)+TWTW(X)+
TSTWTS(X)+ : : :

(2)

In termsof Haskell, eachlayercorrespondsto a particularcompu-
tationalfeature,andthecoproductallows arbitraryinterleavingsof
computationsfrom the two monads.This re�ects oneof our key
points,namelythat, in general,T.R is too simplea datastructure
to representtheinteractionof T andR sinceoneonly hasa T-layer
sitting above oneR-layer.

Unfortunately, equation(2) is too simplein thatdifferentelements
of thesumrepresentthesameelementof thecoproductmonad.To
seethis,notethatvariablesfrom X arecontainedin eachof thesum-
mandsin theright handside.Similarly, in theexampleof Sect.3.1,
two or morecomputationsfrom thesamemonadarelayeredabove
eachotherandshouldbe composedusingthe multiplication from
that monad. Therefore,the coproductis a quotientof the sumin
equation(2).

Kelly [7, Sect.27] hasshown theconstructionof colimitsof ranked
monads,from whichwecandeducecoproductsof monadsasaspe-
cial case.Rankis ageneralisationof �nitarinessto highercardinals
which basicallyallows operationsof in�nitary arity provided they
areboundedabove by the rank of the monad. Roughly, the con-
structionof thecoproductfor suchmonadsproceedsin two steps:
we �rst constructthe coproductof pointedfunctors,and thenthe
coproductof two monads.

A pointedfunctoris anendofunctorS: C ! C with anaturaltrans-
formations : 1 ) S(this is calledpremonadin [6]). Every monad
is pointed,sotakingthecoproductof pointedfunctorsis a �rst step
towardstheconstructionof the coproductof monads.In the term
algebraexample,thenaturaltransformationhT : 1 ) TS modelsthe

2Thisreliesonthefactthatthemappingof signaturesto monads
preservesthecoproduct,which it doesbecauseit is a left adjoint.



variables,andthecoproductof two pointedfunctorsS;T shouldbe
the functorwhich for any givensetX returnstheunionof TX and
SX with thevariablesidenti�ed.

In Set, we identify elementsof a setby taking thequotient.Thus,
for exampleto sharethe variablesfrom X in TS(X) + TW(X), we
quotientthe setby the equivalencerelationgeneratedby ’x � ’x
wherethequoteof theleft-handsideinjectsthevariableinto TS(X),
whereasthequoteon theright injectsthevariableinto TW(X). Cat-
egorically, this processis modelledby a pushout:

De�nition 6. Giventwo pointedfunctorshT;hT i andhR;hRi , their
coproductis given by the functor Q : C ! C which mapsevery
objectX in C to thecolimit in (3)

X
hT- TX

RX

hR
?

sR

- QX

sT
?

(3)

Thecoproductof monadsis constructedpointwiseaswell: theco-
productmonadmapseachobjectX to thecolimit of a speci�c dia-
gram.

De�nition 7. Given two �nitary monadsT = hT;hT ;µT i andR =
hR;hR;µRi , thecoproductmonadT+ R mapsevery objectX to the
colimit of sequenceXb de�ned asfollows:

T +R(X) = colim
b< w Xb

X0 = X X1 = QX Xb+ 1 = colim(Db)

whereQ;sT ;sR aregivenby Def.6,andDb is thediagramin Fig.1
with thecolimiting morphismxb : Db ! Xb+ 1. Giventheshapeof
thediagram,xb is a singlemorphismxb : QXb ! Xb+ 1 makingall
arrows in thediagramcommute.

TXb−1

TTXb−1
1-

µT-

TTXb−1
TsT-

Th
T-

TQXb−1
Txb- TXb

QXb

s
T-

RRXb−1 1
- RRXb−1 RsR

- RQXb−1 Rxb
- RXb

s R-

RXb−1

Rh R
-µ

R
-

Figure1. The diagram de�ning the coproduct.

Notethatthetwo trianglesontheleft of Fig. 1 arenot theunit laws
of the two monadsT;R (seeDef. 3), otherwisethediagramwould
betrivial.

Def.3 hasbeengiven for �nitary monads,and can easily be ex-
tendedto monadswith rank,usingtrans�nite induction. However,
it is unclearhow this would work out in practicalterms,sowe re-
strict ourselves to �nitary monadshere. As hasbeenpointedout
earlier, all known computationalmonadsare�nitary exceptthecon-
tinuationmonad,whichactuallydoesnotevenhavearank.Despite

beinga generalanswerto theconstructionof thecoproductof two
monads,the usefulnessof Fig. 1 is limited in practicesincethe
shape,sizeandcontentsof thediagrammake it dif�cult to reason
with directly. We now turn to our contribution, namelyanalterna-
tiveconstructionwhich tradeslessgeneralityfor greatersimplicity.

3.3 Implementing the Coproduct

De�nitions 6 and 7 show the main dif�culty we are facedwhen
implementingthe coproduct: namely, that the coproductis not a
freedatatype,but a quotient. (Theusualconstructionof thecolimit
of a diagramis to take thecoproductof all theobjectsappearingin
thediagram,andquotientit by therelationdescribedby thearrows
[15, V.2].)

Thesolutionto this is to choosea representingtypefor thecoprod-
uct, treat it asan abstractdatatypewith the threeoperationsfrom
Sect.3.1 (andthemonadoperations),andhave theoperationsop-
erateon representativesof theequivalenceclass.Thus,we needa
decisionprocedure for this equivalence.Unfortunately, in general
this is impossible:for exampleif the monadsaremodellingalge-
braic theories(ie termalgebrasquotientedby equations),thenthis
amountsto askingif two elementss;t 2 TX are equalunderthe
equationsof thetheory. This is in generalundecidable.

However, in order to decidethe equivalencefrom Fig. 1, we do
not needto decidethefull equationaltheoryof thetwo monadsin-
volved, but merelywhenan elementt is in the imageof the unit
h, i.e. t = h(s). Sucha layer is calleda variable layer and the
following exampledemonstratestheir importance:an elementof
TSTWTS(X) consistsof aS-layeroveraW-layerwhichis itself over
a S-layer. If themiddleW-layeris a variablelayer, thenin thequo-
tient this elementwill beequalto theelementof TSTS(X) consist-
ing of thetwo S-layers.In turn, thiselementwill beequalto there-
sultof applyingthemultiplicationof TS. Ourconstructionconcerns
itself with layeredmonadsfor whichthisquestionis decidable.The
nameis chosento indicatethatfor suchmonadswecantell if anel-
ementis a properlayeror a variablelayer. Concretelya monadis
layered if thereis a function h−1

X : TX ! 1+ X for all X, which
for t in TX eitherreturnsanelementx of X suchthath(x) = t, or
returnsthecanonicalelement� of 1, if thereis no suchx. (In other
words,h−1 is partial.) While the coproductfor any two monads
with rankexists,andis givenby Def. 7, our constructionwill only
applyto layeredmonadsbut, for thesemonads,our constructionis
simplerandhenceeasierto reasonabout.

De�nition 8. A layered monadis a monadT = hT;h;µi suchthat
there is a natural transformationh−1

X : TX ) 1+ X, which is a
partial left inversefor hX , i.e. for all X, h−1

X
.hX = in1 (where

in1 : X ! X +1 is theinclusion).

Layeredmonadsallow us to decidethe equivalenceon QX from
Def. 6 asfollows: s is equivalentto t if f h−1(s) = h−1(t) 6= � . The
type classof layeredmonadsis a straightforward extensionof the
Triple class;thecodomainX +1 of h−1 correspondsto Haskell's
Maybe type. In fact,we will only considerlayeredmonads,hence
we will addthis functionto theclass:

class Functor t=> Triple t where
...
etaInv :: t a-> Maybe a

It mightbetemptingto provideetaInv _ = Nothing asadefault
de�nition, but thatwouldbewrongin beingsemanticallyincorrect.



AnalysingFig. 1, wecanseethecoproductwill eitherconsistof el-
ementsof theform TXb or RXb, whereXb is againa representation
of the coproduct,or for the basecase,X0 = X. Hencegiven two
monads(triplest1 andt2), thecoproductwill berepresentedby a
recursive datatypewhich containseithera layer from t1, or from
t2, or a variable:

data Plus t1 t2 a = T1 (t1 (Plus t1 t2 a))
| T2 (t2 (Plus t1 t2 a))
| Var a

wheret1 andt2 areinstancesof Triple.3 Thecoproductwill be
a quotientof this datatypeby theequivalencerelationgeneratedby
thediagramDb (Fig. 1). To understandthis equivalence,we come
backto equation(2) wheretherearethreeforms of equalities. In
thefollowing, let S= f F;Gg andW= f Hg.

� For a variablex 2 X, we have x 2 X, ’x 2 TS(X) and’’x 2
TWTS(X) (and many more); all of theseshoulddenotethe
sameterm. This equivalenceis generatedby Def. 6, andthe
arrows sT ;sQ in the diagram. For the implementation,we
needto usethemapetaInv to detectandremove thesevari-
ablelayers.

� The termst1 = GG’x 2 TS(X) andt2 = G’G’x 2 TS(TS(X))
are both equivalent to GG’x 2 TS+ W(X). By collapsingthe
two layers,one identi�es theseterms. This equivalenceis
generatedby the arrows µT ;µR in the diagramwhile the im-
plementationwill needto checkfor repeatedlayersanduse
therelevantmultiplicationto collapsesuchlayers.

� The sum (2) over-simpli�ed mattersby consideringonly
termswhich, whendescendingfrom the root to any leaf, we
passthroughthesamenumberof quotes.However, termssuch
asF(’G’x,’H’x) in TS(TSX +TW(X)) mustalsobeconsid-
ered.GiventhatthesymbolG comesfrom thesamesignature
asF, we createa repeatedS-layerso that theF andG canbe
collapsedtogether. In effect,we try to createaS-sublayerun-
derneaththe top S-layer to which themultiplicationcanthen
beapplied.

Thus, a normal form for the equivalencegeneratedfrom Db —
calleda witness— shouldbea term which hasno variablelayers
andno subtermswhosetop symbolcomesfrom the samemonad
as the term asa whole. Drawing togetherall the threequotients
just mentioned,all of the following termshave the samewitness,
namelyt3:

t1 = F(’G’x, ’H’y)

t2 = ’F(’’G’x, ’’H’y)

t3 = F(G’x, ’H’y)

Note that for legibility we do not distinguishbetweenthe quotes
associatedto S andthoseassociatedto W. Thusfrom Def. 2, we
have that if x 2 X, then ’x 2 TS(X); hence,if t 2 TS(X), then
’t 2 TS(TS(X)), or ’t 2 TW(TS(X)). Thus,thequotessyntactically
representthe layer information (which would otherwiseonly be
presentimplicitly).

In orderto calculatethewitnessof aterm,werecursively stripaway
all unnecessaryquotesandcollapselayerswherever possible. To
de�ne thefunctioncalculatingthewitness,we usethefactthat the
datatypePlus is aninitial algebraµY:FY of thefunctorFY = X +

3Haskell wouldallow usto putclassconstraintsonthevariables
t1 andt2 here,but this only constrainsthe typesof theconstruc-
tors,which is a bit pointless.

TY+RY (X arethevariables),andwecangivearecursive function
µY:FY ! A outof thisdatatypeby giving anF-algebrastructureto
A, i.e. a mapFA ! A, which in turn meansthreefunctionsX ! A,
TA ! A, RA! A. As a higher-orderfunction, this is calledfold
(just like its counterparton lists):

fold :: (Functor t1, Functor t2)=>
(a-> b)-> (t1 b-> b)-> (t2 b-> b)->
Plus t1 t2 a -> b

fold e f1 f2 (Var a) = e a
fold e f1 f2 (T1 t) = f1 (fmap (fold e f1 f2) t)
fold e f1 f2 (T2 t) = f2 (fmap (fold e f1 f2) t)

De�ning the function strip which strips away all unnecessary
quotesis straightforward:

strip1 :: Triple t1=>
t1 (Plus t1 t2 a) -> Plus t1 t2 a

strip1 t = case etaInv t of
Just x -> x
Nothing -> T1 t

strip2 :: Triple t2=>
t2 (Plus t1 t2 a) -> Plus t1 t2 a

strip2 t = case etaInv t of
Just x -> x
Nothing -> T2 t

strip :: (Triple t1, Triple t2)=>
Plus t1 t2 a-> Plus t1 t2 a

strip = fold Var strip1 strip2

Collapsinglayersis achievedby themultiplicationµ : TT ) T, so
for exampleµ(F(’G’x,’’H’y)) = t3 above. But we alsohave to
collapsethe termt1 to t3, andt1 is not elementof TS(TS(X)), but
of TS(TS(X)+ TW(X)). In otherwords,we could collapsein the
�rst argument,but not thesecond.However, thesecondargument
is equivalent to the term ’’H’x, which is in TS(TW(X)), so t1 is
equivalent to t ′1 = F(’G’x, ’’H’x) 2 TS(TS(X + TW(X))) which
now hasarepeatedlayerto which themultiplicationcanbeapplied
to give t3. This latter processwe call lifting as we are raising a
sub-layer.

All of this motivatesthe following de�nition: to calculatethewit-
ness,we�rst recursively calculatethewitnessof thesubterms;then
lift thetopsublayerto createarepeatedlayerif possible;thenapply
themultiplication;and�nally stripof thetop layerif it is avariable
layer. Of these,the recursive calculationis achieved by de�ning
thewitnessfunctionin termsof fold from above,whichappliesits
argumentfunctionsrecursively to all subterms:

lift1 :: Triple t1=>
Plus t1 t2 a-> t1 (Plus t1 t2 a)

lift1 (T1 t) = t
lift1 t = eta t

wit1 :: Triple t1=>
t1 (Plus t1 t2 a) -> Plus t1 t2 a

wit1 t = strip1 (mu (fmap lift1 t))

lift2 :: Triple t2=>
Plus t1 t2 a-> t2 (Plus t1 t2 a)

lift2 (T2 t) = t
lift2 t = eta t

wit2 :: Triple t2=>



t2 (Plus t1 t2 a) -> Plus t1 t2 a
wit2 t = strip2 (mu (fmap lift2 t))

wit :: (Triple t1, Triple t2)=>
Plus t1 t2 a-> Plus t1 t2 a

wit = fold Var wit1 wit2

We cannow implementeta andmu, andhencemake Plus an in-
stanceof Triple. For this,weneedto startbymakingit aninstance
of Functor:

instance (Functor t1, Functor t2)=>
Functor (Plus t1 t2) where

fmap f = fold (Var. f) T1 T2

Thesimplestde�nition of mu would be

mu :: (Triple t1, Triple t2)=>
Plus t1 t2 (Plus t1 t2 a)-> Plus t1 t2 a

mu = wit. fold id T1 T2

But the argumentof mu consistsof Plus t1 t2 termsbuilt over
Plus t1 t2 terms,andwe can assumethat thesearealreadyin
normalform, soweonly needto computethewitnessesof the“up-
per” layer.

instance (Triple t1, Triple t2)=>
Triple (Plus t1 t2) where

eta x = Var x
etaInv (Var x) = Just x
etaInv (T1 t) = Nothing
etaInv (T2 t) = Nothing
mu = fold id wit1 wit2

All that remainsarenow theinjectionsinto thecoproduct,andthe
uniquemediatingmorphism. The injectionsaresimple (we only
give one):

inl :: Triple t1=> t1 a-> Plus t1 t2 a
inl t = T1 (fmap Var t)

For the de�nition of the uniquemediatingmorphism,we recur-
sively evaluatethe layersof coproductin the targetmonad.Given
monadmorphismsf or g, we apply f andg to eachlayer of the
coproductandcomposethe resultingcomputationwith the multi-
plicationof thetargetmonad:

coprod :: (Triple t1, Triple t2, Triple s)=>
(forall a. t1 a-> s a)->
(forall a. t2 a-> s a)-> Plus t1 t2 a-> s a

coprod f g = fold eta (mu. f) (mu. g)

Note that f andg above have to be monadmorphisms,i.e. com-
mutewith unit andmultiplication. Justlike the monadlaws, we
cannotdenotethis in Haskell, so it is an externalassumptionthat
theprogrammeris responsiblefor.

To sumup, thecoproductof two monadswith rank,a mild techni-
cal condition,alwaysexistsandis givenby Def. 7. This de�nition,
however, is very abstract,anddif�cult to reasonwith directly, so
we havegivenasimpleimplementationfor a largeclassof monads
calledlayeredmonads.To be precise,this implementationworks
for all �nitary layered monads, which includeall usualcomputa-
tionalmonadsexceptfor thecontinuationmonad.

In our implementationsabove, we have striven for clarity, not ef-
�ciency. For example, the fmap operationfor the coproductis

quadraticin the numberof layers,sinceit usesfold. Here is a
moreef�cient version,which is linearin thenumberof layers:

instance (Functor t1, Functor t2)=>
Functor (Plus t1 t2) where

fmap f (T1 t) = T1 (fmap (fmap f) t)
fmap f (T2 t) = T2 (fmap (fmap f) t)
fmap f (Var x) = Var (f x)

The witnessoperationasgiven above is quadraticin the number
of layers, and hencethe multiplication (mu) of the coproductis
quadraticin the numberof layersof the uppermonad(i.e. in the
(>>=) operationof theKleisli category, theright argument).That
could be improved, sincewe do not needto recomputethe whole
witnessof the upperlayer, but merelyneedto checkwhetherwe
cancollapselayers. However, in a typical situationtheupperlay-
erswill only consistof one layer anyway (seethe examplefrom
Sect.3.1), so the presentde�nition seemsa goodmix of simplic-
ity andef�ciency. An optimisedimplementationshouldbe linear
in the numberof layers,sincein principle we only needto check
whetherthenew layerwhich is addedcanbecollapsedwith any of
thetop layersfrom thetermit is addedto, but we have notpursued
thematterfurtheryet.

3.4 Monad Transformers Revisited

We have claimedthat monadtransformerscanbe seenassquash-
ing thedifferentlayersin thecoproductmonadinto oneparticular
monad. While the de�nition is elegant, thereseemslittle meta-
theoreticsupport,e.g. it is not clearwhenandhow onecande�ne
a monadtransformerfor a speci�c monad. A relatedproblemis
that monadtransformerscannot be usedfor to combineexisting
monads(like theubiquitousIO monad).

Having saidthat, thecoproductgivesusa canonicalmonadtrans-
former, whichhassomepracticalrelevance.

THEOREM 3.1. GivenanymonadT, thefunctorT+ which takes
anyothermonadS to thecoproductwith T is a monadtransformer.

PROOF. Thecoproductconstructionis functorial. Pointednessre-
quiresfor every monadS a monadmorphismS ) T+ S. This can
be taken to be the inclusionof the coproductand then naturality
follows from thenaturalityof inclusions,asdoesthefactthatit is a
monadmorphism.

We can use this to introducesomeconventionswhich make the
coproductmore readily usable. Recall that in Sect.3.1 above,
as we addedthe IO monadto the coproduct,we had to replace
someexisting injections,becausewe changedthe type of the ex-
pressionfromPlus Exn (Store Int) Int toPlus Exn (Plus
(Store Int) IO) Int. Clearly, this is inconvenient;if we want
to addamonadto analreadyexistingcomputation,we donotwant
to have to changeexisting injections.

Now, thecategory Mon(C ) of monadsover C hasaninitial object,
namelytheidentity monadId (seeSect.A.1), andin any category
with coproductsandandaninitial object0, wehave X +0 �= X.

In other words, for every monadT, we have T + Id �= T. Thus,
if we have a function which hasthe result type t a, we can al-
waysreplacethiswith thetypePlus t Id a, andinserttheinjec-
tionsinl e for termse:: t a. If we now want to adda second
monads, all we needis to changethe type to Plus t (Plus s
Id a); previously existingcodepertainingto themonadt remains



unchanged,while new codeis transformedin thatwe needto write
inr (inl e’) for expressionse’:: s a. To adda third monad
m, we changethe type to Plus t (Plus s (Plus m Id)), and
write inr (inr (inl e)) etc. Thus, the monadId servesasa
placeholderfor futureextensionsandtheseextensionsdo not alter
thecurrentlyexisting code.4

As a brief example,assumethatabove we would have startedwith
a recursive versionof thecount function.Thiswould have type

count :: Char-> String-> Plus Exn Id Int

Then,the �rst extensionwould be to addthe imperative counting,
leadingto thetype

count :: Ref Int-> Char-> String->
Plus Exn (Plus (Store Int) Id) Int

and�nally , with theadditionof IO, we wouldobtain

count :: Ref Int-> Char-> String->
Plus Exn (Plus (Store Int) (Plus IO Id)) Int

but unlikeabove,thesecondversionwouldalreadyuseinr.inl to
embedthestatefulcomputations,sowhenaddingtheIO monadwe
would nothave to changetheexistingcode.

In Haskell, thiswouldneedsomesyntacticsugarto reducetheclut-
ter (we want to readandwrite t insteadof Plus t Id, write per-
hapsinn for inrn(inl t) etc.),akin to thedo notation.

4 Properties of the Coproduct

Of course,we have to justify theconstructionsof theprevioussec-
tion. A full formal correctnessproof wouldbeverycategoricaland
henceoutsidethescopeof this paper, but we will sketchhow one
goesaboutproving correctness.Moreover, the de�nitions intro-
ducedin this sectionwill alsobeusedlateron.

4.1 The Coproduct as a Free Algebra

Firstoff, notethatthedatatypePlus t1 t2 a is not thecoproduct
of thetwo monads,i.e. (T +R)(X) 6�= Plus t1 t2 a. As hasbeen
pointedout,Plus t1 t2 a only representsthecoproductwhichis
actuallya quotientof Plus t1 t2 a

The straightforward way to prove this quotient is the coproduct
monadwouldbeto �rst show thatthemonadlawshold for thequo-
tient,andthenprove thaton theequivalenceclasses,theinjections
inl andinr aremonadmorphisms,thatcoprod f g is a monad
morphism,that it is unique,andthat it satis�esequations(1). This
is a lot of work; fortunately, from thecategoricalconstructionswe
employ, thereis aneasierway. Thisalternateproofrestsontheidea
thatonecanunderstanda monadthroughits algebras:

De�nition 9. An algebra (X;h) for amonadT = hT;h;µi ona cat-
egory C is givenby anobjectX in C , anda morphismh : TX ! X
whichcommuteswith theunit andmultiplicationof themonad,i.e.

1X = h.hX h.µX = h.Th (4)

4Note that the quadraticcomplexity of the mu operatormen-
tioned above doesnot have a detrimentaleffect here, since by
its constructionthe Id monaddoesnot actuallybuild any proper
layers—everythingis avariable.

The category of algebrasfor T and morphismsbetweenthem is
calledT � Alg.

Wethink of aT-algebra(X;h) asbeingamodelwith carrierX. The
maph ensuresthat if onebuilds termsover a sucha model, then
thesetermscanbereinterpretedwithin themodel. This is exactly
what one is doing in the term algebracasewhereone assignsto
every functionsymbol f of arity n aninterpretation[[ f ]] : Xn ! X.
Sincemonadsconstructfreealgebras,we canprove a functorto be
equalto a monadif we canprove that the functor constructsfree
algebras.In particular, we canprove a functor to bethecoproduct
monadif we canprove it constructsfreeT+ R-algebraswhich are
de�ned asfollows:

De�nition 10. The category T+R-Alg has as objects triples
(A;ht ;hr) where(A;ht) is aT-algebraand(A;hr) is anR-algebra.A
morphismfrom (A;ht ;hr ) to (A′;h′t ;h

′
r ) consistsof amapf : A ! A′

whichcommuteswith theT andR-algebrastructureson A andA′.

ThereisanobviousforgetfulfunctorU : T+R-Alg ! C , whichtakes
aT+R-algebrato its underlyingobject,andwehavethefollowing:

PROPOSITION 4.1 ([7, PROP. 26.4] ). If the forgetful functor
U : T+R-Alg ! C functorhasa left adjoint F : C ! T+R-Alg, i.e.
if for everyobjectin C thereis a freeT+R-algebra, thenthemonad
resultingfromthis adjunctionis thecoproductof T andR.

Thusto show thata functorSis thecoproductT+ R, we canshow
that for every objectX, SX is a T + R-algebraand,moreover, it is
the freeT + R-algebra;in otherwords,if thereis any otherT + R-
algebra(A;h′t ;h

′
h) andamorphismf : X ! A, thenthereis aunique

algebramorphism! f : X ! Y.

Prop.4.1 shows that action of the coproductmonadcreatesfree
algebras.Functionsde�ned usingsuchmorphismsaresometimes
called catamorphisms[3], and the canonicalexample is the free
datatypeof lists, andfunctionsusingfold on lists. So,coprod is
for the coproductof monadswhatfold is for lists, andhencewe
canuseit in thisway aswedid in Sect.3.1.

4.2 Distributivity Revisited

Fromourperspective,composingtwo monadsT andR meanscom-
biningall possibleinterleavingsof layersfrom thecomponentmon-
adsin T + R. In contrast,the approachof distributivity is to con-
sideronlyonepossiblelayering,namelyT.Rconsistingof aT-layer
aboveanR-layer. However, in thepresenceof astrongdistributivity
law, themonadT.R actuallyis thecoproduct.Thusanalternative
analysisis thatdistributivity is aspecialsituationin whichall layers
canbesquashedinto thelayerT.R. Firsttherelevantde�nitions [2]:

De�nition 11. Giventwo monadsT = hT;h;µi ;S = hS;z;xi , a dis-
tributive law is a naturaltransformationl : T.S) S.T satisfying
four coherencelaws [2, Sect.9.2].

Thefour coherencelaws statethatl respectstheunit andmultipli-
cationof themonads,e.g.xT = l .Tx or Sµ.l T .Tl = l .µS.

Givensucha distributive law l , we have thecompatiblemonad[2,
Prop.9.2.2]T = hS.T;h∗;µ∗i with h∗ = Sh.z;µ∗ = Sµ.xTT .Sl T .

However, with a slightly strongerdistributive law, the compatible
monadis alsothecoproductof T andS.



De�nition 12. Given two monadsT = hT;h;µi ;S = hS;z;xi , a
strongdistributive law is adistributive law l : T.S) S.T suchthat,
for any T+S-algebra(X;a;b), diagram(5) commutes:

TSX
Tb - TX

STX
l ?

SX

Sa ? b - X

a

?
(5)

THEOREM 4.2. GiventwomonadsT = hT;h;µi ;S = hS;z;xi and
a strongdistributivelaw l : T.S) S.T, thecompatiblemonadT =
hS.T;h∗;µ∗i is thecoproductof T andS.

PROOF. To show thetheorem,we�rst giveT aT+S-algebrastruc-
ture,andthenshow it is a freealgebra.By Prop.4.1, it is thenthe
coproductT+S.

Thealgebrastructureis givenby two maps

SSTX
xT- STX TSTX

l T- STTX
Sµ- STX

Equations(4) easilyfollow from thecoherencelawsof thedistribu-
tive law, andtheunit lawsof themonads.

We now have to show that the algebrastructureis free. To this
end, we show that given any other T + S-algebra(K;a;b) and a
morphism f : X ! K, thereis a uniquemorphism! f : STX ! K
suchthat! f .h∗ = f , and! f is a T+S-algebramorphism.

The uniquemorphismis de�ned as! f = b.Sa.ST f . Diagram(6)
shows that ! f .h∗ = f , where the squaresare naturality squares,
andthe trianglesarethe left equationof (4) for the T + S-algebra
(K;a;b).

X
z - SX

Sh- STX

K

f

? z - SK

Sf

? Sh- STK

ST f

?

K

b

?

1
-

SK

Sa

?

1

-

K

b

?

1
-

(6)

To show that! f is analgebramorphism,we have to show that

SSTX
S! f - SK

STX

xT

? ! f - K

b

?

TSTX
T! f - TK

STTX

l ?

STX

Sµ ? ! f - K

a

?

(7)

Theproofsaresimplediagramchases,whichweomit here;the�rst

usesnaturalityof x and(4) for (K;a); for thesecond,we addition-
ally needstrongdistributivity (5).

Now assumewe have anotherT+ S-algebramorphismm: STX !
K s.t.m.h∗ = f , andconsiderdiagram(8); thelower two parallelo-

STX
STz - STSX

SSTX
�

SlSz
T -

STSTX

STSh -

STX

1

?
SSTTX

�
Sl

SSTh

-

STK

STm

?

SSTX

1

? �
SS

µSz
T -

STX

1

? �

x T

SK

Sm

? �

Sa

K

m

?�
b

(8)

gramsare(7) with m for ! f (sincem is a T+ S-algebramorphism),
thetrianglesontheleft aretheunit lawsof themonads,thediamond
is naturalityof l , andthetriangleon thetop coherenceof l . Now,
the arrow on the left-handfaceof the diagramis m, andit equals
thearrowsontheright-handfaceof thediagram,andwehave(with
theassumptionf = m.h∗ = m.Sh.z)

m = b.Sa.STm.STSh.STz

= b.Sa.ST(m.Sh.z)

= b.Sa.ST f

= ! f

making! f uniqueasrequired.

It shouldbepointedout thatthestrongdistributivity requirementis
morethana meretechnicalcondition. For example,considerthe
two monadsgiven by signaturesS = f Fg;W= f Gg with a unary
operationeach. The termsin TS(X) areof the form Fn(x) (i.e. F
appliedn times).Thenclearlythereis adistributive law l : TSTW )
TWTS, which takes Fn(Gm(x) to Gm(Fn(x). However, there is no
strongdistributive law asthis would requirethat takingany carrier
setwith any two unaryoperations,theseshouldcommute.

Therelevanceof Theorem4.2 is thatevenwhenworking with dis-
tributivity laws, we arecloseto working with the coproduct.The
prime examplehereis if oneof the monadsin questionis the ex-
ception monad,then we always have a strong distributivity law
l Exn : Exn.T ) T.Exn, hencefor any othermonadT, wehave

T +Exn(X) = T(Exn(X)) (9)



5 Conclusion

This paperhas introducedthe coproductof two monadsas their
canonicalcombination: the smallestnon-interactingcombination
of their computationaleffects. From the generalcategorical con-
struction[7], we have derived an implementationin Haskell for a
wideclassof monads,theso-calledlayeredmonads.

Computationsin the coproductmonadcan be thought of as se-
quencesof stepsin the two componentmonads.In particular, the
monadsretain their laziness. Thus, Store a + Store b is se-
quencesof stepsin Store a andStore b; this is however not the
sameasthemonadStore (a, b), sincein thelatterwe canstore
andretrievetuplesof (a,b), whichis notpossiblein thecoproduct.

We have investigatedtherelationshipof othercombinationsbased
ondistributivity, andhaveshown thatif thetwo monadsarestrongly
distributive,thentheircoproductcoincideswith thefunctorialcom-
position.Comparisonwith monadtransformershasshown thatthe
coproductisamoregeneral,�e xibleapproachwith astrongermeta-
theory.

In Haskell (andin particulartheGlasgow Haskell Compiler, GHC),
theIO monadis themotherof all monads;it hasmutablereferences
(i.e. statetransformers),input/output,concurrency, exceptionsand
muchmore.In ourapproach,wewouldsuggestto dismantletheIO
monadinto its constitutingmonads,andcombinethemwith theco-
productasneeded.This hastheadvantagethat theeffectsof most
monadscanbe localised,sousinge.g. statethreadsor exceptions
in onepart of the programwill not make the type of every func-
tion using this part monadic,as is currently the casewith the IO
monad.Of course,theIO monadcanberecovered(andcontinued
to be used)as the coproductof all its components.It remainsto
be investigatedwhethertheoptimisationscurrentlyaffordedto the
IO monadby GHCcanstill becarriedout in ourstyle,but it seems
unlikely this shouldnot bethecase,asall thatwould bedoneis to
provide a moreprecisetyping.

We arecon�dent that this approachwill scaleto the combination
of morethana handfulmonads,not leastbecausethecoproductis
only thesimplestway of combiningmonads.If we allow arbitrary
colimitsof monads,this will allow sharedcomputationeffects(for
example,sharedstateor sharedexceptions),andimposedequations
suchasthedistributivity laws (by usingcoequalisers).This situa-
tion is notuncommon;for example,whencombiningastatemonad
with anothermonad,we typically do not wanta statefulcomputa-
tion, followedby acomputationfrom theothermonad,followedby
anotherstatefulcomputation,asthenthesecondstatefulcomputa-
tion knows nothingaboutthe �rst, andin particularcannotaccess
its state;we would want thestatefulcomputationto distributeover
theothercomputation,so thesecondstatefulcomputationcanuse
thestateleft by the�rst statefulcomputation.This is relatedto re-
centwork by Plotkin,PowerandHyland[5], wherethey describea
commutative combination
 whichcorrespondsto animposeddis-
tributivity law in our sense.Technically, their work usesso-called
Lawveretheoriesbut theseareequivalentto monads[20].

In summary, thecoproductof monadsis a simple,modularway of
combiningtwo monads.It is moregeneralthandistributivity and
monadtransformers,is applicablein nearlyall cases,andbasedon
soundmathematicalfoundations. We believe it shouldthe func-
tionalprogrammers'�rst choicewhencombiningmonads.
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A Some Useful Monads

Thisappendixcontainsthede�nitions for themonadsasusedin the
text.

A.1 The identity monad

Theidentitymonadis very simple:

newtype Id a = Id a

instance Functor Id where
fmap f (Id x) = Id (f x)

instance Triple Id where
eta x = Id x
etaInv (Id x) = Just x
mu (Id x) = x

Theidentitymonadis theinitial objectof Mon(C), asfor any other
monadT = hT;h;µi , theunit is monadmorphismfrom Id to T; this
givesa uniquemonadmorphism!T : Id ! T.

Theidentitymonadis trivially �nitary .

A.2 The exception monad

Theexceptionmonadaddsanerrorelementto thebase.In category
theory, this is alsoknown asthelifting monad.

type Error = String

data Exn a = Exn Error | Base a

instance Functor Exn where
fmap f (Base x) = Base (f x)
fmap f (Exn e) = Exn e

instance Triple Exn where
eta = Base
etaInv (Base a) = Just a
etaInv (Exn e) = Nothing
mu (Exn e) = Exn e
mu (Base (Exn e)) = Exn e
mu (Base (Base b)) = Base b

Theidentity monadis �nitary: if we addanerrorelementto all �-
nite subsetsof an in�nite setof variablesandtake their union,all
the exceptionsareuni�ed, leaving us with an in�nite setof vari-
ablesandoneerror element.An easierway to seethis is that the

exceptionmonadis the freemonadon a signatureconsistingonly
of oneconstant.

A.3 The store monad

The storemonadis a simplestatetransformermonad. The state
is a list, andreferencesare indicesinto the list. This is not very
ef�cient, but simple.We leave out theimplementationsof newRef
etc,sincethey arestandard.

data Store a b = St ([a]-> ([a], b))

instance Functor (Store a) where
fmap f (St s0) = St (\s-> let (s1, x)= s0 s

in (s1, f x))

instance Triple (Store a) where
eta a = St (\s-> (s, a))
etaInv (St s) = Nothing
mu (St s0) = St (\s-> let (s1, St c)= s0 s

in c s1)
data Ref a = Ref a Int

newRef :: a -> Store a (Ref a)
readRef :: Ref a-> Store a a
writeRef :: Ref a -> a-> Store a ()
runSt :: Store a b-> b

incRef :: Num a=> Ref a-> Store a ()
incRef r = do i <- readRef r

writeRef r (i+1)

The statetransformermonad,of which this storemonadis a par-
ticular example,is �nitary providedtheunderlyingstateis �nite (a
reasonableassumption).So the storemonadis �nitary aslong as
we restrictourselvesto �nite listsof stores.

The full sourcesfor the code used in this papercan be found
at http://www.informatik.uni-bremen.de/~cxl/papers/
icfp02-src.tar.gz.


