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Abstract

Monadsarea usefulabstractiorof computationasthey modeldi-
versecomputationakffects suchas statefulcomputationsgxcep-
tionsandl/O in a uniform manner Their potentialto provide both
a modularsemanticsand a modular programmingstyle was soon
recognised However, in generalmonadsproved dif cult to com-
poseandsoresearcocusedon specialmechanismsor theircom-
positionsuchasdistributive monadsandmonadtransformers.

We present new approactto this problemwhichis generain that
nearly all monadscompose mathematicallyelegantin using the
standarccategorical tools underpinningmonadsand computation-
ally expressie in supportinga canonicalrecursionoperator In a
nutshell,we proposethattwo monadsshouldbe composedy tak-
ing their copoduct Although abstractlythis is a simpleidea, the
actualconstructionof the coproductof two monadsis non-trivial.
We outlinethis constructionshav haw to implementthe coproduct
within Haslell anddemonstratés usagewith afew examples.We
alsodiscussdts relationshipwith otherwaysof combiningmonads,
in particulardistributive laws for monadsandmonadtransformers.

Categories and Subject Descriptors

D.1.1[Programming Technique§: FunctionalProgramming

General Terms

Algorithms,LanguagesTheory

1 Introduction

It haslong beena goal of researctwithin the theoreticalcomputer
sciencecommunityto provide a modularsemanticdor program-
ming languages.In detail, onewould like to give a semanticgor
individual featuresof a programminglanguagesuchas exception
handling non-determinismand state-basedccomputationand, by
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suitablycomposinghese obtaina semanticgor the programming
languageasawhole. If successfulreasoningaboutlarge piecesof

softwarecould be achieved by reasoningaboutsmaller(andhence
moretractable)subcomponentandthenlifting theseresultsto the

original problem.

One exciting possibility was Moggi's proposal[17] to use mon-
adsto structuredenotationakemantics.Moggi pointedout that a
numberof computationafeaturegincludingall of thosementioned
above) could be modelledby monads.Wadlertook Moggi's ideas
further by shaving how onecould actuallyprogramwith monads.
For example monadscan be usedto supportimperatie features
within apurelyfunctionallanguage Soon however, it becameslear
thatdespitetheundoubtedralueof monadsfrom boththe semantic
andprogrammingperspecties,composingnonadsvould prove to
be a signi cant challenge.Putbrie y, monadgust do not seemto
composen ary generalmanner Thus,a variety of differentmeth-
odsto combinemonadswere proposedmostnotablyin the useof
distributivity laws andmonadtransformes. While beingusefulin
speci ¢ situations,thesetheoriesdo not cover all situations,and
furthermore,aswe commentlater, cansometimeseemratherad-
hoc.

What theseapproachesave in commonis the obseration that
monadsare functors carrying extra structure. Thus the obvious
way to composea monadT anda monadR is to usethe functo-
rial compositionR-T. Unfortunately R T is nota monadandone
canseeboth monadtransformersand distributivity laws asan at-
temptto coaxR T into a monad. An alternatve point of view is
to obsere that, just asfunctorsarethe objectsof the functor cat-
egory, so monadsare the objectsof the cateyory of monadsand
monadmorphisms.Thenthe canonicalway of puttingtwo objects
togetheiis take their coproductandthisis whatthis paperis about.

Ourinterestin thistopicarosefrom previousresearchof ourswhich
usedthe coproductof two monadsas a framevork for modular
ity [14] and, in particular modularterm rewriting [12, 13]. In
modulartermrewriting, termsbuilt over two signaturesredecom-
posednto termsbuilt overeachof thetwo signaturescalledlayers.
Within thesepaperswe arguedthat the layer structureis the key
conceptof modularity and shouldbe taken as a primitive notion
ratherthanasa derived concept. The relevanceof monadsis that
they provided an abstractandaxiomaticformulation of the notion
of alayer Whenwe tried to apply this work to the combination
of monadswithin functional programmingwe found that we had
usedsereral assumptionsvhich importantcomputationamonads
did not satisfy Thus,thecompositionof computationamonadsijn
particularfrom thefunctionalprogrammes perspectie, becamea
challengefor us, andthis paperis the resultof our research.lts



concretecontritutionsare:

to explain the constructionof the coproductof two monads
usingtheideaof layersto describehow theindividualmonads
areinterlearedto form the coproducimonad,;

to explain how the coproductcanbe regardedas an abstract
datatypewith a canonicakecursionoperatorsimilarto fold;

to explain that, unlike currentapproachesyirtually all mon-
adscanbecomposediia the coproductconstruction;

to explain how the coproductof two monadscan be imple-
mentedin Haslell. Thisis non-trivial sincethe coproductis
not afreedatatypebut rathera quotient;

to explain how the coproductapproacthrelatesto currentap-
proachesFor example,in the presencef strongdistributiv-
ity laws, the functorial compositeof two monadss notjusta
monad but alsothe coproducibf thetwo monadsin question.

To summarisewe feel that coproductsprovide the right general
frameawork for composingnonads.Thefactthatalmostall monads
composeén thisway andthatthecoproduchasa universalproperty
andanassociatedecursioroperatoraretwo poverful agumentsn
its favour over currentapproachesHowever, thereis a priceto be
paid,namelythatwe arekeepingtrackof all possibldayers.As we
shaw later, one can regard monadtransformersand distributivity
laws asanattemptto squastall theselayersinto onespeci c layer
which,whenpossibleresultsin adatastructurewhichis potentially
easierto manage.However, evenin suchsituations the coproduct
analysisstill contritutesto our understandingg.g.in remindingus
that however we composemonads thereshouldbe an associated
recursionoperator

Ouraim hereis to explain our ideasto the functionalprogramming
community Consequentlyve keepthecateoricaljargondowvnto a
minimum,focusingon intuitionsandexamplesratherthandetailed
proofs;however, attimeswe needto betechnicallyexact(in partic-
ularin Sect4.2). Then,abasicknowvledgeof catayory theory(such
ascatgories,functorsandnaturaltransformationsyvill be helpful.

Theremainderof this paperis structuredasfollows: in Sect.2 we
introducemonadspothastermalgebrasandcomputationamonads
asfoundin Haslell, anddiscusshow distributivity laws andmonad
transformershave beenusedto composemonads. In Sect.3, we
constructthe coproductof two monadsandgive someexamplesof
its use. In Sect.4, we evaluatethe constructionandin particular
shav how distributive monadgorm a specialcase.

2 A Brief History of Monads

Monadsoriginally arosewithin cateyory theoryasmodelsof term
algebras.Suchmonadsprovide goodintuitions asto how to con-
structthe coproductof two monadsand so we begin with them.
Since this is standardmaterial, we refer the readerto general
texts [15] for moredetails.

2.1 Monadsand Term Algebras

Term algebrasare built from signatureswhich are de ned asfol-
lows:

De nition 1. A (single-sortedyignatue consistsof a functionS :
N! Set Thesetof n-ary opemtors of Sis de ned S, = S(n).

De nition 2. GivenasignatureS anda setof variablesX, theterm
algebra Ts(X) is de nedinductively:

x2 X
X 2 Ts(X) f(ty;::1th) 2 Ts(X)

Quotesare usedto distinguisha variablex 2 X from the term

’x 2 Tg(X) andcanbe seenasintroducinglayer informationinto

terms. As we shall seelater, when constructingthe coproduct
of two monads,this layer structureis the central concept. For

every set X, the term algebraTs(X) is also a set; cateyorically

Ts: Set! Setis afunctorover the cateyory of sets. In addition,
for every setof variablesX, thereis afunctionX! Tg(X) sending
eachvariablex to theassociatederm °x. Lastly, substitutiontakes
termshbuilt over termsand attens them, as describedby a func-

tion Ts(Ts(X)) ! Ts(X). Thesethreepiecesof data,namelythe

constructionof a theoryfrom a setof variablesthe embeddingof

variablesastermsandthe operationof substitutionrareaxiomatised
asamonad:

De nition 3. A monadT = hT; h; i onacatgory C is givenby an

endofunctolT : C! (, calledthe action andnaturaltransforma-
tions,h:1) T,calledtheunit,andu:TT) T, calledthemultipli-

cationof themonad satisfyingthemonadlaws p-Th = 1= p-hr,

andp- T = ppr.

We have alreadysketchedhow thetermalgebraconstructionTs has
an associatedinit and multiplication. The equationsof a monad
correspondo substitutionbeingwell behaed, in particularbeing
associatie with the variablesforming left andright units. If we
think of Ts(X) asa layer of termsover X, the unit convertseach
variableinto atrivial layerandthe multiplication allows usto col-
lapsetwo layersof the sametypeinto a singlelayer

Monadsmodel a numberof other interestingstructuresin com-
putersciencesuchas(mary-sorted)algebrai¢dheoriesgcalculiwith
variablebinders[4], termrewriting systemdq12], and,via compu-
tational monads[17], state-basedomputationsgexceptions,con-
tinuationsetc. Several of thesecomputationalmonadsare used
throughoutthis paperandtheir de nition is givenin AppendixA.
Importantly theseapplicationsinvolve basecateyoriesotherthan
Set(in fact, every monadon Setcanbe consideredisan algebraic
theory[16]), and possiblyeven enrichment. Evenin this abstract
setting,monadscan be considerecas a generalisedorm of alge-
braictheorieg[9, 21]. We do not pursuethe theoryin its full gen-
erality here, but shouldbearin mind that althoughwe drav our
intuitions from monadson Set, this is just a particularcasewhich
we dowell notto restrictourselesto.

In therestof this paper we oftenregardT (X) abstractlyasalayer
— in the examplesabove, layerswereterms,rewrites, or compu-
tations;monadghenabstracfrom the natureof alayerandrather
provide a calculusfor suchlayerswheretheactuallayer, theempty
layers,andthe collapsingof two layersof the sametype are are
taken asprimitive concepts.The coproductconstructionwe detail
laterwill thenconsistof all interleavingsof layersfrom thecompo-
nentmonads.

We endthis sectionwith two minor technicalcommentsabout ni-
tarinessand enrichment while not importantfor the basicunder
standingthey areessentiafor the mathematicatorrectness.

Firstly, amonadis nitary if its actiononin nite objectsis deter
mined by its actionon nite objects. For example,for a nitary



signatureS andanin nite setX of variableswe have

)= U

XoCX;Xo nite

Ts(%o)

Cataorically, this propertyis de ned in termsof preseration of
directedcolimits, but we shallnotneedthislevel of detail; however,
someof our constructionsvill only bevalid for nitary monadsso
we introducethe terminologyon aninformal level here. For the
precisede nitions, see[1]. All knovn computationamonadsare
nitary , exceptfor the continuationrmonad[19].

Secondly when reasoningaboutthe semanticof functional lan-
guagesye usuallypassfrom setsto orderstructuressuchascom-
plete partial orders(cpos). Cateyorically, this meansnot only a
changeof the basecateyory, but imposinganorderstructureon the
morphismsaswell (seee.g. [23]; crucially the setof functionsbe-
tweentwo cpo's formsin turnacpo.) Thisis calledenrichmen{8].
We notethatall of thetheoryin thefollowing canbe enriched[9],
but preferto keepthe presentatiosimple.

Thede nition of amonadgivenabove is unlike whatreadersnay
have seenin a functionallanguagdike Haslell. Hereis how the
two arerelated.

2.2 Monadsin Haskdll

In the programminglanguageHaslell, a monadis given by two
operations->= andreturn, which form atypeclass

class Monad m where
(>>=) ::ma> (a>mb)->mb
return :: a ->m a

Thisis theso-calleKleisli-category of amonad:

De nition 4. For a monad T = HT; h;pi, the associatecKleisli-
catggory Cr hasthesameobjectsasC. Eachmorphismf : X! TY
in C givesamorphismfT: X1 Y in G, with compositioris given
g'-fT = (uTg f)t andidentity 1x = h} : X1 TX.

TheKleisli-category for a signatureS hasasobjectssets(of vari-
ablesor terms), and as morphismsassignment®f the form s :
X! Ts(Y). Compositionis by variable substitution,i.e. given
t:Y1 Tg(Z), wehavet-s:X! Ts(Z)ast-s(x) Zt]t(y)=y] for
s(x) =t.

TheKleisli-category canbe consideredhe free syntacticcatayory
generatedrom the signature,and as suchit hassomeattractive
propertiegfor example,uni cation canbe expresseclegantlyasa
coequalisef22]). However, we preferto work with Def. 3 sinceit
is unclearhow to form the coproductof two Kleisli-categoriesdi-
rectly. It is mostcertainlynot the coproductof the two cateyories,
which would just be their disjoint union. In contrast,aswe have
alreadyseen the presentatiorof monadsin Def. 3 supportshein-
tuition basedon layerswhich turnsoutto bethe centralconceptin
constructinghe coproductof two monads.

Fortunately Def. 3 andDef. 4 areequivalentin thesensehatgiven
onewe canalwayscalculatethe otherin abijective manner For ex-
ample,givenamonadT, oneconstructdunctorsFr : ¢! Cr;Gr:
Cr! C whichonobjectsarerespectiely theidentity andT, while

onmorphisms:

Fr(f:X! Y)
Gr(f:X! TY)

(hy-H)TX1 TY
(W-TH):TX! TY

The functor Fr is left adjointto Gt, andtheir compositionresults
in amonadwhichis isomorphicto T [15, TheorenVI.5.1]. Wecan
directly expressthisin Haslell asfollows:!

class Functor t=> Triple t where
eta rra>t a
mu it (ta) >ta

instance Triple f=> Monad f where
x>>=y = (mu . (fmap y)) x
return = eta

instance (Functor m, Monad m) => Triple m where
eta = return
mu x = x >>= id

Of course,we could have de ned a new classMonad or Triple
which hasall of (>>=), eta andmu, but the adwantageof this ap-
proachis that we canuseHaslell's syntacticsugarwhenwriting
down monadswhich we combineusingthe Triple class,andwe
canfurtheruseHaslell's prede nedmonadsasinstanceof Triple,
combiningthe bestof bothworlds.

2.3 Composing Monads

Givena monadmodellingexceptionsanda monadmodellingstate
transformationscan we derive a monadmodelling computations
which caneitherraiseexceptionsor modify the state.More gener
ally, givenmonadsT andR which we maythink of asperforming
T-computationsandR-computationsespectrely, is therea monad
which performsboth?We nish this sectionby discussingwo ap-
proachedgo this problem.

Distrib utivity: A rst guesswould be to considerif the functo-
rial compositeT -Ris amonad.This would requirea multiplication
of theform T-RT-R) T-R but thereis no reasonone shouldex-
ist. Onesolution[6, 10] is to restrictattentionto thosemonadsfor
which thereis a naturaltransformation : RT ) T-R andthen,
given somecoherencdaws, the multiplication canbe constructed
as

I8 rrrr—tHy 1g
Sucha naturaltransformatior is calledadistributive law [2] and
ensureg -Risamonad.A practicalexampleoccurswith theexcep-
tion monadwhich distributesover ary othermonad.Thatis, if E is
a x edobjectof exceptionsandT is a monad thentheassignment
mappingX to T(X + E) is alsoamonad.

TRTR

From our layer basedperspectie, the functorial compositeT-R
corresponddo a T-layer over an R-layer In general,combining
amonadT with a monadR shouldnot include just this speci ¢
layering,but all layerings,e.g. T-R-T or RT-R. Thusit is notsur
prisingthatin generalT -R is nota monad.Now, a distributive law
correspondso aninterchangdaw which permuted -layersover R-
layersandhenceallows usto squashan arbitrarylayeringinto the

ITriple is anotheword for monad2]. Thiscodewill produce
overlappingand undecidableclassinstancesandwill be rejected
by ghc andhugs unlessthe appropriateoptionsaregiven.



speci ¢ layeringT-R. We laterformalisethis obserationby shaw-
ing thatwhenthereis a strong distributive law, notonly is T-R a
monad but it is alsothe coproductmonad.

Monad Transformers: Monadtransformergprovide a partial an-
swerto the questionof composingmonadswhenthereis no dis-
tributivity law present. In a nutshell,a monadtransformer[18]
is a pointedendofunctoron the catgory Mon(C) of monadsover
a x edbasecateyory. Thatis, afunctorF : Mon(C)! Mon(()
mappingevery monadT to a monadF (T), andfor every monadT
a naturalfamily of monadmorphismsar : T) FT. We think of
thefunctorF transformingamonadT to themonadF (T), while at
ensuregshe monadT is sitting insideF (T). Giventhattheidentity
functoris amonadwe maythusregardF asaddingto every monad
T themonadF (1).

Forexample thede nition of theexceptionmonadiransformef11]
is

type ExnT m a = m (Exn a)

As we have alreadyseenthereis adistributivity law presenaandin
this casetheactionof themonadtransformetakesary monadT to
TExn. However, thede nition of the statemonadtransformeiis

type StateT sma=s ->m (s, a)

Thereis no distributive law here betweenthe monadm and the
statemonadwhich allows us to permuteone layer over the other
Neverthelesspnecanseethatthe monadm hasbeenpartially per
mutedpastthe pairing operationalthoughnot pastthe outerfunc-
tion space. So, monadtransformersallow us a more ne-grained
control of the combinationallowing someform of mixing of the
layersbetweerthe statemonadandanarbitrarymonadm.

In ouropinion,theconcepbf amonadtransformeis ratherelegant
but thede nition is toogenerato supportanadequateneta-theory
By this we meanthat given a monad,it is not clearwhetherit is

possibleandif sohow, to de ne anassociatednonadtransformer
For example,therés no monadtransformeffor thelist monadasso-
ciatedto the monadictreatmenbf non-determinisnill]. Another
disadwantageis thatwe have to pick anorderin which to combine
themonadsyhich doesmale aconsiderablelifference Moreover,

whenaddinganew monadtransformeme haveto considethepos-
siblecombinationswith all existingmonactransformerseparately
andthis numberof combinationgyrows quadratically Thus,monad
transformerarenotreally modular

To summarisebothdistributivity laws andmonadtransformersat-

temptto de ne a compositemonadby squashingall the different
layersobtainedy interleaving thecomponentonadsnto onespe-
cic layer As we shall see,the coproductapproactsimply keeps
all thelayers.This shiftin emphasisneanswve buy generalitysince
we canalways composemonads. Of coursethe price to be paid

is thatthe datastructurehasto manageall layersandthis imposes
somecomputationabverhead.

3 The Coproduct of Monads

Having discussedhecurrentapproache® composingnonadswe
now explain our approactbaseduponcoproductsWe rst discuss
abstractlywhatthe coproductmeansandshav how the associated
universalpropertyprovidesa recursionoperator We thendiscuss
theconstructiorof thecoproducbf two monadseforeimplement-
ing it in Haslell anddiscussingts correctnessrie y.

3.1 Usingthe Coproduct

Giventwo monadsT1; To, their coproductcanbe thoughtof asthe
smallestmonadcontainingboth monads.Formally, the coproduct
of two monadss simply the coproductin the cateyory of monads.
For de niti venessve give aformal de nition includingtherelevant
universal property

De nition 5. Given two monadsT and R, their coproduct is a
monaddenotedr + R suchthat

thereare monadmorphismsing : T'!
T+R;

T+ R andiny: R!

for ary othermonads andmonadmorphismsa : T! S, b:
R! S, thereis auniguemonadmorphismfa;b]: T+R! S,
calledthe mediatingmorphism suchthat

[a;b]-ing=a [a;b]-ino=Db 1)
A monadmorphismis just a natural transformationcommuting
with the unit andmultiplication[2, Sect.3.6]. The universalprop-
erty allows usto treatthe coproductof two monadsasan abstract

datatype;so given monadsTriple t1, Triple t2, we have a
typePlus t1 t2 a andtwo injections:

inl :: Triple t1=> t1 a-> Plus tl t2 a
inr :: Triple t2=> t2 a-> Plus tl1 t2 a

Morever, givenary two monadmorphismfrom t1 andt2 respec-
tively to anothemonads, we have a functionout of the coproduct.
The monadmorphismshave thetype t1 a-> s a, but eachhas
to be de ned uniformly for all a, hencethe type of coprod uses
rank-2polymorphismandis not standardHaslell98 arymore:

coprod ::(Triple t1, Triple t2, Triple s)=>
(forall a.tl1 a-> s a)—>

(forall a.t2 a-> s a)-> Plus tl1 t2 a-> s a

Justlike fold onlistsis given by the universalproperty(i.e. free-
nessjnitiality) of thedatatypelal, coprod is givenby theuniver-
sal propertyof the coproductandjustlike fold, it canbe usedto
implementrecursve functionson the coproduct.

We now considera smallexample.Assumethatwe have anexcep-
tion monadexn (seeSect.A.2). Usingthismonadwe cande ne a
function

check :: Char-> Exn Char

check ¢ = if isPrint c || isSpace c
then return (tolower c)
else raise "Illegal character"

which takesits argumentto lower case but raisesan exceptionif
thecharacters neitherprintablenorawhite space We now wantto
combinethis exception-raisindunctionwith a statemonadStore
(seeSect.A.3) to implementa functionwhich imperatively counts
theoccurrencef aparticularcharacteim astring,raisinganexcep-
tion if the string containsnon-printingnon-spacecharacters.The
typeof thefunctionwill be

count :: Ref Int-> Char-> String->

Plus Exn (Store Int) Int

asit usesboth Store (of which Ref is a part) and Exn. Within
the function count, we can use both stateful computationsand
exception-raisingcomputationsinjecting theminto the coproduct



usinginl andinr:

inr (readRef r)

count r _ []
count r x (c:cs)
do ¢ <- inl (check c)
if ¢ == x then inr (incRef r)
else return ()
count r x cs

To runthis computationyve have to mapStore andExn to another
monadusing coprod. Note thatwe have not de ned coprod yet
(wewill dosoin Sect.3.2);thepointhereis thatto usethe coprod-
uct all we needis the universalproperty asgiven by the mediat-
ing morphismcoprod. This follows good programmingpractice
in hiding theimplementatiorof anabstractatatype from the pro-

grammer The simplestmonadpossibleis the identity monad1d,

asde nedin the AppendixA.1. We canusetheidentity monadasa
targetmonadif for botht1 andt2, wehavemapstl a -> a, t2

a-> a. Fortheidentity monadwe geta specialcaseof coprod:

coprod’:: (Triple t1, Triple t2)=>
(forall a. tl1 a-> a)—>
(forall a. t2 a-> a)-> Plus tl1 t2 a-> a
coprod’ £ g x = r where
Id r = coprod (Id. £) (Id. g) x

To evaluateexceptionswe catchall exceptionswhich mightoccur
andto evaluatestatefulcomputationsywe have therunSt combina-
tor. Then,we canrunthe count computatiorwith

run :: Char-> String-> Int
run x s = coprod’ catch runSt
(do r<- inr (newRef 0)
count r x s)

Now we wantto augmenthefunctionby having it printadoteach
time it encountersan occurrenceof the characterit is supposed
to count. Thus, we addthe prede nedI0 monadto the type by

replacingStore Int with Plus (Store Int) IO, andthetype

becomes

count’ :: Ref Int-> Char-> String->

Plus Exn (Plus (Store Int) I0) Int

Thecoderemaindargely unchangedexceptthatwe needto change
theinjectionsof thestatefulcomputationso inr . inl. Thischange
seemsncorvenientat this point, but we will shav how to avoid it
later(seeSect.3.4):

count’ r _ [] = inr (inl (readRef r))
count’ r x (c:cs)
do ¢ <- inl (check c)
if ¢ == x then do inr (inl (incRef r))
inr (inr (putStr "."))
else return ()
count’ r x cs

This example also shawvs that we can use both self-de ned and
built-in monads. To run this example,we cannotusethe identity
monadasthe target anymore, sincewe cannot getout of the 10
monad;hencewe useI0 asthetargetmonad:

run’ :: Char-> String-> I0 Int
run’ x s =
coprod (return.catch)
(coprod (return. runSt) id)
(do r<- inr (inl (newRef 0))

count’ r x s)

Summingup, if we have two differentmonadsandwe wantto im-
plementa computatiorusingboth of these we canusethe coprod-
uct of the two monads. The universal property of the coproduct
givesthe mediatingmorphismcoprod, which allows usto de ne
functions(like run andrun’ above) outof thecoproductpy de n-
ing functionsf andg on the componentmonads.So,we canhave
morethanonefunctionout of the coproductmonad but coprod £
g is determineduniquelyby £ andg.

Now thatwe have seerhow to usethe coproducin apracticalsitu-
ation,we turnto the actualconstructiorof the coproductmonad.

3.2 Constructing the Coproduct

To motivate our generalconstructionwe considerthe simplecase
of thecoproducibf two termalgebranonads Giventwo signatures
S andW with correspondinderm algebramonadsTs and Ty, the
coproductTs + Ty shouldcalculatethetermsbuilt over thedisjoint
union of the signaturesS+W, i.e. Ts+ Tw= Tsrw.2 Termsin
Ts+ w(X) have aninherentotionof layer, asatermin Tg,\ either
is avariableor decomposemto atermfrom Ts (or Ty), andstrictly
smallersubtermswith headsymbolsfrom W (or S respectiely).
Thissuggestshatwe canbuild theactionof thecoproducils, w(X)
by successiely applyingthetwo actionsTs and Ty

(TS + Tw) (X) = X+ Ts(X) + T\N(X)+
TsTs(X) + TsTw(X)+ )
TwTs(X) + TwTw(X)+
TsTwTs(X) +

In termsof Haslell, eachlayer correspondso a particularcompu-
tationalfeature, andthe coproductallows arbitraryinterleavings of

computationdrom the two monads. This re ects one of our key

points,namelythat, in general,T-R is too simple a datastructure
to representheinteractionof T andR sinceoneonly hasa T-layer
sitting above oneR-layer.

Unfortunately equation(2) is too simplein thatdifferentelements
of the sumrepresenthe sameelemenbf the coproductmonad.To
seethis, notethatvariabledrom X arecontainedn eachof thesum-
mandsin theright handside.Similarly, in theexampleof Sect.3.1,
two or morecomputationgrom the samemonadarelayeredabore
eachotherandshouldbe composedisingthe multiplication from
that monad. Therefore the coproductis a quotientof the sumin
equation(2).

Kelly [7, Sect.27] hasshavn the constructiorof colimits of ranked

monadsfrom whichwe candeducecoproductof monadsasaspe-
cial case Rankis ageneralisatiomf nitarinessto highercardinals
which basicallyallows operationsof in nitary arity provided they

areboundedabore by the rank of the monad. Roughly the con-
structionof the coproductfor suchmonadsproceedsn two steps:
we rst constructthe coproductof pointedfunctors,andthenthe
coproduciof two monads.

A pointedfunctoris anendofunctoiS: C! C with anaturaltrans-
formations : 1) S(thisis calledpremonadn [6]). Every monad
is pointed,sotakingthe coproducif pointedfunctorsis a rst step
towardsthe constructionof the coproductof monads.In the term
algebraexample thenaturaltransformatiorht : 1) Ts modelsthe

2Thisreliesonthefactthatthemappingof signatureso monads
preseresthecoproductwhichit doesbecausét is aleft adjoint.



variablesandthe coproducif two pointedfunctorsS, T shouldbe
the functorwhich for ary givensetX returnsthe unionof TX and
SX with thevariablesdenti ed.

In Set, we identify elementwf a setby taking the quotient. Thus,
for exampleto sharethe variablesfrom X in Tg(X) + Tw(X), we
quotientthe setby the equivalencerelationgeneratedy ’x  ’x
wherethequoteof theleft-handsideinjectsthevariableinto Ts(X),
whereaghe quoteon theright injectsthe variableinto Tyy(X). Cat-
egorically, this processs modelledby a pushout

De nition 6. Giventwo pointedfunctorshT; hti andhR; hRi, their
coproductis given by the functorQ: C! ¢ which mapsevery
objectX in C to thecolimit in (3)

h
X —L& TX
hr b ST (3)
RX X
SR Q

The coproductof monadss constructegointwiseaswell: the co-
productmonadmapseachobjectX to the colimit of a speci c dia-
gram.

De nition 7. Giventwo nitary monadsT = hT;ht;uri andR =
MR; hg; Uri , the coproductmonadT + R mapsevery objectX to the
colimit of sequence,, de ned asfollows:

T+ R(X) — colim

b<w Xy

Xo=X X1 = QX Xy+ 1 = colim(Dy,)
whereQ; sT;sr aregivenby Def. 6, andDy, is thediagramin Fig. 1
with the colimiting morphismxy, : Dy ! Xy 1. Giventhe shapeof
the diagram,x,, is a singlemorphismx, : QX%, ! X+ 1 makingall
arrovsin thediagramcommute.

TXb 1,
\6
TTxb T TS T s 12 T,
\/\
%
Es
RRY — RRY%. = RQ%1 = R%

N
* R%fégq

Figure 1. The diagram de ning the coproduct.

Notethatthetwo trianglesontheleft of Fig. 1 arenotthe unit laws
of thetwo monadsT;R (seeDef. 3), otherwisethe diagramwould
betrivial.

Def.3 hasbeengiven for nitary monads,and can easily be ex-
tendedto monadswith rank, usingtrans nite induction. However,
it is unclearhow this would work out in practicalterms,sowe re-
strict oursehesto nitary monadshere. As hasbeenpointedout
earlier all knovn computationaimonadsare nitary exceptthecon-
tinuationmonad which actuallydoesnotevenhave arank. Despite

beinga generalanswerto the constructionof the coproductof two
monads,the usefulnesof Fig. 1 is limited in practicesincethe
shape sizeand contentsof the diagrammale it dif cult to reason
with directly. We now turn to our contritution, namelyan alterna-
tive constructionwhich tradedessgeneralityfor greatersimplicity.

3.3 Implementing the Coproduct

De nitions 6 and 7 shav the main dif culty we are facedwhen
implementingthe coproduct: namely that the coproductis not a
free datatypeput a quotient (The usualconstructiorof the colimit
of adiagramis to take the coproducif all the objectsappearingn
thediagram andquotientit by therelationdescribedy thearrons
[15,V.2])

Thesolutionto thisis to choosea representingypefor the coprod-
uct, treatit asan abstractdatatypewith the threeoperationsrom

Sect.3.1 (andthe monadoperations)andhave the operationsop-

erateon representaties of the equivalenceclass. Thus,we needa
decisionprocedue for this equivalence.Unfortunately in general
this is impossible:for exampleif the monadsare modellingalge-
braictheories(ie termalgebrasjuotientedby equations)thenthis

amountsto askingif two elementss;t 2 TX are equalunderthe
equationf thetheory Thisis in generaundecidable.

However, in orderto decidethe equivalencefrom Fig. 1, we do

notneedto decidethefull equationatheoryof thetwo monadsn-

volved, but merelywhenan elementt is in the imageof the unit

h, i.e. t = h(s). Suchalayeris calleda variable layer andthe

following example demonstratesheir importance: an elementof

TsTwTs(X) consistof aS-layerover aWlayerwhichis itself over

aS-layer If themiddleWHayeris avariablelayer, thenin thequo-

tientthis elementwill be equalto the elementof TsTg(X) consist-
ing of thetwo S-layers.In turn, thiselemenwill beequalto there-

sultof applyingthemultiplicationof Ts. Ourconstructiorconcerns
itself with layeredmonaddor whichthisquestionis decidableThe

nameis choserto indicatethatfor suchmonadsve cantell if anel-

ementis a properlayeror avariablelayer Concretelya monadis

layered if thereis a function h;l :TX! 1+ X for all X, which

for t in TX eitherreturnsanelementx of X suchthath(x) =t, or

returnsthe canonicaklement of 1, if thereis no suchx. (In other
words, h—1 is partial.) While the coproductfor ary two monads
with rank exists,andis givenby Def. 7, our constructiorwill only

applyto layeredmonadsbut, for thesemonadspur constructions

simplerandhenceeasierto reasorabout.

De nition 8. A layered monadis a monadT = hT; h; i suchthat
thereis a naturaltransformationhy ! : TX) 1+ X, which is a

partial left inversefor hy, i.e. for all X, h)’(l-hx = in; (where
ing: X! X+1istheinclusion).

Layeredmonadsallow usto decidethe ecluvalenceon QX from
Def. 6 asfollows: sis equialentto t iff h & .The
type classof layeredmonadsis a straightforvard exten5|onof the
Triple classithecodomainX + 1 of h—1 correspondso Haslell's
Maybe type. In fact,we will only considedayeredmonadshence
we will addthisfunctionto theclass:

class Functor t=> Triple t where
etalnv :: t a-> Maybe a

It mightbetemptingto provideetalnv _ = Nothing asadefault
de nition, butthatwould bewrongin beingsemanticallyincorrect.



AnalysingFig. 1, we canseethe coproductwill eitherconsistof el-
ementf theform TX, or RX,, whereX,, is againarepresentation
of the coproduct,or for the basecase, Xyo = X. Hencegiven two
monaddtriplest1 andt2), the coproducwill berepresentetly a
recursve datatypewhich containseithera layerfrom t1, or from
t2, or avariable:

data Plus t1 t2 a = T1 (t1 (Plus t1 t2 a))
| T2 (t2 (Plus t1 t2 a))
| Var a

wheret1 andt2 areinstancef Triple.® Thecoproducwill be
a quotientof this datatypeby the equivalencerelationgeneratedby
the diagramDy, (Fig. 1). To understandhis equivalence we come
backto equation(2) wherethereare threeforms of equalities. In

thefollowing, let S=fF;Gg andW= f Hg.

For a variablex 2 X, we have x2 X, ’x 2 Tg(X) and >’x 2
TwTs(X) (and mary more); all of theseshould denotethe
sameterm. This equivalenceis generatedy Def. 6, andthe
arrons s1,;8q in the diagram. For the implementationwe
needto usethe mapetalnv to detectandremove thesevari-
ablelayers.

Thetermst; = GG’x 2 Tg(X) andty = G’G’x 2 Tg(Ts(X))
are both equivalentto GG’x 2 Ts+w(X). By collapsingthe
two layers, one identi es theseterms. This equivalenceis
generatedy the arrons pr; Ur in the diagramwhile the im-
plementatiorwill needto checkfor repeatedayersanduse
therelevantmultiplicationto collapsesuchlayers.

The sum (2) oversimplied mattersby consideringonly

termswhich, whendescendingrom the root to ary leaf, we

pasghroughthesamenumberof quotes.However, termssuch
asF(’G’x, ’H’x) in Ts(TsX 4 Tw(X)) mustalsobe consid-
ered.Giventhatthe symbolG comesfrom the samesignature
asF, we createa repeatedS-layersothatthe F andG canbe

collapsedogetherIn effect, wetry to createa S-sublayemun-

derneaththe top S-layerto which the multiplication canthen

beapplied.

Thus, a normal form for the equivalencegeneratedrom Dy —

calleda withess— shouldbe a term which hasno variablelayers
and no subtermswhosetop symbol comesfrom the samemonad
asthe term as a whole. Drawing togetherall the threequotients
just mentionedall of the following termshave the samewitness,
namelyts:

t, = FCGx, 'HY)
t2 — ’F(”G’X, ,)H’Y)
t3 = F(@@G’x, "Hy)

Note that for legibility we do not distinguishbetweenthe quotes
associatedo S andthoseassociatedo W. Thusfrom Def. 2, we
have that if x 2 X, then °x 2 Tg(X); hence,if t 2 Tg(X), then
't 2 Ts(Ts(X)), or °t 2 Tyw(Ts(X)). Thus,the quotessyntactically
representhe layer information (which would otherwiseonly be
presenimplicitly).

In orderto calculatehewitnessof aterm,werecursvely stripaway
all unnecessarguotesand collapselayerswherever possible. To
de ne thefunction calculatingthe witness,we usethe factthatthe
datatypePlus is aninitial algebrauY:FY of thefunctorFY = X +

SHaslell would allow usto putclassconstraint®nthevariables
t1 andt2 here,but this only constrainghe typesof the construc-
tors,which is abit pointless.

TY +RY (X arethevariables) andwe cangive arecursve function
MY:FY ! Aoutof thisdatatypeby giving anF-algebrastructureto
A i.e.amapFA! A, whichin turn meanghreefunctionsX! A,
TA! A,/ RA! A Asahigherorderfunction,thisis calledfold
(justlike its counterparbn lists):

fold :: (Functor tl1, Functor t2)=>
(a=> b)-> (t1 b-> b)-> (t2 b-> b)—>
Plus t1 t2 a -> b
fold e f1 £f2 (Var a) e a
fold e f1 £f2 (T1 t) f1 (fmap (fold e f1 £2) t)

fold e f1 £2 (T2 t) = f2 (fmap (fold e f1 f2) t)

De ning the function strip which strips away all unnecessary
guotesis straightforvard:
stripl :: Triple ti1=>
t1 (Plus t1 t2 a) -> Plus tl1 t2 a
stripl t = case etalnv t of

Just x -> x

Nothing -> T1 t
strip2 :: Triple t2=>
t2 (Plus t1 t2 a) -> Plus tl1 t2 a
strip2 t = case etalnv t of

Just x -> x

Nothing -> T2 t
strip :: (Triple t1, Triple t2)=>
Plus tl1 t2 a-> Plus tl1l t2 a
strip = fold Var stripl strip2

Collapsinglayersis achieved by the multiplicationu: TT) T, so
for examplep(F(°G’x,’*H’y) ) = t3 above. But we alsohave to
collapsethe termt; to tz, andt; is not elementof Ts(Ts(X)), but
of Ts(Ts(X) + Tw(X)). In otherwords, we could collapsein the
rst agument,but not the second.However, the secondargument
is equivalentto the term ’ *H’x, which is in Tg(Tw(X)), sot; is
equvalenttot] = F(’G’x, ’*’H’x) 2 Tg(Ts(X + Tw(X))) which
now hasarepeatedayerto whichthe multiplicationcanbeapplied
to give t3. This latter processwe call lifting aswe areraisinga
sub-layer

All of this motivatesthe following de nition: to calculatethe wit-
nesswe rst recursvely calculatehewitnessof thesubtermsthen
lift thetop sublayeto createarepeatedayerif possiblethenapply
themultiplication;and nally strip of thetoplayerif it is avariable
layer Of these,the recursve calculationis achiezed by de ning
thewitnessfunctionin termsof fold from above, which appliesits
argumentfunctionsrecursvely to all subterms:

liftl :: Triple ti1=>

Plus t1 t2 a-> t1 (Plus t1 t2 a)
1lift1 (T1 t) =t

liftl t =eta t

witl :: Triple ti1=>

t1 (Plus t1 t2 a) -> Plus t1 t2 a
witl t = stripl (mu (fmap liftl t))

lift2 :: Triple t2=>

Plus t1 t2 a-> t2 (Plus t1 t2 a)
1lift2 (T2 t) = ¢t

1ift2 t =eta t

wit2 :: Triple t2=>



t2 (Plus t1 t2 a) -> Plus tl t2 a
wit2 t = strip2 (mu (fmap 1lift2 t))

wit :: (Triple t1, Triple t2)=>
Plus tl1 t2 a-> Plus tl t2 a
wit = fold Var witl wit2

We cannow implementeta andmu, andhencemale P1lus anin-
stanceof Triple. Forthis,weneedo startby makingit aninstance
of Functor:

instance (Functor t1, Functor t2)=>
Functor (Plus tl1 t2) where
fmap £ = fold (Var. f) T1 T2

Thesimplestde nition of mu would be

mu :: (Triple t1, Triple t2)=>
Plus t1 t2 (Plus t1 t2 a)-> Plus tl1 t2 a
mu = wit. fold id T1 T2

But the agumentof mu consistsof Plus t1 t2 termsbuilt over
Plus t1 t2 terms,andwe canassumehattheseare alreadyin
normalform, sowe only needto computethe withesse®f the “up-
per” layer.

instance (Triple t1, Triple t2)=>
Triple (Plus t1 t2) where

eta x = Var x

etalnv (Var x) = Just x
etaInv (T1 t) = Nothing
etaInv (T2 t) = Nothing

mu fold id witl wit2

All thatremainsarenow theinjectionsinto the coproductandthe
unique mediatingmorphism. The injectionsare simple (we only
give one):

inl :: Triple t1=> t1 a-> Plus tl1l t2 a
inl t = T1 (fmap Var t)

For the de nition of the unique mediatingmorphism,we recur
sively evaluatethe layersof coproductin thetargetmonad. Given
monadmorphismst or g, we apply £ andg to eachlayer of the
coproductand composethe resultingcomputationwith the multi-
plicationof thetargetmonad:

coprod :: (Triple t1, Triple t2, Triple s)=>

(forall a. t1 a-> s a)->

(forall a. t2 a-> s a)-> Plus tl t2 a-> s a
coprod f g = fold eta (mu. f) (mu. g)

Note that f andg abose have to be monadmorphismsj.e. com-
mute with unit and multiplication. Justlike the monadlaws, we
cannotdenotethis in Haslell, soit is an externalassumptiorthat
the programmeis responsibldor.

To sumup, the coproductof two monadswith rank,a mild techni-
cal condition,alwaysexistsandis givenby Def. 7. This de nition,
however, is very abstractanddif cult to reasonwith directly, so
we have givenasimpleimplementatiorfor alarge classof monads
calledlayeredmonads. To be precise,this implementationvorks
for all nitary layered monads which include all usualcomputa-
tional monadsexceptfor the continuationmonad.

In our implementationsbore, we have striven for clarity, not ef-
ciency. For example,the fmap operationfor the coproductis

guadraticin the numberof layers,sinceit usesfold. Hereis a
moreef cient version,whichis linearin the numberof layers:

instance (Functor t1, Functor t2)=>
Functor (Plus t1 t2) where
fmap £ (T1 t) = T1 (fmap (fmap £f) t)
fmap £ (T2 t) T2 (fmap (fmap f) t)
fmap £ (Var x) = Var (f x)

The witnessoperationas given above is quadraticin the number
of layers, and hencethe multiplication (mu) of the coproductis

guadraticin the numberof layersof the uppermonad(i.e. in the
(>>=) operationof theKleisli catgory, theright algument). That
could be improved, sincewe do not needto recomputethe whole
witnessof the upperlayer, but merely needto checkwhetherwe

cancollapselayers. However, in a typical situationthe upperlay-

erswill only consistof onelayer aryway (seethe examplefrom

Sect.3.1), sothe presentde nition seemsa goodmix of simplic-

ity andefciency. An optimisedimplementationshouldbe linear
in the numberof layers,sincein principle we only needto check
whetherthe new layerwhich is addedcanbe collapsedwith ary of

thetop layersfrom thetermit is addedo, but we have not pursued
thematterfurtheryet.

3.4 Monad Transformers Revisited

We have claimedthat monadtransformersanbe seenassquash-
ing the differentlayersin the coproductmonadinto one particular
monad. While the de nition is elegant, there seemdlittle meta-
theoreticsupport,e.g. it is not clearwhenandhow onecande ne
a monadtransformerfor a speci ¢ monad. A relatedproblemis
that monadtransformerscan not be usedfor to combineexisting
monadqlik e the ubiquitousI0 monad).

Having saidthat, the coproductgivesus a canonicalmonadtrans-
former, which hassomepracticalrelevance.

THEOREM 3.1. GivenanymonadT, thefunctorT + _ which takes
anyothermonads to thecoproductwith T is a monadtransformer

PrROOF. The coproductconstructionis functorial. Pointednesse-
quiresfor every monads amonadmorphismsS) T+ S. Thiscan
be taken to be the inclusion of the coproductand then naturality
follows from the naturalityof inclusions asdoesthefactthatit is a
monadmorphism. [

We can usethis to introducesome conventionswhich male the
coproductmore readily usable. Recall that in Sect. 3.1 above,
as we addedthe 10 monadto the coproduct,we hadto replace
someexisting injections,becauseve changedhe type of the ex-

pressiofromPlus Exn (Store Int) InttoPlus Exn (Plus

(Store Int) I0) Int. Clearly thisis incorvenient;if we want
to addamonadto analreadyexisting computationwe do notwant
to have to changeexisting injections.

Now, the catgory Mon () of monadover ¢ hasaninitial object,
namelythe identity monadId (seeSect.A.1), andin ary cateory
with coproductaandandaninitial object0, we have X +0 = X.

In otherwords, for every monadT, we have T+ Id = T. Thus,
if we have a function which hasthe resulttype t a, we canal-
waysreplacethiswith thetypePlus t Id a, andinserttheinjec-
tionsinl e for termse:: t a. If we now wantto adda second
monads, all we needis to changethetypeto Plus t (Plus s
Id a); previously existing codepertainingto themonadt remains



unchangedwhile new codeis transformedn thatwe needto write
inr (inl e’) for expressiong’:: s a. To adda third monad
m, we changethetypeto Plus t (Plus s (Plus m Id)), and
write inr (inr (inl e)) etc. Thus,the monadId senesasa
placeholdeifor future extensionsandtheseextensionsdo not alter
the currentlyexisting code?

As abrief example,assumehatabose we would have startedwith
arecursve versionof the count function. Thiswould have type

count :: Char-> String-> Plus Exn Id Int

Then,the rst extensionwould be to addthe imperatie counting,
leadingto thetype

count :: Ref Int-> Char-> String->

Plus Exn (Plus (Store Int) Id) Int
and nally , with theadditionof 10, we would obtain

count :: Ref Int-> Char-> String->

Plus Exn (Plus (Store Int) (Plus IO Id)) Int

but unlike above, thesecondrersionwould alreadyuseinr . inl to
embedhe statefulcomputationssowhenaddingthe I0 monadwe
would not have to changehe existing code.

In Haslell, thiswould needsomesyntacticsugarto reducetheclut-
ter (we wantto readandwrite t insteadof Plus t Id, write per
hapsinn for inr"(inl t) etc.),akinto thedo notation.

4 Properties of the Coproduct

Of coursewe have to justify the construction®f the previous sec-
tion. A full formal correctnesproofwould bevery categyoricaland
henceoutsidethe scopeof this paper but we will sketchhow one
goesaboutproving correctness.Moreover, the de nitions intro-
ducedin this sectionwill alsobeusedlateron.

4.1 The Coproduct asa Free Algebra

Firstoff, notethatthedatatypePlus t1 t2 aisnotthecoproduct
of thetwo monadsj.e. (T +R)(X) & Plus t1 t2 a. Ashasbeen
pointedout,Plus t1 t2 aonlyrepresentthecoproductwhichis
actuallyaquotientof Plus t1 t2 a

The straightforvard way to prove this quotientis the coproduct
monadwouldbeto rst shav thatthemonadaws holdfor thequo-
tient, andthenprove thaton the equivalenceclassestheinjections
inl andinr aremonadmorphismsthatcoprod f g is amonad
morphism thatit is unique,andthatit satis esequationg1). This

is alot of work; fortunately from the cateyorical constructionsve

emplagy, thereis aneasiemway. This alternateproofrestsontheidea
thatonecanunderstan@ monadthroughits algebras

De nition 9. An algebra (X;h) foramonadT = HT; h; i onacat-
egory C is givenby anobjectX in ¢, andamorphismh: TX! X
which commuteswith the unitandmultiplicationof themonad,i.e.

1x = h-hyx h-ux =h-Th (4)

4Note that the quadraticcompleity of the mu operatormen-
tioned abore doesnot have a detrimentaleffect here, since by
its constructionthe Id monaddoesnot actually build ary proper
layers—everythingis avariable.

The catgyory of algebrasfor T and morphismsbetweenthem s
calledT Alg.

Wethink of aT-algebra(X; h) asbeingamodelwith carrierX. The
maph ensureghatif onebuilds termsover a sucha model,then
thesetermscanbe reinterpretedvithin the model. This is exactly

what oneis doing in the term algebracasewhere one assignsto

every functionsymbol f of arity n aninterpretation[f] : X" ! X.

Sincemonadsconstructfree algebraswe canprove afunctorto be
equalto a monadif we canprove that the functor constructdree
algebras.In particular we canprove a functorto be the coproduct
monadif we canprove it constructdree T + R-algebrasvhich are
de ned asfollows:

De nition 10. The category T+R-Alg has as objects triples
(Ashe;hy) where(A; hy) isaT-algebraand(A; hy) isanR-algebra A
morphismfrom (A; hy; hy ) to (A'; h{; by ) consistof amapf : Al A
which commuteswith the T andR-algebrastructureson A andA'.

Thereis anobviousforgetfulfunctorU : T+R-Alg! ¢, whichtakes
aT + R-algebrato its underlyingobject,andwe have thefollowing:

PropPosITION 4.1 ([7, PROP. 26.4]). If the forgetful functor
U :T+R-Alg! ( functorhasaleftadjointF: C! T+R-Alg,i.e.
if for everyobjectin C theris afreeT + R-algebra, thenthemonad
resultingfromthis adjunctionis the coproductof T andR.

Thusto shaw thata functor Sis the coproductT + R, we canshav
thatfor every objectX, SX is a T + R-algebraand, moreaer, it is
thefree T + R-algebrajin otherwords,if thereis ary otherT + R-
algebra(A; h; hi,) andamorphismf : X! A, thenthereis aunique
algebramorphism!¢ : X! Y.

Prop. 4.1 shaws that action of the coproductmonadcreatesfree
algebras.Functionsde ned using suchmorphismsare sometimes
called catamorphismg3], and the canonicalexampleis the free
datatypeof lists, andfunctionsusingfold onlists. So, coprod is
for the coproductof monadswhat fold is for lists, andhencewe
canuseit in thisway aswedid in Sect.3.1.

4.2 Distributivity Revisited

Fromourperspectie, composingwo monadst andR meansom-
biningall possiblenterlearzingsof layersfrom thecomponentmon-
adsin T+R. In contrastthe approactof distributivity is to con-
sideronly onepossibldayering,namelyT -R consistingof aT -layer
above anR-layer. However, in thepresencef astrongdistributivity
law, the monadT R actuallyis the coproduct. Thusan alternatve
analysids thatdistributivity is aspecialsituationin whichall layers
canbesquashethtothelayerT-R. Firsttherelevantde nitions [2]:

De nition 11. Giventwo monadsT = hT;h;pi;S =hS z;xi, adis-
tributive law is a naturaltransformationl : T-S) ST satisfying
four coherencéaws [2, Sect.9.2].

Thefour coherencéaws statethatl respectshe unit andmultipli-
cationof themonadse.g.xt =1 -TxorSul t-Tl =1 -ps.

Givensuchadistributive law | , we have the compatiblemonad[2,
Prop.9.2.2]T = hST;h*;u*i with h* = Sh-z;u* = Suxr1-9 7.

However, with a slightly strongerdistributive law, the compatible
monadis alsothe coproduciof T ands.



De nition 12. Given two monadsT = hT;h;ui;S = hSz;xi, a
strongdistributive law is adistributivelaw | : T-S) ST suchthat,
for ary T+ S-algebra(X;a;b), diagram(5) commutes:

Thb_

TSX TX

I

STX a (5)
ap P

X ——7= X

THEOREM 4.2. GiventwomonadsT = hT;h;ui;S =hS;z;xi and
a strongdistributivelaw | : T-S) ST, thecompatiblemonadT =
hST;h*;u*i is thecoproductof T andsS.

Proor. Toshawv thetheoremwe rst giveT aT -+ S-algebrastruc-
ture,andthenshaw it is a freealgebra.By Prop.4.1,it is thenthe
coproductl +S.

Thealgebrastructureis givenby two maps

It Su

X
i TSTX =' STTX == sTX

SSTX — STX
Equationq4) easilyfollow from thecoherencéaws of thedistribu-
tive law, andthe unit laws of themonads.

We now have to shaw that the algebrastructureis free. To this
end, we shav that given ary otherT + S-algebra(K;a;b) anda
morphismf : X I K, thereis a uniquemorphism!s : STX! K
suchthat!s-h* = f, and!; is aT + S-algebramorphism.

The uniguemorphismis de ned as!s = b-Sa-ST f. Diagram(6)
shaws that ! 1-h* = f, wherethe squaresare naturality squares,
andthe trianglesare the left equationof (4) for the T + S-algebra
(K;a;b).

z Sh

X - X =~ STX
f Sf ST f
? ? ?
K—2- s gk
<
P b Sa (6)
b L b
K X
0 b
X I?
K
To shaw that! s is analgebramorphismwe have to shav that
S Tt
SSTX - XK TSTX = TK
Ik
XT b STTX a @
2y, P s h
STX ———= K STX ——= K

Theproofsaresimplediagramchaseswhich we omit here;the rst

usesnaturalityof x and(4) for (K;a); for the secondye addition-
ally needstrongdistributivity (5).

Now assumeve have anotherT 4 S-algebramorphismm: STX'!
K s.t. mh* = f, andconsiderdiagram(8); thelower two parallelo-

ST
STX Z - ST
>
N N
1 SSTX STSTX
% > STm
? ‘ %
STX 1 SSTTX STK
8
\%\ @} (8)
N ?
1 SSTX %
/ sm
? ?
STX x
m /
?
K

gramsare(7) with mfor !¢ (sincemis aT + S-algebramorphism),
thetrianglesontheleft aretheunitlaws of themonadsthediamond
is naturalityof | , andthetriangleon thetop coherencef | . Now,

the arrov on the left-handfaceof the diagramis m, andit equals
thearravs ontheright-handfaceof thediagram andwe have (with

theassumptionf = m-h* =m:-Sh-z)

m = b-Sa-STmSTSh-STz
= b-SAa-ST(mSh-2)
= b-SaSrf

making!; uniqueasrequired. ]

It shouldbe pointedout thatthe strongdistributivity requirements
more than a meretechnicalcondition. For example,considerthe
two monadsgiven by signaturesS = f Fg; W = f Gg with a unary
operationeach. The termsin Tg(X) areof the form F"(x) (i.e. F
appliedn times). Thenclearlythereis adistributive law | : TsTyy)
TwTs, which takes F"(GM(x) to G™(F"(x). However, thereis no
strongdistributive law asthis would requirethattakingary carrier
setwith ary two unaryoperationstheseshouldcommute.

Therelevanceof Theoremd.2is thatevenwhenworking with dis-
tributivity laws, we are closeto working with the coproduct. The
prime examplehereis if oneof the monadsin questionis the ex-
ception monad, then we always have a strong distributivity law
| Exn : Exn-T) T-Exn, hencefor ary othermonadT, we have

T +Exn(X) = T(Exn(X)) 9)



5 Conclusion

This paperhasintroducedthe coproductof two monadsas their
canonicalcombination: the smallestnon-interactingcombination
of their computationakffects. From the generalcateyorical con-
struction[7], we have derived animplementationin Haslell for a
wide classof monadsthe so-calledayered monads.

Computationsin the coproductmonadcan be thoughtof as se-
quencef stepsin the two componentmonads.In particular the
monadsretain their laziness. Thus, Store a + Store b is se-
quence®f stepsin Store a andStore b; thisis however notthe
sameasthemonadStore (a, b), sincein thelatterwe canstore
andretrievetuplesof (a,b), whichis notpossiblein thecoproduct.

We have investigatedhe relationshipof othercombinationshased
ondistributivity, andhave shawvn thatif thetwo monadsarestrongly
distributive, thentheir coproductoincideswith thefunctorialcom-
position. Comparisorwith monadtransformergasshavn thatthe
coproducis amoregeneral,e xible approactwith astrongemeta-
theory

In Haslell (andin particularthe Glasgav Haslell Compiler GHC),
the I0 monadis themotherof all monadsijt hasmutablereferences
(i.e. statetransformers)input/output,concurreng, exceptionsand
muchmore.In our approachye would suggesto dismantlethe 10
monadinto its constitutingmonadsandcombinethemwith the co-
productasneeded.This hasthe advantagethatthe effectsof most
monadscanbe localised,so usinge.g. statethreadsor exceptions
in one part of the programwill not make the type of every func-
tion usingthis part monadic,asis currentlythe casewith the 10
monad.Of course the I0 monadcanberecorered(andcontinued
to be used)asthe coproductof all its components.It remainsto
be investigatedvhetherthe optimisationscurrentlyaffordedto the
10 monadby GHC canstill becarriedoutin our style,but it seems
unlikely this shouldnot bethe case asall thatwould be doneis to
provide amoreprecisetyping.

We are con dent that this approachwill scaleto the combination
of morethana handfulmonadsnot leastbecausehe coproductis
only the simplestway of combiningmonads.If we allow arbitrary
colimits of monadsthis will allow sharedcomputatioreffects(for
example,sharedstateor sharedexceptions) andimposedequations
suchasthe distributivity laws (by usingcoequalisers)This situa-
tion is notuncommonfor example whencombininga statemonad
with anothemonad,we typically do not want a statefulcomputa-
tion, followedby a computatiorfrom the othermonad followedby
anotherstatefulcomputation asthenthe secondstatefulcomputa-
tion knows nothingaboutthe rst, andin particularcannotaccess
its state;we would wantthe statefulcomputatiorto distribute over
the othercomputationso the secondstatefulcomputationcanuse
the stateleft by the rst statefulcomputation.This is relatedto re-
centwork by Plotkin, Paver andHyland[5], wherethey describea
commutatve combination which correspond$o animposeddis-
tributivity law in our sense.Technically their work usesso-called
Lawveretheorieshut theseareequivalentto monadg20].

In summarythe coproductof monadss a simple,modularway of
combiningtwo monads.It is more generalthandistributivity and
monadtransformersis applicablein nearlyall casesandbasedn
soundmathematicafoundations. We believe it shouldthe func-
tional programmers'rst choicewhencombiningmonads.
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A Some Useful Monads

Thisappendixcontainghede nitions for themonadsasusedin the
text.

A.1 Theidentity monad
Theidentity monadis very simple:
newtype Id a = Id a
instance Functor Id where

fmap £ (Id x) = Id (f %)
instance Triple Id where

eta x = Id x
etalnv (Id x) = Just x
mu (Id x) =X

Theidentity monadis theinitial objectof Mon(C), asfor ary other
monadT = hT; h; i, theunitis monadmorphismfrom Id to T; this
givesauniquemonadmorphism!it : Id! T.

Theidentity monadis trivially nitary.

A.2 Theexception monad

Theexceptionmonadaddsanerrorelemento thebaseIn category
theory thisis alsoknown asthelifting monad

type Error = String
data Exn a = Exn Error | Base a
instance Functor Exn where

fmap f (Base x) = Base (f x)
fmap £ (Exn e) Exn e

instance Triple Exn where
eta = Base

etalnv (Base a) = Just a
etalnv (Exn e) = Nothing
mu (Exn e) = Exn e
mu (Base (Exn e)) = Exn e

mu (Base (Base b)) = Base b

Theidentity monadis nitary: if we addanerrorelemento all -

nite subsetof anin nite setof variablesandtake their union, all
the exceptionsare uni ed, leaving us with anin nite setof vari-
ablesandoneerror element. An easierway to seethis is thatthe

exceptionmonadis the free monadon a signatureconsistingonly
of oneconstant.

A.3 Thestore monad

The storemonadis a simple statetransformermonad. The state
is a list, andreferencesareindicesinto the list. This is not very
efcient, but simple. We leave out theimplementation®f newRef

etc,sincethey arestandard.

data Store a b = St ([a]l-> ([a], b))
instance Functor (Store a) where
fmap £ (St s0) = St (\s—> let (s1, x)= s0 s
in (s1, f x))

instance Triple (Store a) where

eta a =8t (\s—> (s, a))
etalnv (St s) = Nothing
mu (St s0) = St (\s—> let (s1, St c)=s0 s
in c¢ s1)
data Ref a = Ref a Int
newRef :: a -> Store a (Ref a)
readRef :: Ref a-> Store a a
writeRef :: Ref a -> a-> Store a ()
runSt :: Store a b-> b
incRef :: Num a=> Ref a-> Store a ()

incRef r = do i <- readRef r
writeRef r (i+1)

The statetransformemonad,of which this storemonadis a par
ticularexample,is nitary providedtheunderlyingstateis nite (a
reasonableassumption).So the storemonadis nitary aslong as
we restrictoursehesto nite lists of stores.

The full sourcesfor the code usedin this papercan be found
at http://www.informatik.uni-bremen.de/”cxl/papers/
icfpO2-src.tar.gz



