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Abstract

Interactive theorem proving systemsfor mathematics require user interfaceswhich
allow for userinteraction that is asnatural aspossible. Howewer, this interaction is
often limited by the traditional calculi underlying most theorem proving systems.
This is particularly problematic with respect to the application of assertionsand
intuitiv e preseration of proof states. In this paper we shov how a more exible user
interaction can be realized when traditional calculi for classicallogic are replaced
by a lessrestrictiv e reasoningengine, the recertly dewveloped CORE[2] system. We
describe the task level which is built on top of the COREsystemand combines the
Proof by Pointing approad [5] with a exible medanism for the application of
assertionsthat avoids decomposition and abstracts from the syrntactical form of an
assertion. We demonstrate how proof stepsthat are di cult to implement in other
systems,like forward application of assertions,are quite naturally supported by the
underlying CORE system and are therefore straightforward to realize at the task
level.

Key words: Interactive Theorem Proving, Tasks, Proof by
Pointing, Assertion Application

1 Intro duction

Interactive theorem provers (ITPs) are usedin a variety of domains, ranging
from proof assistans for formal methods to mathematical assistan systems
for tutoring mathematics. Successfulpplication of ITPs in thesedomainsre-
quiresto support a human oriented reasoningstyle. Most ITPs are therefore
basedon natural deduction (ND) or sequeh calculus(SK) reasoningengines
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which match the human reasoningstyle better than calculi developed for auto-
mated reasoning(e.g. the resolutionprinciple). Howeer, becausdhesecalculi
have beeninvented for proof-theoretic purposesthere are still many problems
inherert to interactive proof frameworks basedon thesecalculi. Two particu-
larly prominent problemswith respect to interactive theorem proving are the
presentationof proofs and the application of assertions

These problemsbecomeimmediately apparert when we look at a sample
sequen calculusproof (Fig. 1). We seethat the original goalformula becomes

P) Q) RRP " P P) Q;Q) R/P,Q" Q
P) Q) RP"Q P) Q) R,P,R' R
P) Q) RIP R
P) Q) R"P) R
(P) Q" (Q) R) " P) R
“(P) Q7 Q) R)) P) R

Fig. 1. A sequen calculus proof.

decompmsedthroughout the proof which makes proof presenation di cult.
For the samereasonit is dicult to support the application of assertions
(formulas on the left hand side of a sequet) in an intuitive manner. In
particular, the application of an assertiondependson its syrtactical structure.
For example,the stepsnecessaryto apply P ) Q and: P _ Q aredierent
in a sequeh calculusalthough P ) Q and: P _ Q are logically equivalert.
Similar problemsarise when proofs are constructedin the ND calculus.

To improve userinteraction with systemsrelying on the SK or ND calculus
much work was undertaken to presen proofsin a more userfriendly way and
to hide the calculusas much as possiblefrom the user.

Bornat [6] describesa systemin which linearized versionsof sequeh cal-
culus proofs are presented in a Box-and-Line form to the user. Proof steps
can be expressedht the Box-Line level and are then mapped into a sequence
of SK rule applications. Howeer, in this approad, the disadwantagesof the
underlying SK shaw trough to the level of proof preseration. For example,to
enablethe userto carry out forward stepsevery sud step hasto be painstak-
ingly mapped into the SK calculusvia the application of a cut-rule 3.

The Proof by Pointing approat by Bertot et al. [5] alsotries to hide the
incornvenience®f the SK from the user. They usean annotatedset of SK rules
to enablethe userto selecta subformula of a sequenh The systemis then
able to extract this subformula by automatic application of the appropriate
SK rules. Howeer, in this approad, manipulating a subformula still requires
the decompsition of the overall formula.

It can be seenthat user interaction in the above approatesis seerely
restricted by the calculuson which they are based. In this paper we shov how

3 In Bornat's system cuts are intro duced by a tactic.
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a more exible userinteraction can be realized when the underlying ND or
SK calculusis replacedby a lessrestrictive reasoningengine.

We usethe recerly deweloped CORE[2] systemasa logical basis. COREal-
readysupports exible reasoningat the assertionlevel in a contextualrewriting
proof style. In this paper we dewelop a commnunication layer, the socalledtask
layer, on top of the system. This layer exploits COREs strength in the appli-
cation of assertionsand provides an additional medanism for the structuring
of proofs. The task layer consistsof a datastructure to referencesubgoals.to-
getherwith a setof inferencerulesde ned over this datastructure. In addition
the layer provides a proof datastructure which represeis the proof history.

The task level sernes as a common interface between various proof con-
struction componerts (e.g. an interactive useror automated proof procedures
sud asthe proof planner Mul ti [14] of the mega mathematical assistan
system[17]) and the COREsystem. This commoninterface makesit possible
to interleave automated and interactive proof planning. For example, cur-
rently inactive subproblemscan be tackled by an automated proof planner,
while the planning methods are alsoavailable to the interactive userwho tries
to closean active subgoaf

Here we focus on the userinteraction aspect of the task layer. We show
that user-irteraction at the task layer is related to the Box-Line approad or
the focuswindows of [15] but alsoprovidesa uniform medanismfor the appli-
cation of assertionsthat abstractsfrom the logical details like the syrtactical
form of an assertion.

The paper is structured as follows. First, we briey introducethe CORE
systembeforewe descrike the task layer in Sec.2. Sec.4 shavs how the task
layer is usedin practice.

2 The CORE System

The main characteristic of the COREsystemis the contextual rewriting tech-
nique in which proofs are constructed. This meansthat the systemis able to
determine the logical context of a subforrmula F inside a goal formula G[F].
The logical cortext givesthen rise to a number of repla@ment rules which
can be usedto rewrite the formula F to someformula F°, yielding the new
goal G[F9. By making use of the cortextual rewriting technique the system
supports a natural way of reasoningin which formula decompsition is dealt
with implicitly and which operationalizesHuang's [9] reasoningon the asser-
tion level. We illustrate this at hand of the following theorem (seealso Fig.
1):

(1) P) Q@) R) (P) R)

4 This is easyin caseof independert subgoals,i.e. subgoalsthat do not share variables.
The problem of how to deal with subgoal that share variables is still an open researd
problem.
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In COREwe canusethe implication Q) R (underlinedin (1)) in the context
of the rightmost R to replace R by Q. This is realized with the help of
the replacemen rule R ! < Q > which is generatedfrom the respective
implication. Application of this replacemen rule to R thus yields

2) P) 97 @) R)) (P) Q)
In a similar manner, it is possibleto rewrite the newly obtained Q to P by

applying the replacemenrule Q! < P > which isjusti ed by the implication
(P) Q) in the context of Q. Thus, we have
(3) P) Q" (@) R)) (P) P)
which COREsimpli es to True

This small example illustrates CORE key characteristics: Reasoningat
the assertion level is made possiblethrough the generation of replacemen
rules from the assertionsin the cortext of a subformula. Furthermore, the
proof problem is always represeited and maintained in its entirety instead of
being decompmsedinto smaller piecesas in sequetr and natural deduction
style calculi.

2.1 Technical Description

The key technique underlying the COREcalculusis to view formulas astrees
andto annotate eadt subtreewith prooftheoreticinformation. The prooftheo-
retic information are polarities and uniform typesintroducedby Srrullyan[19]:
intuitiv ely the polarity of a formula is positive, if the formula is a goal, i.e.
occursin the succeden of a sequeh in somesequenstyle calculus,and other-
wisenegative. As aresult we obtain signel formulas. Typescanbeassignedo
signedformulas, for disjunctive formulas, for conjunctive formulas, for
universally quarti ed formulasand for existertially quarti ed formulaswith
an Eigenvariablecondition. For instance,indicating polarities in superscripts
and uniform typesas subscripts,the positively signedformula

(Bx:P(x)) Q)" 9% :Q(y)) R(Y)) 92:P(2)) R(2)
is canonically annotated as follows:

((8x:(P(x)") QX)) ) "~ (9y:(QY)") R¥) ) ))

) (9z2:(P(2) ) R(@)")")")"

Viewing that formula as a tree we obtain:

(4)

A /) oz ¢
8x : 9y : ) '+\
PN J o P@T R@
P(x) Q(X) Q(y) R(y)
We denotethis represetation asan indexal formula tree (Ift ) and obsene
that it represeis a proof state in matrix calculi [21]. Thus, we can reusethe
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rules from thesecalculi to construct a matrix proof. In particular, it provides
uswith an e cient represemation of variable dependencies.

In order to enablethe assertionlevel reasoningstyle, we rst derive a free
variable represetation from sud an (initial) Ift which we denoteby a free
variable indexal formula tree ( Fvift ) to obtain:

N /) +\/) +
P(X)"  Q(X) Q(y) R(y)

Thereby we introduce variablesin capital letters if they are bound at -type
positions in the Ift , and lower-caseletters for those from -type positions.
The assertion-syle reasoningis enabledby exploiting the presened polarities
and uniform typesas follows:

First, the uniform typesallow to statically determinethe logical context for
any subformula, i.e. thoseformulasthat canbe applied on that subformula.
The su cient criterion for this is that the minimal subtreecortaining both
subfornulas is of uniform type , i.e. they are -related. For instance,the
signedsubfornulas (P(Z) ) R(Z)")" and R(y) are -related by the
top-level connective) *.

For ead subformula in the logical cortext all rules operationalizing the
possibleapplications of that formula can be derived by (1) xing the left-
hand side of the rule and (2) determining the subgoalsby collecting all

-related subfornulas. For instance, xing R(y) asthe left-hand side of
a rule, the -related formulas form the singleton list hQ(y)*i, which we
denote by

R(y) ! m(y)"i

Note that we agreeto denotean occurrencewhich hasat leastone -related
subtreeas a degendentoccurrence.

The above so-calledrepla@mentrule encalesthe fact that we canreplace
the occurrenceof a resolution partner for R(y) by Q(y)*. This allows
for instanceto apply that rule to the occurrenceR(Z)* by applying the
substitution fy=Zg to rewrite the whole Fvift to

A /) +\/) +
e Rk
POOT QX)  Qy’ RE)

Note that we usethe original Ift in orderto ched the admissibility of the
substitution usingthe matrix-calculi techniquesdeweloped for this purpose.
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Formally, this resolution style conceptof a replacemen rule is de ned as
follows® :

De nition 2.1 (Admissible ResolutionReplacemenRules)Let Ry; R benodes
in someFvift . ThenRy ! hRy;:::; Ry isanadmissibleresolutionreplae-
ment rule for R, if, and only if

() Ro and R have opposite polarities and are -related by a node c,

In short, the COREcalculusrelieson proof statesconsistingof an Ift  rep-
reseting quarti er and substitution dependenciesand a Fvift , which is a
kind of working copy that is actively manipulated by replacemen rule appli-
cations. The calculusconsistof 12 rules, including a cut rule, that transform
a proof state into exactly one derived proof state. A proof state is proved if
the Fvift is a propositionally trivially valid formula, sud as, for instance,
True". The calculusis soundand completefor a variety of logics.

The framework provided by COREsofar is that the complete status of a
proof is always represeted as a single formula, which was one of the design
goals. The systemis augmerted by the possibility to focusthe reasoningpro-
cesson arbitrary subformulas, without actually enforcingthe decompmsition
of the formula, i.e. the Fvift . To this end we add the possibility to in-
troducewindowson arbitrary subfornulas, which are explicit represetations
of the focus. For instancein the example above, without windows the com-
plete formula is visible, i.e. the focusof the reasoningprocessis on the ertire
formula

((P(X)") QX)) ~(QWM") R(y))) ) (P@E@) ) RE@Z)))

To support focusingthe reasoningprocesswe annotate nodesof the Fvift
by windows, asfor instancein

R ) — .

P(X)’ (X) Q(y) R(y)

The content of a window is the (signed) subfornmula cortained in the sub-
tree rooted at the node denotedby the window. For instance,the content of
thewindow|R(Z)" |isR(Z)* andthe cortent of|) is(P(X)") QX)) .
Note that we allow windows to occur below other windows. Windows below
which there are no more windows are so-calledactive windows The intuition

of focusingis that the cortent of active windows are those objects that can
be manipulated by rule applications. To this end the pure COREcalculusis

5 The generalconceptof replacemern rules encompassethe treatment of primitiv e equality
and equivalencesgiving rise to so-called rewriting replaement rules. Howewer, for the
purposeof this paper the resolution style replacemen rules are su cien t. For more details
we refer the interested readerto [2].
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extendedto Fvift with windows to obtain a reasoningmedanism similar to
window inference[16].

2.2 Interactive Theorem Proving with CORE

Within COREthe usercurrently works with the window inferencemedanism.
This meansthat when he invokes COREin interactive mode on a goal G with
axiomsAxgq;:::; Ax, it assemblesan Ift for the formula (Ax, " ::: ™ AX, )
G)" and createsa Fvift for it together with an initial window on G which
is preserted to the user. The cortent of this window can then be altered by
applying the window versionsof COREs calculus rules. Typically this will
be an application of a replacemen rule. Proof seart in COREis therefore
characterizedby two major kinds of choices:

(i) Focus choie: The selectionof a subfornula in the active window on
which the userwants to focusthe proof seard.

(i) Rule choie: The selectionof a replacemen rule.

Becauseof its strength in the application of assertionsCOREis well suited
for interactive proof construction. Howewer, optimal support for focus and
rule choiceis still challenging. One challengeis related to rule choice since
the corntext of a formula is currertly available only asa usually long and un-
structured list of replacemen rules. To make things even worse, there are
already dozensof replacemen rules even for rather trivial problems. In par-
ticular, the number of replacemen rulesthat canbe generatedfrom a subtree
of a Fvift is exponertial in the number of nodesin that tree. Although this
is an e ective sign of the exibilit y in proof construction provided by CORE
this exibilit y must be cortrolled during automatic and semi-automaticproof
construction. A further dicult y for automatic proof seard is the choice of
the focus. Becausethe focus of a proof can be changedarbitrarily it is hard
to seart for a proof in a systematicand goal directed way. In the following
sectionwe descrite the task layer which supports the userin the structuring
of the proof.

3 Tasks { Organizing Pro of Search

Fvift sasintroducedin Sec.2 represen all conjunctive and disjunctive sub-
goalsof a proof state simultaneously Howewer, while individual subgoalscan
be highlighted with the window inference medanism the system does not
support the userin systematically splitting the proof into smaller subgoals.
Furthermore, a Fvift can grow signi cantly during a proof which makesthe
presemation of a proof state di cult.

It is therefore a challengeto presen a proof state to the useras a set of
subgoalgqtaskg while maintaining the advantagesthat arisefrom the fact that
a proof state is represetted as a singleformula. This is what is addressedoy
our task layer. At this layer, we usethe window structure to referenceparallel
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subgoalswithin an Fvift . Thesesubgoals(tasks) structure the proof at the
task layer where additional rules are provided to manipulate these subgoals.
Reasoningstepsat the task level are mapped into reasoningstepsin the CORE
systemwhich automatically guararteessoundness.

To descrike the task layer we proceedas follows. First, we give a formal
de nition of the task data structure. Then, we provide a set of implemerted
task manipulation rules. The inferencegealizedby theserulescomprisesimple
decompsitions of compound formulas, compound stepssud as applications
of assertions,and human-orierted stepssud aslemmaintroduction.

3.1 Tasks

Intuitiv ely, atask denotesa subgoaltogetherwith all the formulas (assertions)
that canbe usedto derive this subgoal(all formulasthat are -relatedto the
subgoal). Accordingly, a task is de ned asa list of windows that all occur in
the samecortext. Howewer, beforewe make this intuition formal, we transfer
the notion of dependen occurrenceso windows.

De nition 3.1 (Conditional Window) Let w be a window on a subfornula F
in aFvift R. Wesay that the window w is conditional in R i the occurrence
F is dependert in R. Otherwisewe call w unconditional in R.

De nition 3.2 (Task)Let R bethe Fvift of the current proof state. A task
T isasetof windows T = wy;:::;w, ¢for R with exactly onegal window

() the subtreesdenotedby the wq;:::;w, are -relatedto ead other,
(i) all support windows of T are unconditional in R®

We distinguish betweengoalsand support windows to explicitly represen the
focus of attention within a task. Howewer, technically there is no di erence
betweenthe support windows and the goal window. In particular, sincein
COREthe information on the polarity of eah formula is explicitly held, the
windows of a task can be freely exchanged. Thus, task manipulations (see
the Shift rule in Sec.3.2) can exchangethe goal window of a task. This is
a notable di erence to the sequen calculus,in which formulas occurring left
and right of © cannot be freely exchangedand have to be treated di erently.
In particular, atask ;a° a% doesnot necessarilycorrespnd to an initial

sequeh in the sequeh calculusbecausethe a% might have the samepolarity
(i.,e. p= Q).

The decisionto forbid conditional support windows in a task was also
driven by the interactive reasoningwe ervision. The cortent of support win-
dows will be presetted to the userasdirectly available knowledgethat canbe
usedto derive the formula in the goalwindow of the task. If the cortent of the
support windows would be -related to subtreesthat lie outside the respec-
tive window, then thesetreeswould automatically becomeconditions for any
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replacemen rule that is generatedfrom this window (compareto Def. 2.1).
That is, the -related subtreeswould represen implicit \knowledge", which
would be introduced in form of new proof obligations. We assumethis to
be lesssuited for interactive proof construction asit would result in subgoals
whoseorigins are not directly obvious for a user.

Becausetasks are basically represetations of subgoals,we next de ne
when a task is closed.

De nition 3.3 (Closedtask) A task G is closal i there existsaw 2
[ fGg sud that w denotesa proved subtree;that is, w is either True" or
False .

sented in the systemasa Fvift for the signedformula (Ax,” ::: ™ AX, )
G)*. The correspnding initial task consistsof a goal window for G and
support windows for ead of the axioms:

De nition 3.4 (Initial Task)Let G be a formula and Ax;:::; Ax, formulas
that represen axiomsfrom which G should be derived. Let further R be an
Fvift for (Axy " :::M Ax, )  G)", w; awindow on Ax; and g a window on
G, thenwy;:::;w, gistheinitial task for G.

Henceforth,when preseting tasks, we will not distinguish betweena win-

g in the de nition above we will write Axq;:::;AXx, G. ©

3.2 TaskManipulation Rules

Tasksdescrile goalsthat have to be adieved during a proof process. The
currert tasks are storedin a so-calledagenda The proof processstarts with
an agendathat cortains only the initial task. We can re ne a task on the
agendato simpler tasks by the application of task manipulation rules. The
proof processterminates, when all tasksin the agendaare closed.

Task manipulation rules may vary from low-lewel, basicrulesthat perform
simple logic manipulations, to complex rules and speculative rules. In the
following, we shall give examplesof three di erent kinds of task manipulation
rules and their realization in CORE (1) Simple rulesto split tasks for a con-
junctive goalinto subtasks,or to decompsedisjunctive goals(Sec.3.2.1). (2)
Complexrulesto apply assertionsvia the replacemen rules and rules, which
provide a functionality similar to the Proof by Pointing approad (Sec.3.2.2.
(3) Speculative rules, sut as lemma introduction (Cut), which can be used
to model human reasoningstepsmore closely(Sec.3.2.3. In fact, theserules
are motivated by the data that Benzmuller et al. [4] have collectedto exam-
ine how undergraduatestuderts carry out proofs in the domain of naive set

6 Nevertheless,we can encourter tasks of the form ;AP; AP G. Although both AP are
syntactically equalformulas,they aredi erent ertities sincethey occurin di erent windows.
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theory. Although thesedata have so far only beenanalyzedwith respect to
linguistic phenomenaa preliminary analysisof emergingproof patterns shavs
that studerts frequerily apply lemmatathat are not explicitly represeted in
the cortext but canbe derived in a few stepsfrom the available assumptions.

3.2.1 Decomposition Rules

Fig. 3.2.1 shows the rules for the decomposition of tasks with a compound
goalformula. Theserulesresenble the usualrules of the ND and SK calculus.
Howewer, by making useof the - and -annotation of formulas, we canrep-
resen the rulesin a compactmanner. To distinguish between SK rules and
the task manipulation rules, we give the rulesin a top-down manner. That is,
the rulesread asfollows: Tasksbelow the line replacethe task above the line
on the agenda.

(APA;BPe)P (APA;BPe)P (A P)P
"BPe  APA L “AP»  BPs R A P
(APA:BPs)P (AO;B°)+
APA BPs ‘B A* A B*'

Fig. 2. The basic decomposition rules for tasks.

We distinguish betweentaskswith a conjunctive goalwindow (type ) and
taskswith a disjunctive goal window (type ).

-Decomp osition

Disjunctive goalwindows canbe decommsedwith therules g; [ and .,
wherethe rule r correspndsto the) ¢ rule in the ND calculus. It is crucial
that (at least for the -rules) decomposition at the task level is simulated
in COREDby a change of the window structure of the correspnding Fvift
More precisely the decompsition of a formula (AP~;BPe) is simulated in
COREDby the opening of new subwindows on the AP» and BPe. In the case
of the g rule the new window on AP+ is addedto the support windows of
the correspnding task, while the BPe replacesthe goal window. The other

-decomposition rules are realized accordingly This hasthe advantage that
decompsition stepscan easily be undone (seethe FocusCloserule).

-Decomp osition
The -decompsition rule reducesa task with a conjunctive goal formula
(AP~; BPe) to newsubtasksfor the goalsAP~ and BPs respectively. Howeer,
mapping the application of the -decomposition rule into the COREsystem
requiresalittle moree ort than wasthe casefor -decompmsition. The reason
is that accordingto De nition 3.2 there must be no conditional support win-
dows in a task. Hence,if the -rule would be mapped into the COREsystem
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. AP, Grii . G, ocus

G G%= Parent(G)
G° Subwindows(G9 = ;

F ocusUose

Shif t —— Closewhere 2 fTrue;False g

G
=

o

[
o BV

Fig. 3. Assertion application and focusing rules.

similar to the -decompsition rule, the goal windows of the tasksintroduced
by this rule would be conditional and consequetty, it would not be permit-
ted to apply the Shift-rule to these tasks to change the goal window. To
avoid theserestrictions, the formulas AP~ and BP® in (AP~;BP8) are made
unconditional whenthe -rule is applied.

This canbe doneby splitting up the goalformula (G;; G,) while retaining
the context ' around it. We can achiewve this by applying a rule of the form
“( (A;B))! (" (A);" (B)) which is descriked in [18] and [2]. Autexier [2]
shaws that this Schutte-rule is admissiblein the COREcalculus.

Positiv e Equiv alence Expansion

Finally, we introduce a rule , to expandthe de nition of equivalences
A, into A) B andB ) A for tasks wherethe goal window cortains a
positive equivalenceformula.

3.2.2 Assertion Application and Proof by Pointing

As opposedto the rulesintroducedin the precedingsection,we shall next in-
troducemanipulation rulesthat extendthe inferencesat the task layer beyond
the usual scope of the ND and the SK calculus. Figure 3 shonvs the v e rules
that { amongothers{ makes COREs exibilit y available for the applications
of assertionsand alsoenablethe Proof by Pointing approad at the task layer.

Comp ound Decomp osition Steps with Focus

The rule Focus combines the decompsition rules from Sec. 3.2.1 By
applying Focus the user can directly focus on a particular subformula AP
inside a goal window G. The uniform types of the nodesin a Fvift that
occur on a path betweenthe selectedsubformula AP and the root G[AP] of
the goal window uniquely de ne a sequenceof decompsition stepsthat need
to be applied in order to obtain the chosenformula as a goal window in a
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single step. The Focus rule carries out these decompsition stepsand keeps
track of the subgoals ; Gqy;:::; , G, that are generatedwhenewer a -
decompsitions is carried out. Essetially, this is the Proof by Pointing idea,
which is integrated by the Focusrule into the task layer. We call the Focus
rule a macro-rule becauset appliesa sequenceof basicdecompsition rules.

FocusClose
The FocusCloserule is the inverserule to the decompsitions descriked by
the , andthe Focusrule. It closesthe window on the goal formula and

simultaneouslyall other foci below the parert of G. Therefore,decompmsition
stepscan be undoneone after another.

Applying Assertions with Apply

To apply replacemen rules at the task layer we introduce the Apply-rule.
The ideais that in order to apply an assertion(i.e. a formula in a support
window) the user merely needsto selectan assertionby clicking at it at the
userinterface. The systemthen createsa list of all replacemen rulesthat are
justied by this assertion. In casethere is only a unique applicablerule it is
applied automatically via the Apply-rule. In the morelikely casethat there is
more then onerule applicablethe userhasto selectthe replacemen rule that
describesthe appropriate application direction of the assertion. At this point
heuristicswill be usedto narrow down the choicefor the user.

Hebner[10] descrites how replacemen rule selectioncan be supported by
the agerni-basedsuggestionrmedianism Ants which wasuntil now only used
in conjunction with the mega [17] theorem proving system. ’

Closing tasks with Close

Tasksare removed from the agendain casethey are closed. This is done
by the Closerule, which deletesany task sud that 2 fTrue";False g
from the agenda.

Shifting the goal of a task with Shift

The Shift-rule changesthe goal window of a task. This is particularly
important becausehe other manipulation ruleswork only on the goalwindow
of atask. For instance,considerthat a window with formula AP and a window
with (A , B) are amongstthe support windows for a goal G; that is,

(A, B) ;AP G.

Note that we realized -decomposition with the Schutte-rule. Therefore,
we can ensurethat goal windows are always unconditional, which is a prereg-
uisite for the above de nition of the Shift-rule.

” Note that in the way the Apply rule is de ned hereit can only be applied to the topmost
occurrencei in a goal window and not to subformulas of i. Howewver, this is no problem
since we can always focus on a subformula with the rule Focus rst.
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GP LemBW G LemFW
H :GP HP CA G A*

A G AT G Case

Fig. 4. Assertion application and focusing rules.

3.2.3 Speculative Proof-Steps

The introduction of new lemmata or casesplits are speculative proof steps
that are often crucial to accomplisha proof. It is not surprising that sud
stepsplay also an important role in both automated { and interactive the-
orem proving. The application of speculative stepsis dicult to cortrol in
automatedtheoremproving they opena Pandora'sbox (the possiblelemmata
and casesplits are a priori not restricted). Bundy and Ireland [12] aswell as
Meier [14] descrike the exploitation of failures in automated proof processes
in order to guide the introduction of lemmata and casesplits.

To be ableto model this reasoningat the task-level we augmert the infer-
encerules by the rules LemFW, LemBW, and Caseshawvn in Fig. 4.

The LemFW rule correspndsto the forward application of a lemmaand
replacesa goal formula G by another formula H. This then leadsto the
generation of an additional task which encalesthe obligation to shav that
the proof step descriked by the replacemenh was actually valid. The related
LemBW rule allowsto insert a newlemmaaA into the supports of a task which
canthen be applied via the Apply rule.

The Caserule reducesa task with goal G to two new tasks with goal G.
One of the new tasks has a new support window A whereasthe other new
task hasthe support A*.

3.2.4 Tasksand Proof Presentation

Sofar, we have descriled the inferencesthat can be carried out at the task
layer. Theseinferencesenablethe structured application and exploitation of
COREs functionalities and exibilit y. Another motivation for the invertion of
the task layer ontop of COREwasproof presettation. With the proof structure
provided by the tasks, subgoalscan be displayed together with the available
assertionsin a suggestie manner. In fact, using the structure provided by
tasks, we can display subgoalsin the Box-Line represetation, which is well
known from introductions to the ND calculus (e.g., see[1]]) and which has
also beensuggestedas an appropriate visualization for interactive proofs by
Piroi and Buchberger[15].

In the Box-Line represetation, a goalformula is presenied below the avail-
able assertions,which are displayed in a Box (seeSec. 4). We realize this
presemation style in the userinterface by preseiing the support windows of
atask ontop of the goalwindow. This facilitates the application of assertions,
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which can be appliedin a uniform way by making useof the Apply rule. The
Box-Line presefation enablesthe userto apply an assertionby clicking on
the correspnding support window. The replacemen rules correspnding to
the appropriate application direction of the assertioncanthen be applied with
the help of the Apply rule.

4 Tasks - A Worked Example

In this section, we prove the theorem from Fig. 1 at the task layer. This
permits us to illustrate the comnunication between user and the systemas
well as to compare our approad to the one of Bornat and Bertot . We
usea synactically di erent, but logically equivalert formula to point out the
advantagesof our approad.
The initial task of our proof problemiis:

2 3

4 5
(1)
(P) Q"CQ_R)) (P) R)*

The application of the focusto extract the rightmost R resultsin the following
situation:

2
(P) Q)
E ((:Q_R)
(2 =
R+

Then, we can reasonbadkwards by applying the assertion(: Q _ R) with
the Apply rule to the goal window. Internally, Apply carries out this proof
step by the application of the replacemen rule (R* ! < Q* >) to the goal.
Similarly, we could reasonforward by applying the assertion(P ) Q) (i.e.,
the replacemenrule (P ! < R >)) to the support P . The application of

8 For a more detailed example we refer to [10].
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the badkward step resultsin the2task:

(P) Q
(Q_R)
P
3
R+
Q+

Similarly, we can cortinue to reasoningbadkwards by applying the assertion
(P) Q) to the goalwindow of the task or reasonforward by applying the
sameassertionto the support P . This time we decidein favor of the forward
step, which we realize on the task-lewel by the aforemerioned application of
the Apply rule with the replacemenrule (P ! < R >). The resulting task

is ) 3
P) Q

(:Q_R)
P
4) R*
Q

Q+
which can be closedby the application of the Apply rule with the replacemen
rule (Q* ! < True" >) to the goal.

Discussion

By building the task layer on top of the COREsystemboth conceptsbene t
mutually. Tasksallow to structure and display a COREproof state in a user-
oriented way (Box-and-Lines)while the underlying COREsystemsallows for
exible reasoningat the task-level. This exibilit y manifestsitself in the
integration of the Proof by Pointing approat with a uniform medanism for
the application of assertions.Both conceptscanbeimproved at the task layer.
Forward and badkward application of assertionscan be naturally carried out
at the task layer and do not have to be mapped into a sequencef cut-steps.

Furthermore, at the task layer, assertionscan be applied independerily
from their syntactic structure. By looking at the sampleproof it can be seen
that the interactions necessaryfor the applicationof P ) Qand: Q R are
the same.In the pure SK and ND calculusthe correspnding stepswould be
di erent for both assertions.

The userinteraction aswell asthe presenation of tasksat the userinterface
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we preserned hereis similar to the the TkWinHOL -system([13]). Howeer, the
approadesdi er in the underlying reasoningsystem. While the TkWinHOL -
systemis built ontop of Grundy's [8] window inferencesystem. In this system
rewriting stepson the cortent of the active window result in a local lemma
that needsto be tackled afterwards. This alsoholds for the window inference
approad of Robinsonand Staples[16]. In the COREsystemunderlying the
task layer introducedhere transformationsthat are realizedby application of
replacemen rules are guararteedto be soundand hencedo not introducenew
subgoals.

5 Conclusion and Future Work

We have introduceda task layer for the COREsystemand descriked the impli-
cations of this layer for interactive proof construction. We were able to point
out how the task layer helpsto structure and display COREproofs. Further-
more, by exploiting the cortextual reasoningparadigmof the COREsystemwe
were able to conmbine and extend existing conceptslike the Proof by Pointing
approad in a singleinteraction layer.

In this paper, we gave a bottom-up description of the task layer serving
asinterfaceto CORE Sud a bottom-up approad to enrich the logic layer by
more abstract level reasoningtools is the standard approad in many proof
assistans to support abstract level proof dewvelopmen. A drawbadk of the
bottom-up approad, howeer, is that it usually causesan unnecessarilystrong
dependenceof the abstract layer upon the logic layer. Therefore,we are actu-
ally dewelopingthe task layer asindependert as possiblefrom the underlying
logic layer, sudh that, in the ideal case,the logic layer becomesexhangeable.
Howewer, we do not propose proof assistaits lacking a sound logical basis.
Instead, our aim is to distinguish better betweenabstract level reasoningand
expansioninto veri able proofsat the logic layer.

At the task layer we are interestedto allow for mathematics-orierted, in-
tuitiv e proof dewelopmern steps. Thus, the task layer will be enriched by
further task manipulation operatorsthat can be domain-sgeci ¢ and have to
be acquired and designedin a knowledgeengineeringprocessas known from
tactical theorem proving and proof planning. Alternativ ely, the human may
embody the role of an operator by declaratively describingthe re nement of a
task into successotasks; sud oracle stepsadapt the idea of interactive island
proofsasintroducedin [17]. Thus, the concretelyavailable task manipulation
operatorsmay vary from rather \safe" ones(those who directly guarartee log-
ical soundnessat the logic layer, e.g., traditional tactics constructed on top
of the logic layer) to highly \unsafe" ones(those with non-sharpapplication
constraints causingfrequen failing logic layer expansions,e.g., human con-
structed oracle steps). Howewer, in order to classify the task-lewel proof as
sound,all proof stepsat the task-level have to be successfullyexpandableand
veri able at the logic layer.
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How \expensiwe" the expansionof a task manipulation step to the logic
layer is dependson the concretestepsusedat the task layer aswell ason the
chosenlogic layer. In the mega proof assistan [17] the logic layer consistsof
a higher-ordernatural deduction calculusand the distancefrom abstract proof
plans via expansionto this particular basiclogic is in many casestudiesvery
huge (e.g., see[17]). We are currertly beginningwith a re-implemenation of

mega with COREas the logic layer and the task layer as separatedlayer
for abstract proof dewelopmen. Due to this move from higher-order natural
deduction calculusto COREwe are able to drastically reducethe expansion
distancefrom the abstract layer to the basiclogic layer in  mega®°RE .

The task manipulation rules we presen in this paper are all \safe", i.e.,
they directly guarartee logical soundnessn CORE® They are very \close" to
the chosenlogic level and sene asthe interfacerulesto work directly on top of
CORE Wetestedthem at hand of relatively simplelogical problemssud asthe
onedescritedin Fig. 1. The mega®©RE systemis ervisagedas platform for a
mathematical assistarh systemaswell asfor a tutoring tool for mathematics.
As opposedto our current applications and tests, these applications require
the speci cation of domain-dependen and\unsafe" operatorsat the task layer
aswell astheir expansionto CORE

In this paper, we gave a bottom-up description of the task layer serving
asinterfacelayer to the useron top of CORE Sud a bottom-up approad to
enrich the logic layer by more abstract level reasoningtools is the standard
approad in many proof assistams to enable (ideally) abstract level proof
dewelopmen. A drawbadk of the bottom-up approad, howewer, is that it
usually causesan unnecessarilystrong dependenceof the abstract layer upon
the logic layer. Therefore, we are actually dewloping the task layer in a
top-down approad to keepit asindependen as possiblefrom the underlying
logic layer, sud that, in the ideal case,the logic layer becomesexdiangeable.
Howewer, we do not propose proof assistaits lacking a sound logical basis.
Instead, our aim is to distinguish better betweenabstract level reasoningand
expansioninto veri able proofs at the logic layer.

At the task layer we are interestedto allow for mathematics-oriened, in-
tuitiv e proof developmen steps. Thus, concretetask manipulation operators
can be domain-spgeci ¢ and have to be acquired and designedin a knowl-
edgeengineeringprocessas known from tactical theorem proving and proof
planning. Alternativ ely, the human may enbody the role of an operator by
declaratively describingthe re nement of a task into successottasks; suth
oracle stepsadapt the idea of interactive island proofs as introducedin [17].
Thus, the concretely available task manipulation operators may vary from
rather \safe" ones(those who directly guarartee logical soundnesat the logic
layer, e.g., traditional tactics constructedon top of the logic layer) to highly
\unsafe" ones(those with non-sharpapplication constrains causingfrequert

9 Speculative steps sudh as casesplits and lemmas may not result in proof objects at the
task level. However, their expansioninto CORE:is straightforward.
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failing logic layer expansions,e.g., human constructed oracle steps). How-
ewer, in order to classifythe task-level proof as sound, all proof stepsat the
task-lewel have to be successfullyexpandableand veri able at the logic layer.

How \expensiw" the expansionof a task manipulation step to the logic
layer is dependson the concretestepsusedat the task layer aswell ason the
chosenlogic layer. In the mega proof assistan [17] the logic layer consistsof
a higher-ordernatural deduction calculusand the distancefrom abstract proof
plans via expansionto this particular basiclogic is in many casestudiesvery
huge (e.g., see[17]). We are currerntly beginningwith a re-implemertation of

mega with COREas the logic layer and the task layer as separatedlayer
for abstract proof dewelopmen. Due to this move from higher-order natural
deduction calculusto COREwe are able to drastically reducethe expansion
distancefrom the abstract layer to the basiclogic layer in  mega“°RE.

The task manipulation rules we presen in this paper are all \safe", i.e.,
they directly guarartee logical soundnesin CORE® They are very \close"
to the chosenlogic level and sene as the interface rules to work directly on
top of CORE We tested them at hand of relatively simple logical problems
suc asthe onedescrited in Fig. 1. The mega®CRE systemis envisagedas
platform for a mathematical assistat system as well as for a tutoring tool
for mathematics. As opposedto our current applications and tests, these
applications will needthe speci cation of domain-indegendernt and \unsafe”
operators at the task layer aswell astheir expansionto CORE
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A Screenshots

Fig. A.1. GUI of the COREsystem. The right window displays the current task.
Here we shaw the task corresponding to (2) on page 14.
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