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Abstract
In this paper we call for considering a paradigm
shift in the reasoning methods that underly qualita-
tive spatial representations. As alternatives to con-
ventional methods we propose exploiting methods
from linear programming and real algebraic geom-
etry. We argue that using mathematical theories
of the spatial domain at hand might be the key to
effective reasoning methods, and thus to practical
applications.

1 Introduction
Qualitative spatial knowledge is ubiquitous in natural language.
Thus, it is essential in human-computer interaction, which is
an integral part of our everyday life where interaction with
digital equipments is omnipresent. In the field of artificial
intelligence, reasoning with qualitative spatial knowledge has
been researched under the umbrella term Qualitative Spatial
Reasoning (QSR) [Cohn and Renz, 2008]. QSR pursues a rela-
tion-algebraic approach that provides universal means to deal
with any type of qualitative spatial knowledge (e.g., topology,
direction, distance). It has been assumed that the relation-alge-
braic approach will allow for an efficient, effective, universal
reasoning method. Despite its promising properties, however,
the relation-algebraic approach suffers from its incomplete-
ness for many representations of qualitative spatial knowledge.
Furthermore, it is not capable of generating a model for given
constraints, which is a desirable feature for many real-world
applications.

In this paper we call for considering a paradigm shift in the
reasoning methods that underly qualitative spatial represen-
tations. As alternatives to conventional methods we propose
exploiting methods from linear programming and real alge-
braic geometry. We argue that using mathematical theories
of the spatial domain at hand might be the key to effective
reasoning methods, and thus to practical applications.

2 The Relation-Algebraic Approach and Its
Limitations

The building blocks of QSR are a spatial domain D, a finite
set R = {R1, R2, . . . , Rn} of binary relations on D which
partitions D2, and a map ◦ : R × R → 2D, R1 ◦ R2 =

{y ∈ D |xR1y and yR2z }, which is called the composition.
A prominent, simple example is the one-dimensional space
(e.g., a queue) equipped with the relations before, behind,
equal and the usual notion of composition, e.g., if Alice is
behind Bob and Bob is behind Charlie than Alice is behind
Charlie (i.e., behind ◦ behind = behind).

For a given domain D (e.g., a queue), a partition R (e.g.,
before, behind, equal), a composition ◦, a set of variables
(e.g., Alice, Bob, Charlie), and a set of spatial constraints (e.g.,
Alice is behind Bob, Bob is behind Charlie, Charlie is behind
Alice), a common reasoning task is figuring out whether there
is an instantiation of the variables over the domain D, such
that the given spatial constraints are consistent (the example
is not consistent, as there is no instantiation for Alice, Bob
and Charlie that satisfies the constraints). For this reasoning
problem QSR employs the path-consistency method, which
is used for solving constraint satisfaction problems over finite
domains. Since the domain D of interest in QSR is usually
infinite as opposed to the domain of a finite CSP, partitionR
and composition ◦ have to meet certain requirements, such that
the path-consistency method is applicable to the constraints
(See [Renz and Nebel, 2007] and [Renz and Ligozat, 2005] for
more details). A triple (D,R, ◦) that meets those requirements
forms a non-associative algebra; it forms a relation algebra, if
it is additionally closed under composition [Ligozat, 2005].

We will call the reasoning approach that utilizes the path-
consistency method the relation-algebraic approach. The main
deficiency of the relation-algebraic approach is that there is no
guarantee for its completeness, i.e., the algorithm can fail to
identify all inconsistent scenarios. Accordingly, research has
been concentrated on finding out whether the consistency of
constraints defined by a triple (D,R, ◦) can be decided with
the path-consistency method. The recent result showed that
spatial representations for directional information cannot be
decided by the path-consistency method in general [Wolter and
Lee, 2010]. Thus, we have to question the idea of keeping the
relation-algebraic approach as a universal means, and should
be open to search for alternative methods for a sound and
complete reasoning.

The relation-algebraic approach is also not capable of pro-
viding models for the given input constraints. However, in real
application domains (e.g., computer-aided design, geographic
information systems) not only deciding the consistency of con-
straints, but also determining the positions of spatial objects



satisfying those constraints is desired.
In the next two sections we introduce a selection of quali-

tative spatial representations for directional information, and
methods for reasoning with those representations, which over-
come the deficiencies of the relation-algebraic approach.

3 Representations for Qualitative Spatial
Knowledge

If a set of spatial objects are represented by a finite number
of points in the Euclidian space—which is generally the case
in many applications—then the qualitative spatial relations
between those objects can be described by a system of poly-
nomial equations or inequalities. For example, we can model
people in a queue as points in R and represent “Alice is behind
Bob, Bob is behind Charlie, Charlie is behind Alice” with the
system xA − xB > 0∧ xB − xC > 0∧ xC − xA > 0, where
xA, xB , xC ∈ R.

If we leave the one-dimensional Euclidian space R and
move to the two-dimensional Euclidian space R2, new con-
straints emerge which were not existent in the one-dimensional
case. An important new constraint in the two-dimensional case
is based on the relative positions of three points, i.e., whether
the points are oriented in clockwise (CW) order, counterclock-
wise (CCW) order, or collinear. Formally, such a constraint
can be expressed as a polynomial inequality or equation based
on three points p1=(x1, y1), p2=(x2, y2) and p3=(x3, y3)
in the following way

x2y3 + x1y2 + x3y1 − y2x3 − y1x2 − y3x1 < 0 (CW)

x2y3 + x1y2 + x3y1 − y2x3 − y1x2 − y3x1 > 0 (CCW)

x2y3 + x1y2 + x3y1 − y2x3 − y1x2 − y3x1 = 0, (collin.)

where the polynomials on the lefthand side are obtained from

det

(
1 x1 y1
1 x2 y2
1 x3 y3

)
, (1)

where det stands for determinant. The importance and ubiq-
uity of this relationship of three points in a plane will be evi-
dent in the next subsections, where we introduce a selection of
qualitative spatial representations for directional information.
In each of the subsections we will show how a relation of each
spatial representation can be translated to a polynomial con-
straint, which is based on the relative position of three points
presented above.

3.1 The LR calculus
The domain of the LR calculus [Scivos and Nebel, 2005]
is the set of all points in the Euclidian plane. A LR rela-
tion describes for three points p1 = (x1, y1), p2 = (x2, y2),
p3 = (x3, y3) the relative position of p3 with respect to p1,
where the orientation of p1 is determined by p2. There are alto-
gether nine LR relations; seven relations for points, which are
depicted in Figure 1 are: left, right, front, start, inbetween, end,
back. In Figure 1 the Euclidian plane is partitioned by points
p1 and p2, p1 6= p2 into seven regions: two half-planes (l, r),
two half-lines (f , b), two points (s, e), and a line segment
(i). These regions determine the relation of the third point

Figure 1: Illustration of LR relation p1 p2 r p3

p1 p2 l p3 ⇔ x2y3 + x1y2 + x3y1 − y2x3 − y1x2 − y3x1 > 0

p1 p2 r p3 ⇔ x2y3 + x1y2 + x3y1 − y2x3 − y1x2 − y3x1 < 0

p1 p2 b p3 ⇔ x2y3 + x1y2 + x3y1 − y2x3 − y1x2 − y3x1 = 0

∧ p1 p2 r p4 ∧ p4 p1 l p3

p1 p2 s p3 ⇔ x3 = x1 ∧ y3 = y1 ∧ x3 6= x2 ∧ y3 6= y2

p1 p2 i p3 ⇔ x2y3 + x1y2 + x3y1 − y2x3 − y1x2 − y3x1 = 0

∧ p1 p2 r p4 ∧ p4 p1 r p3 ∧ p4 p2 l p3

p1 p2 e p3 ⇔ x3 = x2 ∧ y3 = y2 ∧ x3 6= x1 ∧ y3 6= y1

p1 p2 f p3 ⇔ x2y3 + x1y2 + x3y1 − y2x3 − y1x2 − y3x1 = 0

∧ p1 p2 r p4 ∧ p4 p2 r p3

p1 p2 d p3 ⇔ x1 = x2 ∧ y1 = y2 ∧ x1 6= x3 ∧ y1 6= y3

p1 p2 t p3 ⇔ x1 = x2 = x3 ∧ y1 = y2 = y3,

Table 1: A correspondence table for the LR calculus.

to p1 and p2. The remaining two relations are: double :={
(p1, p2, p3)

∣∣ p1, p2, p3 ∈ R2, p1 = p2, p1 6= p3
}

, triple :={
(p1, p2, p3)

∣∣ p1, p2, p3 ∈ R2, p1 = p2 = p3
}

. By describ-
ing the relations using polynomial constraints, we obtain the
correspondences in Table 1, where we introduce a new point
p4 when required. We note that an inequation “6=” can be
written as a disjunction of “>” and “<”.

3.2 The OPRAm calculus
The domain of the OPRAm calculus [Moratz, 2006] is the
set of all oriented points. An oriented point p is a quadruple
(x, y, v, w), x, y, v, w ∈ R, where (x, y) is the location of
p, and (v, w) defines the orientation of p by means of an
orientation vector ~op := (v, w) − (x, y). Two orientated
points p1 and p2 are equal, if their positions and orientations
are equal. With m lines passing through p, we can partition
the whole plane (without the point itself) equally into 2m open
sectors and 2m half-lines, where exactly one distinguished
half-line has the same orientation as ~op. Starting with the
distinguished half-line, and going through the sectors and
half-lines alternately in the counterclockwise order, we can
assign numbers 0 to 4m − 1 to the open sectors and half-
lines (see Figure 2). An OPRAm relation is a binary relation
which describes for points p1 and p2 their positions to each
other with respect to the aforementioned partitioning. This is
represented by the notation p1 m∠ji p2, where m is as defined



Figure 2: Illustration of OPRA2 relation p1 2∠2
7 p2

before, i is number of the sector (or half-line) of p1, in which
p2 is located, and j is the number of the sector (or half-line)
of p2, in which p1 is located. We write p1 m∠= p2 if they
share the same position.1 Then for p1 = (x1, y1, v1, w1),
p2 = (x2, y2, v2, w2), and the rotation map(

rx(v, w, k)
ry(v, w, k)

)
:=

(
cos(k · π

m
) − sin(k · π

m
)

sin(k · π
m
) cos(k · π

m
)

)(
v
w

)
(2)

we can define for i = 0, 2, . . . ,m− 4,m− 2:

p1 m∠∗
i p2 :⇔ det

(
1 x1 y1
1 rx(v1,w1,

i
2 ) ry(v1,w1,

i
2 )

1 x2 y2

)
= 0

∧ det

(
1 x1 y1
1 rx(v1,w1,

i
2
+1) ry(v1,w1,

i
2
+1)

1 x2 y2

)
< 0,

which describe that p2 is in half-line i of p1, and for i =
1, 3, . . . ,m− 3,m− 1:

p1 m∠∗
i p2 :⇔ det

(
1 x1 y1

1 rx(v1,w1,
i−1
2 ) ry(v1,w1,

i−1
2 )

1 x2 y2

)
> 0

∧ det

(
1 x1 y1

1 rx(v1,w1,
i+1
2 ) ry(v1,w1,

i+1
2 )

1 x2 y2

)
< 0,

which describe that p2 is in sector i of p1. Then

p1 m∠ji p2 ⇔ p1 m∠∗
i p2 ∧ p2 m∠∗

j p1

and
p1 m∠= p2 ⇔ (x1, y1) = (x2, y2),

and we obtain the desired polynomial constraints.
The polynomial constraints from OPRAm relations con-

sist of quadratic polynomials with real algebraic numbers2

as their coefficients. Dealing with real algebraic numbers re-
quires more computing effort than with rational numbers. As
the real algebraic numbers are resulted from cos(k πm ) and
sin(k πm ) from (2) which are responsible for the positions of
the half-lines, we can avoid real algebraic numbers by slightly
modifying the definition for the positions of the half-lines so
as to have only rational numbers as the coefficients.

3.3 The ST ARm calculus
The ST ARm calculus [Renz and Mitra, 2004] is similar to
the OPRAm calculus except it has a fixed reference direc-
tion. Consequently, for all oriented points p = (x, y, v, w)

1The original paper [Moratz, 2006] introduces also the so-called
same relations that further differentiate p1 m∠= p2 by the orienta-
tions of p1 and p2.

2A real algebraic number is a real number that is a root of a
polynomial with integer coefficients (e.g.,

√
2 as a root of x2).

the values for (v, w) are fixed to v = x, w = y + 1 to al-
low ~op = (v, w) − (x, y) = (0, 1) as the orientation for all
points. This restriction on the expressibility of the representa-
tion has a computational advantage that the resulting polyno-
mial constraints require less variables and they are linear and
not quadratic. Hence, they can be solved more efficiently, for
example, by the simplex method in subsection 4.1.

So far, we have seen the correspondences between qual-
itative spatial constraints and polynomial constraints from
several spatial representations. Once we have these correspon-
dences, deciding the consistency or finding a model of a set of
constraints amounts to solving a system (i.e., a conjunction)
of corresponding polynomial equations or inequalities. The
approaches to this very problem is discussed in the following
section.

4 Alternative Methods for Reasoning with
Qualitative Spatial Knowledge

This section introduces methods for solving constraints com-
ing from qualitative spatial relations. As seen in the preceding
section, directional constraints can be translated to a system of
polynomial equations and inequalities. If the polynomials in
the system have degree at most 1 (i.e., the systems is linear),
than the simplex method from linear programming can be
applied. Otherwise, the Gröner base method from algebraic
geometry, or the cylindrical algebraic decomposition method
from real algebraic geometry can be applied to polynomial
systems with arbitrary degrees.

4.1 The Simplex Method
Many mathematical optimization problems can be formulated
as a Linear Programming [Dantzig and Thapa, 1997] problem,
i.e., finding a maximum (or minimum) of a linear function sub-
ject to a set of constraints which is given by a system of linear
inequalities. The simplex method is one of the techniques in
linear programming that is widely used. The simplex method
is divided in two phases. In Phase I, it searches for a feasible
solution of the given linear system. If a solution is found, then
the solution is used in Phase II to find an optimal solution. As
our objective is solving a linear system and not optimization,
only the algorithm for Phase I is relevant.

The simplex method is a sound and complete method, and
has single exponential time complexity.

4.2 The Gröbner Base Method
Several methods have been developed to solve systems of mul-
tivariate polynomial equations over the complex field. Gröbner
bases introduced by Buchberger [Buchberger, 1985] offer a
computational approach that allows us to rewrite a set of poly-
nomial equations, not altering their common zero set. In
spirit, the approach of computing Gröbner bases is related
Wu’s method [Wu, 1978; 1986] as both methods determine
elimination polynomials to rewrite polynomials by means of
polynomial division. The rewriting process cancels variables
and thus leads to equations that are easier to handle. Both
elimination techniques are common foundations of algebraic
approaches to geometric theorem proving. When computing
the Gröbner basis a normalization step is usually carried out to



obtain the basis in normal form, called the reduced Gröbner
basis. This form exhibits a remarkable feature: when the ini-
tial set of polynomials does not have a common solution, then
the reduced Gröbner basis is equal to {1}. This property sug-
gests that Gröbner basis enable a straight-forward approach
to test the zero set for emptiness, but recall that polynomial
equations can also involve complex roots. Henceforth, in cases
where the reduced Gröbner basis does not equal {1}, a com-
mon solution is known to exist, but one still needs to check
whether the common solution is real-valued. The approach of
first computing the Gröbner basis and then further examining
existence of real-valued solutions can handle problems arising
when analyzing constraint calculi [Wolter, to appear], e.g.,
automatically computing the composition operation. However,
this approach does not provide us with a complete decision
procedure and it appears to be very difficult to turn it into a
provenly complete one.

4.3 Cylindrical Algebraic Decomposition
The Cylindrical Algebraic Decomposition (CAD) [Collins,
1975; Arnon et al., 1984] overcomes the deficiencies of the
two previously introduced methods; compared to the simplex
method, CAD can handle any polynomial systems and is not
limited to linear systems, and where as the Gröber base method
is not complete, CAD provides a complete algorithm.

Given a finite set of polynomials f1, . . . , fm in r variables
with coefficients from Q, the CAD algorithm computes a finite
subset S of Rr, such that

{(sgn(f1(s)), . . . , sgn(fn(s))) | s ∈ S } (3)
= {(sgn(f1(x)), . . . , sgn(fr(x))) |x ∈ Rr } ,

where sgn is a real-valued function that returns the sign (i.e.,
−1, 0, or 1) of its argument. Thus, solving a system of poly-
nomial equations and inequalities having f1, . . . , fm on the
left-hand side of the system can be accomplished by evalu-
ating f1, . . . , fm over the elements of S and checking their
signs. Due to condition (3) this decision procedure is sound
and complete. It also terminates as S is finite.

To generate the set of sample points S the CAD algo-
rithm decomposes Rr, the domain of variables x1, . . . , xr,
into finitely many subsets C1, . . . , CK of Rr, such that each
cell Ci is sign-invariant with respect to f1, . . . , fm, meaning
that the signs of f1, . . . , fm are constant when evaluated over
Ci. Set S is then obtained by calculating a sample point in
each of the cells C1, . . . , CK .

The complexity of CAD is doubly exponential in the number
r of the variables.

CAD is designed for general polynomial systems. As a con-
sequence, it is not optimized for particular polynomial systems
translated from qualitative spatial relations. For instance, the
fact that most polynomial constraints coming from directional
relations have their origins in the determinant expression in
(1) is not deployed. This lack of integration results in the
low performance of the CAD algorithm when dealing with
qualitative spatial constraints. We observe in the evaluation of
the computer algebra system Mathematica3 in Figure 5 that
CAD is not able to deal with more than 5 objects efficiently.

3http://www.wolfram.com/mathematica

Figure 3: The benchmark problem LR-ALL-LEFT(n) consists
of a set of LR constraints {pi pj l pk | 1 ≤ i < j < k ≤ n}
over n varibles, which are consistent by construction.

Figure 4: The benchmark problem LR-INDIAN-TENT(n) is a
generalization of the Indian Tent Problem for four points (see
[Wallgrün et al., 2007]). The problem consists of the same set
as LR-ALL-LEFT(n) except two constraints p1 p2 l pn and
p2 p3 l pn are substituted with p1 p2 r pn and p2 p3 r pn.
These new two constraints contradict p1 p3 l pn, because
they force pn to be placed in the shaded region. Hence,
LR-INDIAN-TENT(n) is inconsistent for all n ≥ 4.

Accordingly, future research has to concentrate on the theo-
retical analysis of the interaction between the CAD algorithm
and qualitative spatial constraints, and also on the tight inte-
gration thereof to achieve better performance.

5 Conclusions
In this paper we have discussed several approaches that pro-
pose themselves as alternatives to the conventional relation-
algebraic method. From the three presented approaches the
simplex method and CAD provide sound and complete al-
gorithms, which are also constructive and are therefore able
to generate models for consistent constraints. The simplex
method, which runs faster than CAD, is well suited for qual-
itative spatial constraints that can be translated to a system
of linear equations and inequalities (e.g., constraints from the
ST ARm calculus). On the other hand, CAD is versatile, and
can deal with any system of polynomial constraints. However,
CAD suffers from its poor performance in solving qualitative
spatial constraints, since it is a general solver and is therefore
not tailored to these specific constraints. We see this deficiency
of CAD as an open research question. To overcome this is-
sue, a thorough analysis of the input polynomials is needed
in the future. Analyzing the determinant expression (1) and
adapting the result to the CAD algorithm might be a key to the
improvement of this approach.

In summary, there is a need to adopt the mentioned new
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Figure 5: Evaluation of MathematicaTM ver. 8.0.1.0 with
benchmark problems LR-ALL-LEFT(n) (see Figure 3) and
LR-INDIAN-TENT(n) (see Figure 4) using the function
FindInstance. Although Mathematica finds consistent
instances for LR-ALL-LEFT(4) and LR-ALL-LEFT(5),
and inconsistencies of LR-INDIAN-TENT(4) and
LR-INDIAN-TENT(5) in less than few seconds, it was
not able to decide consistency of LR-ALL-LEFT(6) and
inconsistency of LR-INDIAN-TENT(6) within 6 hours. The
evaluation was done on an OS X machine with Intel Core 2
Duo 2.66 GHz processor and 4 GB memory.

approaches for reasoning with qualitative spatial informa-
tion. The future research in qualitative spatial reasoning
should therefore consider—besides investigating qualitative
spatial representations with regard to their relation-algebraic
properties—analyzing and optimizing the introduced new ap-
proaches by exploiting the structure of polynomials from qual-
itative spatial constraints.
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