COMPLEXES OF TREES AND NESTED SET COMPLEXES

EVA MARIA FEICHTNER

Abstra ct. We exhibit an identity of abstract simplicial complexesbetweenthe well-
studied complex of trees T,, and the reduced minimal nested set complex of the partition
lattice. We conclude that the order complex of the partition lattice can be obtained
from the complex of trees by a sequenceof stellar subdivisions. We provide an explicit
cohomology basis for the complex of trees that emergesnaturally from this context.

Motiv ated by these results, we review the generalization of complexes of trees to
complexes of k-trees by Hanlon, and we proposeyet another, in the context of nested
set complexesmore natural, generalization.

1. Intr oduction

In this article we explore the connection between complexesof trees and nested set
complexesof speci ¢ lattices.

Nestal set complexesappear asthe conbinatorial corein De Concini-Procesiwonderful
compacti cations of arrangemen complemerts [DP1]. They record the incidence struc-
ture of natural strati cations and are crucial for descriptions of topological invariants in
combinatorial terms. Disregarding their geometric origin, nested set complexescan be
de ned for any nite meet-semilattice [FK]. Interesting connectionsbetween seemingly
distant elds have beenestablishedwhen relating the purely oder-theoretic concept of
nested setsto various cortexts in geometry See[FY] for a construction linking nested
set complexesto toric geometry and [FS] for an appearanceof nested set complexesin
tropical geometry

This paper presens yet another setting where nestedset complexesappear in a mean-
ingful way and, this time, cortribute to the toolbox of topological combinatorics and
conbinatorial represermation theory.

Complexesof trees T,, are abstract simplicial complexeswith simplicescorresponding
to conbinatorial typesof rooted treeson n labelled leaves. They madetheir rst appear-
ance in work of Boardman [B] in connection with E1 -structures in homotopy theory.
Later, they were studied by Vogtman [V] from the point of view of geometric group
theory, and by Robinson and Whitehouse [RW] from the point of view of represenation
theory. In fact, T, carries a natural action of the symmetric group , that allows for
a lifting to a n+1-action. For studying induced represenations in homology Robinson
and Whitehouse determined the homotopy type of T, to be a wedgeof (n 1)! spheres
of dimension n 3. Later on, complexesof trees were showvn to be shellable by Trapp-
mann and Ziegler [TZ] and, in independert (unpublished) work, by Wacdhs [W1]. Recen
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interest in the complexesis motivated by the study of spacesof phylogenetic trees from
combinatorial, geometric and statistics point of view [BHV]. Complexesof trees appear
as links of the origin in natural polyhedral decompositions of the spacesof phylogenetic
trees.

Ardila and Klivans[AK] recertly provedthat the complexoftreesT, canbe subdivided
by the order complex of the partition lattice ( ). Our result shovsthat (1), in
fact, can be obtained by a sequenceof stellar subdivisions from the complex of trees.
This and other corollaries rely on the speci ¢ properties of nested set complexesthat we
introduce into the picture.

Our paper is organizedas follows: After recalling the de nitions of complexesof trees
and of nested set complexesin Section 2, we establish an isomorphism between the
complexof treesT, and the reducedminimal nestedsetcomplexofthe partition lattice
in Section 3. Among seeral corollaries, we obsene that the isomorphism providesa -
invariant approad for studying tree complexes;their ,-represeration theory can be
retrieved literally for free.

In Section 4 we complemert the by now classical combinatorial correspondencebe-
tween no broken circuit basesand decreasingEL-labelled chains for geometric lattices
by incorporating proper maximal nestedsetsasrecenly de ned by De Concini and Pro-
cesi [DP2]. We formulate a cohomology basis for the complex of trees that emerges
naturally from this combinatorial setting.

Mostly dueto their rich represenation theory, complexesof treeshave beengeneralized
early on to complexesof homeomorphicallyirreducible k-treesby Hanlon [H]. We discuss
this and another, in the nestedset cortext more natural, generalizationin Section 5.

Acknowledgments: | would like to thank Michelle Wachs and Federico Ardila for stimu-
lating discussionsat the IAS/P ark City Mathematics Institute in July 2004.

2. Main Chara cters

2.1. The complex of trees. Let us x someterminology: A treeis a cycle-freegraph;
vertices of degreel are called leaves of the tree. A rooted tree is a tree with onevertex of
degreelarger 1 marked asthe root of the tree. Verticesother than the leavesand the root
are calledinternal vertices. We assumethat internal vertices have degreeat least3. The
root of the tree is thus the only vertex that can have degree2. Another way of saying
this is that we assumeall non-leavesto have outdegree at least 2, where the outdegreeof
a vertex is the number of adjacent edgesthat do not lie on the unique path betweenthe
vertex and the root.

We call arooted tree binary if the vertex degreesare minimal, i.e., the root hasdegree2
and the internal vertices have degree3; in other words, if the outdegreeof all non-leaves
is 2. Obserwe that a rooted binary tree on n leaveshas exactly n 2 internal edges,i.e.,
edgesthat are not adjacert to a leave.

The combinatorial type of a rooted tree with labelled leavesrefersto its equivalence
class under label- and root-preserving homeomorphismsof trees as 1-dimensional cell
complexes.
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have degree 3. The correspondenceis obtained by adding an edgeand a leaf labelled O
to the root of the tree. Though treeson n+ 1 labelled leavesseemto be the more natural,
more symmetric objects, rooted treeson n leavescomein more handy for the description
of Tp,.

De nition  2.1. The complexof trees Ty, n 3, is the abstract simplicial complex with
maximal simplicesgiven by the conbinatorial typesof binary rooted trees with n leaves

internal edges.

The complexoftreesT, isapure (n 3)-dimensionalsimplicial complex. As we pointed
out in the introduction, it is homotopy equivalert to a wedgeof (n 1)! spheresof dimen-
sionn 3 [RW, Thm. 1.5].

The complex T3 consistsof 3 points. For n = 4, there are 4 typesof trees, we depict la-
belled represerativ esin Figure 1. Obsernwethat the rst two correspondto 1-dimensional
(maximal) simplices,whereasthe other two correspond to vertices. The last two labelled
trees, in fact, are the vertices of the edgecorresponding to the rst maximal tree. The
third tree is a \v ertex" of the second,and of the rst.

4
3 3 4 4
1 2 1 2 3 4 1 2 1 2 3

Figure 1. Simplicesin T4

2.2. Nested set complexes. We recall herethe de nition of building sets, nestedsets,
and nestedset complexesfor nite lattices as proposedin [FK].

We use the standard notation for intervals in a nite lattice L, [X;Y]:=fZ 2 L]
X Z Yg,forX;Y 2L, moreover,S x :=fY2SjY Xg,andaccordinglyS«x ,S x,
and Ssx ,forS L and X 2 L. With maxS we denotethe set of maximal elemers in S
with respect to the order coming from L.

De nition  2.2. Let L bea nite lattice. A subsetGin L is called a building set if for

any X 2L, s and maxG x = fGy;:::; Gkg there is an isomorphism of partially ordered
sets

Y i}
(2.1) ' 0:61 T [6:X]

j=1

factors of X in G.
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The full lattice L ¢ is the simplest exampleof a building setfor L. We will sometimes
abusenotation and just write L in this case.Besidesthis maximal building set, there is
always a minimal building set| consisting of all elemerts X in L4 which do not allow
for a product decomposition of the lower interval [0; X ], the so-calledirr educible elements
in L.

De nition 2.3. Let L be a nite lattice and G a building set containing the maximal
elemen 2 of L. A subsetS in Gis called nestal (or G-nesta if speci cation is needed)

join X1 _ X doesnot belongto G. The G-nested setsform an abstract simplicial
complex, ¥ (L;G), the nestal set complex of L with respect to G. Topologically, the
nested set complex is a conewith apex 4; its baseN (L;G) is called the reduced nestel
set complex of L with respectto G.

We will mostly be concernedwith reduced nested set complexesdue to their more
interesting topology. If the underlying lattice is clear from the context, we will write
N (G) for N (L; Q).

Nested set complexescan be de ned analogously for building sets not cortaining %,
and, even more generally for meet semi-lattices. For a de nition in the full generality,
see[FK, Section 2].

For the maximal building set of a lattice L, subsetsare nestedif and only if they are
linearly orderedin L. Hence,the reducednestedset complexN (L ;L) coincideswith the
order complexof L, more precisely with the order complexof the proper part, L nf 0; 4g,
of L, which we denoteby ( L) using customary notation.

If L is an atomic lattice, the nested set complexescan be realized as simplicial fans,
see[FY], and for building setsG H in L, the nested set complex ¥ (L;H) can be
obtained from N (L ; G) by a sequenceof stellar subdivisions [FM, Thm 4.2]. In particular,
any reducednestedset complexN (L ; G) is obtained by a sequenceof stellar subdivisions
from the minimal reducednestedset complexN (L; 1), and can be further subdivided by
stellar subdivisions so asto obtain the maximal nested set complex ( L).

Example 2.4, Let | denotethe lattice of set partitions of [n]:=f1;:::;ng partially

ordered by reversedre nement. As explained above, the reduced maximal nested set
complex N( n; n) is the order complex ( ). Irreducible elemers in |, are the
partitions with exactly one non-singleton block. They can be identied with subsets
of [n] of cardinality at least 2. Nested setsfor the minimal building set| are collections
of suc subsetsof [n] such that any two either cortain one another or are disjoint. For
n = 3, the reduced minimal nestedset complex consistsof 3 isolated points; for n= 4, it

equalsthe Petersengraph.

3. Subdividing the complex of trees

We now state the core fact of our note.

Theorem 3.1. The complexof trees T, and the reduced minimal nested set complex of
the partition lattice N ( ;1) coincide as abstract simplicial complexes.
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Pro of. We exhibit a bijection betweensimplicesin T, and nestedsetsin the reduced
minimal nestedset complexN ( n;1) of the partition lattice .

Let T beatreein T, with inner verticesty;:::;tx. We denote the set of leavesin T
belov an inner vertex t by “(t). We assaiate a nestedset S(T) in N( ;1) to T by
de ning

Conversely let S=fSq;:::;Skg bea (reduced) nestedsetin , with respectto | . We
de ne arooted tree F(S) on the vertex set S| fRg, where R will bethe root of the tree.
Cover relations are de ned by setting S> T if and only if T 2 maxS<s, and requiring the
root R to cover any elemert in maxS. Obsene that we allow the \ro ot" of F(S) to have
degreel in this intermediate stage of the construction.

To obtain a tree with n leaves, i.e., a simplex in T,, we needto \grow leaves" on
P(S). To do so, expand any leaf S of B(S) into jSj many leaves labeled with the
elemeigs in S. For ewery internal vertex T of F(S) add leavedabeled with the elemerts
of Tn  s,5.5<r S, analogously add leaveslabeledwith [n]Jn S to the root R. Denote
the resulting tree by T(S).

The two maps are inverseto ead other, hencewe have an (order-preserving) bijection
between the facesof T, and the reduced minimal nested set complex N ( n;1) of the
partition lattice. We seethat T, andN ( ;! ), in fact, areidentical asabstract simplicial
complexes. 2

Corollary 3.2. The order complex of the partition lattice ( ) can be obtained from
the complex of trees T, by a sequen of stellar suldivisions.

Pro of. Referring to [FM, Thm. 4.2], we seethat the order complex ( ), i.e., the
reducedmaximal nestedsetcomplexN ( ; ) of 5, canbeobtained from the complex
of treesT,= N( p;l) by a sequenceof stellar subdivisions.

Explicitly , the subdivision is given by the choice of a linear extensionorderon ( , n
| )°P, and by performing stellar subdivisions in simplicesF, (X ) for posetelemeris X in
( n nl)°P alongthe given linear order. 2

Both the complex of trees and the partition lattice carry a natural action of the sym-
metric group , which inducesa n-action on the respective homology ead concen-
trated in top dimension (compare [RW] for the complex of trees, and [S] for the partition
lattice). We recover the well-known isomorphismof ,-modulesin

Corollary 3.3. The top degree homolayy groups of T, and of |, are isomorphic as
n-modules:

B 3(Th) = , Bn 3( n):

Pro of. The maps de ned in the proof of Theorem 3.1 are -equivariant, hencethey
inducea p,-module isomorphismin homology Moreaover, the subdivision referred to in
the proof of Corollary 3.2is p-equivariant, wherethe action on ( ) comesfrom the
action of , on . Obsenethat not any individual subdivision step is equivariant, but
simultaneous subdivisions for a xed partition type are. 2
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Remarks 3.4. (1) In recert work, Ardila and Klivans shoved that the complex
of trees T, coincides as a simplicial complex with the matroid strati cation of the
Bergman complex of the graphical matroid M (K ) [AK, Sect. 3]. This implies that
( LIM(Ky) = ( n) subdivides the complex of trees, in fact, the order complex co-
incides with the weight strati cation of the Bergman complex. Our result gives an ex-
plicit sequenceof stellar subdivisions relating one complex to the other. Independenly,
Ardila [A] has described a sequenceof subdivisions connecting T, and ( ) which
remainsto be comparedto the one preseried here.

(2) For anarbitrary matroid M, the matroid strati cation of the BergmancomplexB (M)
can be subdivided so as to realize the order complex of the lattice of ats L(M) [AK,
Thm. 1]. This strati cation, in fact, is the nest in a family of subdivisions having
the combinatorics of reduced nested set complexesN (L(M); G), the coarsestof which,
corresponding to N (L(M); 1), still subdivides the matroid strati cation of B(M) [FS].

Our theorem implies that for the particular caseof the graphic matroid M (K ) the

coarsestnestedset strati cation coincideswith the matroid strati cation of the Bergman
complex. This is not true in general;for an exampleaswell asa characterization of when
the strati cations coincide, see[FS, Ex. 1.2, Thm. 5.3].
(38) The subdivision of T,, describedin Corollary 3.2 cannot be connectedto the barycen-
tric subdivision of the complexof trees, bsd(T,), by further stellar subdivisions. In earlier
work, M. Wacdhs related cellsin T, to simplicesin the barycenrtric subdivision of T, in a
way that suggestedsuch a connection[W2].

As an example, let us obsene that the subdivision ( 5) of Ts is not re ned by
bsd(Ts):

Considerthe triangle T = f23,45;145 in N ( s;1 )= Ts. The sequenceof stellar sub-
divisions found in Corollary 3.2 hasto be non-increasingon non-building set elemerts,
hence, in the course of subdividing Ts, we rst do a stellar subdivision in the edge
(23;145), and later in the edge (23;45). The resulting subdivision of T is depicted in
Figure 2. The edge(23j45< 23145)in ( Ts) isnot re ned by the barycenrtric subdivision
of T.

145

23145

23 45
23145

Figure 2. Subdivision of T =23,45;1453 in ( 5)

4. A cohomology basis for the complex of trees

We start this section by recalling somestandard constructions assaiated with geometric
lattices. For standard matroid terminology used throughout, we refer to the book of
J. Oxley [Ox].
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Let L be a geometric lattice of rank r with a xed linear order! on its set of atoms
A(L). A broken circuit in L is a subsetD of A(L) that can be written as a circuit
in L with its minimal elemert removed, D = Cnmin C, C a circuit in L. The maximal
independert setsin L that do not cortain any broken circuits are known asthe no broken
circuit basesof L, denotedby nbc, (L). The no broken circuit basesplay an important
role for understanding the (co)homology of ( L).

Thereis astandard labelling of coverrelations X>Y inL. For X 2L, letbXc:=fA 2
A(L)jA Xug, the setof atomsin L below X, and de ne

(X >Y) := min(bXcnhbYc):

This labelling in fact is an EL-labelling of L in the senseof [BWal], thus, by ordering
maximal chains lexicographically, it inducesa shelling of the order complex ( L). Denote
by dc, (L) the set of maximal chainsin L with (strictly) decreasinglabel sequence:

dei (L) = fO0<ci<:ii<c 1<% (a>0)> (>c)>:::> E> ¢ 1)g:

The characteristic cohomology classes[c ] for c2 dc, (L), i.e., classesrepresened by
cochains that evaluate to 1 on c and to 0 on any other top dimensional simplex of ( L),
form a basis of the only non-zero reduced cohomology group of the order complex,
(L))

We add the notion of proper maximal nestedsetsto the standard notions for geometric
lattices with xed atom order that we listed sofar. The concepthas appearedin recert
work of De Concini and Procesi[DP2]. Dene amap : 1! A(L) by setting (S) :=
minbSc for S21. A maximal nestedset S in the (non-reduced) nested set complex
N (L;1) is called proper if the setf (S)jS 2 Sgisabasisof L. Denotethe set of proper
maximal nestedsetsin L by pn, (L).

We de ne maps connectingnbc, (L), dc, (L), and pn, (L) for a given geometric lat-
tice L. In the following proposition we will seethat these maps provide bijective corre-
spondencesbetweenthe respective sets.

To beginwith, dene :nbc,(L)! dc, (L) by

(4.1) (ap::a) = O<a<a _a 1<::<a_a 1_:::_a=1);

Next, dene :dc,(L)! pn, (L) by
(4.2) (O0<a<ii<g 1<) = Fle)[ F() [ :=:[ F(e 1) [ FD;

forachainc: 0< ¢ < :::< ¢ 1< 2inL with decreasinglabel sequencewhere F (c;)
denotesthe set of factors of ¢; with respectto the minimal building setl in L.
Finally, dene :pn,(L)! nbc, (L) by

(4.3) (S) =f (S)jS28Sg;
for S2 pn, (L).

Example 4.1. Let us considerthe partition lattice 5 with lexicographic order lex on
its setof atomsij, 1 i<j 5. Forb=1f1214;23,4592 nbciex( 5) we have

(b = (0< 45< 2345< 23145< %):
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Obsene that the chain is constructed by taking consecutiwe joins of elemers in the
opposite of the lexicographic order.
Going further using  we obtain the following proper nested set,
(0 < 45< 2345< 23145< %) f45g [ 23459 [ 23145 [ f1234%
23,45, 145 1234%:

Applying  we retrieve the no broken circuit basiswe started with:
( 23,45 14512:A5) = 12,2314, 459:

Prop osition 4.2. For a geometric lattice L with a givenlinear order ! on its atomsthe
maps , ,and de ned above give bijective correspndenes between (1) the no broken
circuit basesnbc, (L) of L, (2) the maximal chainsin L with decreasing label seqquene,

dc, (L), and (3) the proper maximal nested setspn, (L) in N (L;!), respctively.

Pro of. Themap :nbc,(L)! dc: (L) iswell known in the theory of geometriclattices.
It is the standard bijection relating no broken circuit basesto cohomologygeneratorsof
the lattice, compare[Bj2, Sect.7.6]for details. In the previously cited work of De Concini
and Procesithe composition of maps = :nbcy (L) ! pn, (L) is shown to be
a bijection with inverse : pn,(L) ! nbc, (L) [DP2, Thm. 2.2]. This implies that

zdey (L) ! pn, (L) is bijective as well, which completesthe proof of our claim. 2

The aim of the next proposition is to trace the support simplices for the cohomol-
ogy basesf [c ]Jjc2dc: ( n)gof ( ) through the inversestellar subdivisions linking
( n) to the complex of trees T, =N ( n;l). For the momen we can stay with the
full generality of geometriclattices and study support simplicesfor maximal simplicesof
( L) in the minimal reducednestedset complexN (L;1).

Prop osition 4.3. Let L be a geometric lattice, c: ¢1< ::: < ¢ 1 a maximal simplex
in ( L). The maximal simplexin N (L;I) supporting c is given by the union of sets of
factors

F(c) [ F(e) [ :::[ Flor 1)
Proof. There is a sequenceof building sets
L=G & @1 G=1;
connectingL and | which is obtained by removing elemens of L nl from L in a non-

responding nested set complexesare linked by inversestellar subdivisions:
N(G) = st(N(G+1);V(Fi(G)); fori=1;:::t 1;

where V (F, (Gj)) denotesthe simplex in N (G+1) spannedby the factors of G; with
respect to the minimal building set1 .

We trace what happensto the support simplex of c along the sequencef inversestellar
subdivisions connecting ( L) with N (I ). The support simplex of ¢ remains unchanged
in step i unlessG; coincideswith a (reducible) chain elemen ¢; (the irreducible chain
elemers can be replacedany time by their \factors": F(ck)=fckgforcc21).
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We can assumethat the support simplex of cin N (G) is of the form
S=F)[ :::[ F(g o[ fgal :::[ fo 10;
and we aim to show that the support simplex of cin N (G+1) is given by
T=Fe)l il F(G D[ F@G) I fgagl [ fo 198

Recall that the respective face posetsof the nested set complexesare connectedby a
combinatorial blowup

(4.4) F(N(G)) = Blg)(FIN(G+1)):

See[FK, 3.1.] for the concept of a combinatorial blowup in meet semi-lattices. Hence,
the support simplex S of cin N (G) is of the form S= Sg[ f¢gwith So2 N (G+1) (it is
an elemer in the \copy" of the lower ideal of elemerts in F(N (G+1)) having joins with
F (Gj)). Due to (4.4) we know that Sp6 F(G;j) and Sp[ F(Gij)2 N (G+1), which in fact
is the new support simplex of c. Let us mertion in passingthat, sincewe are talking
about maximal simplices, Sy contains F(G;) up to exactly oneelemen X;2 L.

Since ¢ is not cortained in any of the F(c), i=1;:::;] 1, we have So= F(cy) [

[ F(g o) fog+rgl [ for 19,andwe nd that T =F(cy)[ :::[ F(g 1)[ F(g)
[ fg+19[ :::[ fo 19 asclaimed.
Example 4.4. Let us again consider the partition lattice 5. The support simplex
of ¢: 45< 2345< 23145in N( s5;1) is 23 45,145. We depict in Figure 3 how the
support simplex of ¢ changesin the sequenceof inversestellar subdivisions from (&)
toN( s;l).

145 145 145
23145 23j145
23 45 23 45 23 45
23j45
c2 ( s) SUPBN ( 5;1)C

Figure 3. Support simplicesof ¢

We now conbine our ndings to provide an explicit cohomologybasisfor the complex
of trees T,,.

in Ts seeFigure 4.
Prop osition 4.5. The characteristic cohomolay classesassaiated with admissibletrees
in Ty,
f[T 12 18" 3(T,)jT admissiblein T,g;
form a basis for the (reduced) cohomolay of the complex of trees T.
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12345

Figure 4. An admissibletree in Ts.

Pro of. We set out from the linear basis for 18" 3(( ,)) provided by characteristic
cohomology classesassaiated with the decreasingchains dc, ( ) in . Combining
Proposition 4.3 with the de nition of the bijection : dc,( »)! pn,( n)in (4.2) we
nd that the characteristic conomologyclassesassaiated with (reduced) proper maximal
nestedsetspn, ( ) provide a linear basisfor " 3(N( ;1)). We tacitly make use of
the bijection betweenmaximal simplicesin N(L;1) and N (L;1) given by removing the
maximal elemen 4 of L.

To describe support simplices explicitly, recall that proper maximal nested sets are
inverse images of no broken circuit basesunder : pn,( ) ! nbc ( n) asdened
in (4.3). The no broken circuit basesof | with respect to the lexicographic order on
atoms, i.e.,onpairs (i;j), 1 i<j n,are(n 1)-elemen subsetsof the form

(1:2); (i2;3); 2225 (in 15N)
with 1 i; j for j=2;:::;n 1. Inverseimagesunder are maximal nested sets

S2M8( n;l) sucthat f (S)jS2 Sg givescollections of pairs with ead integer from 2
to n occurring exactly oncein the secondcoordinate. Applying the isomorphismbetween
N( n;!1)and T, from Theorem 3.1 shows that the characteristic conomologyclasseson

admissibletreesin T, indeedform a basisof 18" 3(T,). 2

Remark 4.6. Our basisof admissibletreesdi ers from the onepresened in [TZ, Cor. 5]
as a consequencef their shelling argumert for complexesof trees.

5. Complexes of k-trees and other generaliza tions

The intriguing represenation theory of complexesof trees T, [RW] hasgivenriseto a
generalizationto complexesof k-trees [H].

De nition  5.1. The complex of k-treesT{Y, n 1,k 1,isthe abstract simplicial com-

plex with facescorrespondingto combinatorial typesof rooted treeswith (n  1)k+ 1 leaves

and at least one internal edge. The partial order among the rooted trees is given by
cortraction of internal edges.

Alternativ ely, we could de ne T asthe simplicial complex with facescorresponding

to (non-rooted) trees with (n 1)k+2 labelled leaves, all degreesof non-leaves at least
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k+2 and congruert to 2 mod k, and at least oneinternal edge. Again, the order relation
is given by cortracting internal edges.Obsene that for k= 1 we recover the complex of
trees T,,. The face posetof our complex T is the posetLﬂ‘)l of Hanlon in [H].

The complexesTrgk) are pure simplicial complexesof dimensionn 3. They wereshawvn

to be Cohen-Macaula by Hanlon [H, Thm. 2.3]; later a shellability result was obtained
by Trappmann and Ziegler [TZ] and, independertly, by Wads [W1].

The complexesTrEk) carry a natural y-action for N = (n 1)k+ 1 by permutation of
leaves, which inducesa \ -action on top degreehomology It follows from work of Han-

lon [H, Thm. 1.1] and Hanlon and Wachs [HW, Thm. 3.11and 4.13]that 1§, 3(T,§k)) is

isomorphicasan -module to I, 3( f\,k)), where l(\,k) is the subposetof | consisting

of all partitions with block sizescongruernt 1 mod k. The poset (Nk) had beenstudied be-
fore on its own right: it wasshawn to be Cohen-Macauly by Bjorner [Bj1], its homology
and |\ -represeration theory was studied by Calderbank, Hanlon and Robinson [CHR].

In fact, both §-modules ¥, 3(Tr$k)) and 8, 3( I(\,k)) are isomorphic to the 1N ho-
mogeneouspiece of the free Lie k-algebra constructed in [HW].

This certainly provides enough evidenceto look for a topological explanation of the
isomorphismof §-modules:

Question 5.2. Is the complex of k—treesT,Ek) related to the order complex of Eﬁ) 1)k+1

in the sameway as T, is related to the order complexof ,,i.e.,is T,Ek) homeomorphicto

( Elr? 1)k+1)? More than that, can ( Elr? 1)k+1) be obtained from T,Ek) by a sequence

of stellar subdivisions?

An approad to this question along the lines of Section 3 does not work right away:
The poset (n Dk+1 is not a lattice, and a conceptof nestedsetsfor more generalposets
is not (yet) at hand.

The generalization of T, to complexesof k-trees Trgk) thus turns out to be somewhat
unnatural from the point of view of nested set constructions. We proposeanother gen-
eralization which is motivated by starting with a natural generalization of the partition
lattice that remainswithin the classof lattices.

De nition  5.3. For n>k 2, the k-equal lattice . is the sublattice of the partition
lattice | that is join-generated by partitions with a single non-trivial block of sizek.

Obserne that we retrieve | for k=2. There is an extensive study of the k-equal
lattice in the literature, mostly motivated by the fact that .k is the intersection lattice
of a natural subspacearrangemer, the k-equal arrangement Its homology has been
calculated by Bjorner and Welker [BW¢], it was showvn to be shellabe by Bjorner and
Wacds [BWa2], and its ,-represetation theory has been studied by Sundaram and
Wachs [SWa].

The irreducibles | in . are partitions with exactly one non-trivial block, this time
of sizeat least k. Setsof irreducibles are nestedif and only if for any two elemeris the
non-trivial blocks are either corntained in one another or disjoint.
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Constructing treesfrom nestedsets,analogousto the construction of T, from N ( ;1)
in the proof of Theorem 3.1, suggeststhe following de nition:

De nition  5.4. The complexof k-equal trees T,k is a simplicial complex with maximal
simplices given by conmbinatorial typesof rooted trees T on n labelled leaves which are
binary except at preleaves, where they are k-ary. Here, preleaves of T are leaves of the
tree that is obtained from T by removing the leaves. Lower dimensional simplices are
obtained by contracting internal edges.

We depict the tree typesoccurring as maximal simplicesof T7.3 in Figure 5. Obsene
that oneis a 3-dimensional simplex in T7.3, whereasthe two others are 2-dimensional.
The de nition of T,k doesnot appealasnatural, howewer, it isatrade o for the following
Proposition and Corollary which are obtained literally for free, having the argumerts of
Section 3 at hand.

A 0O o o~
[ERN
N
w

Figure 5. Maximal simplicesin T7.3

Prop osition 5.5. The complexof k-equaltrees, Tk, and the minimal nestel setcomplex
of the k-equal lattice, N ( n.; ), coincide as abstract simplicial complexes.In particular,
the order complex (k) can be obtained from T,,x by a sequene of stellar suldivisions.

Pro of. There is a bijection betweentreesin T, and nestedsetsin N ( nx;|) analogous
to the bijection betweenT, and N ( n;I|) that we describedin the proof of Theorem 3.1.
Referring againto [FM, Thm. 4.2], the complexesare connectedby a sequenceof stellar
subdivisions. 2

Corollary 5.6. The graded homolayy groups of the complex of k-equal trees and of the
k-equal lattice are isomorphic as ,-modules:

14 (Thx) = . lEP( nk)
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