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Abstract

Upper complexity bounds for modal logics are often a
complex issue treated with a wide range of frequently ad-
hoc techniques. As domain-specific modal logics (often
non-normal) abound in the literature and new ones appear
at regular intervals, it is therefore desirable to develop a
generic algorithmic framework for deriving such bounds
systematically. Here, we present a semantics-based crite-
rion for modal logics whose axioms do not nest modal op-
erators to be decidable in PSPACE , typically a tight up-
per bound; the generality of our approach is based on a
coalgebraic semantics. This result complements an ear-
lier tableau-based method and extends the class of logics
covered by generic techniques. In some cases, e.g. condi-
tional logics, the semantic criterion is established very eas-
ily, and in others, notably various logics of quantitative un-
certainty, it follows by dissecting off-the-shelf results. Thus,
our method allows establishing PSPACE -completeness of
a wide range of logics with only moderate effort.

1. Introduction

One of the attractive aspects of modal logic is that
purpose-built modal logics combine the right level of ex-
pressivity with decidability, often in low complexity classes.
Modal logics without fixed point operators tend to be de-
cidable in PSPACE , i.e. are not dramatically harder than
propositional logic. In particular, Ladner showed in sem-
inal work that various normal modal logics including K,
KD, and T are PSPACE -complete, with the upper bound
proved using shallow tree models [17]. Slightly uncharac-
teristically from the point of view of complexity theory (but
fairly typically for the complexity analysis of logics), lower
PSPACE bounds for modal logics are frequently obtained
more or less for free from Ladner’s initial results, namely
by embedding a known PSPACE -hard logic such as K
or KD. Contrastingly, establishing upper bounds often re-
mains a non-trivial task. Instances of the latter problem, in
particular non-normal cases, have received much attention
in the recent literature; we list only a few examples:

• A PSPACE upper bound for graded modal logic [8] is
obtained using a constraint set algorithm in [31]. This cor-
rects a previously published incorrect algorithm and refutes
a previous EXPTIME hardness conjecture.
• More recently, a PSPACE upper bound for Presburger

modal logic (which contains both graded modal logic and
majority logic [22]) has been established using a Ladner-
type algorithm [5] .
• Using a variant of a shallow neighbourhood frame con-

struction from [32], a PSPACE upper bound for coalition
logic is established in [25].
• PSPACE upper bounds for CK and related condi-

tional logics [3] are obtained in [21, 20] by a detailed proof-
theoretic analysis of a labelled sequent calculus.

These examples motivate the search for broadly applica-
ble generic algorithms for modal logics. We aim in par-
ticular at genericity w.r.t. the branching type of the sys-
tems underlying the semantics — while normal modal log-
ics are usually interpreted over Kripke frames, the seman-
tics of non-normal modal logics involves a wide variety of
system types, e.g. probabilistic systems [18, 14, 6], frames
with ordered branching [5], game frames [25], or condi-
tional frames [3]. We achieve this degree of generality by
working in the framework of coalgebraic modal logic [24],
which encapsulates the branching type in the choice of a
signature functor whose coalgebras play the role of models.

The class of modal logics interpreted over the class of
all coalgebras for a given signature functor, in analogy to
the interpretation of K over all Kripke frames, coincides
precisely with the class of of rank-1 logics [28, 30], where
a (possibly polyadic) modal logic has rank 1 if its axioms
are propositional combinations of atoms containing exactly
one modal operator (thus including the normal modal logics
K and KD, but excluding e.g. T and S4). Existing generic
decidability and completeness results for coalgebraic modal
logic [23, 4, 28, 29] have been limited to this class. In the
present work, we restrict most of the exposition to rank-
1 logics as well, but conclude with a generalization of our
method to rank-0-1 logics, defined by arbitrary axioms that
avoid nesting of modal operators (thus including e.g. the
normal modal logic T , but still excluding S4).



Already the class of rank-1 logics, while certainly re-
strictive, covers a large number of important logics, includ-
ing besides the above-mentioned examples (graded modal
logic, majority logic, Presburger modal logic, coalition
logic, CK) e.g. probabilistic modal logics [18, 14, 6], the
conditional logic CK + ID [3], and various deontic log-
ics (e.g. [9]). The seemingly minute generalization step to
rank-0-1 logics is not only technically non-trivial, but also
further extends the range of candidates for our method quite
substantially. E.g. the class of rank-0-1 logics includes, be-
sides T , all 16 conditional logics covered in [20] (of which
only 4 are rank-1), in particular CK+MP [3], and Elge-
sem’s logic of agency (discussed e.g. in [10]).

A tableau-based generic PSPACE -algorithm for rank-1
logics is described in [29]. Here, we complement this result
by a semantics-based method for rank-0-1 logics which re-
lies on a small model property at the single-step level, the
one-step polysize model property (OSPMP). This property
leads to a PSPACE algorithm which traverses a polynomi-
ally branching shallow model, thus providing an alternative
route to PSPACE upper bounds which, unlike the tableau
method, does not require tractable axiomatizations. A fur-
ther consequence is an NP upper bound for satisfiability of
formulas with bounded nesting of modal operators, general-
izing a result for K and T from [11] (where similar results
are also proved for various other normal modal logics).

The OSPMP is, in some cases, very easy to establish.
E.g. in order to reprove Ladner’s PSPACE upper bound
for K, one essentially just has to note that constructing a
set that meets n given sets requires at most n elements; the
case of the conditional logics CK, CK+ID , and CK+MP
is similarly simple. In other cases, the OSPMP can be
obtained by sharpening off-the-shelf results. This holds
in particular for various logics of quantitative uncertainty.
Such logics, concerned e.g. with probability, upper proba-
bility, Dempster-Shafer belief, possibility, and expectation,
come in two flavours: a one-step version without nesting of
modal operators, typically NP -complete, and a ‘properly’
modal version with nested modalities, typically PSPACE -
complete. E.g. the logic of probability was first introduced
as a one-step logic [7] and later extended to a modal logic
in the above sense [6]. Using material from proofs of NP
upper bounds for the one-step versions, we obtain tight
PSPACE upper bounds for the modal versions, some of
which are, to our knowledge, novel.

The material is organized as follows. We recall the ba-
sic definitions of coalgebraic modal logic in Section 2. The
PSPACE criterion for rank-1 logics is presented in Sec-
tion 3, and illustrated by means of extensive example appli-
cations. The generalization to rank-0-1 is covered in Sec-
tion 4, along with corresponding additional examples. We
refer to [19] for unexplained categorical terminology.

2. Coalgebraic Modal Logic

We recapitulate the basics of the coalgebraic interpreta-
tion of modal logic, and discuss a number of examples.

A modal signature Λ is a set of modal operators with as-
sociated finite arity. The signature Λ determines two lan-
guages: firstly, the one-step logic of Λ, whose formulas
ψ, . . . (the one-step formulas) over a set V of propositional
variables are defined be the grammar

ψ ::= ⊥ | ψ1 ∧ ψ2 | ¬ψ | L(φ1, . . . , φn),

where L ∈ Λ is n-ary and the φi are propositional formulas
over V ; and secondly, the modal logic of Λ, whose setF(Λ)
of Λ-formulas ψ, . . . over V is defined by the grammar

ψ ::= a | ⊥ | ψ1 ∧ ψ2 | ¬ψ | L(ψ1, . . . , ψn),

where a ∈ V . Thus, the one-step logic excludes top-level
variables and nesting of modal operators; e.g. the K-axiom
�(a → b) → �a → �b is a one-step formula, but not the
axioms T (�a→ a) and 4 (�a→ ��a). The boolean op-
erations∨,→,↔,> are defined as usual. The rank rank(φ)
of φ ∈ F(Λ) is the maximal nesting depth of modal oper-
ators in φ (note however that the notion of rank-1 logic de-
fined below is stricter than suggested by this definition, as
it excludes top-level propositional variables in axioms; the
latter are allowed only in rank-0-1 logics). We denote by
Fn(Λ) the set of formulas of rank at most n; we refer to the
languages Fn(Λ) as bounded-rank fragments.

For our purposes, the modal logic is the actual object of
study, while the one-step logic is a technical tool; however,
one-step logics also appear as logics of independent inter-
est in the literature [7, 12, 13]. One of the central ideas of
coalgebraic modal logic is that properties of the full modal
logic, such as soundness, completeness, and decidability,
can be reduced to properties of the much simpler one-step
logic. This is also the spirit of the present work, whose core
is a construction of polynomially branching shallow models
for the modal logic assuming a small model property for the
one-step logic.

The semantics of both the one-step logic and the modal
logic of Λ are parametrized coalgebraically, as follows.

Definition 2.1. Let T : Set → Set be a functor, referred to
as the signature functor, where Set is the category of sets. A
T -coalgebra A = (X, ξ) consists of a set X of states and a
transition function ξ : X → TX . A PX-valuation π for a
set V of propositional variables assigns to each a ∈ V a set
π(a) ⊆ X of states satisfying a. A T -model M = (A, π)
over V consists of a T -coalgebra A = (X, ξ) and a PX-
valuation π for V .

Remark 2.2. A T -model over V may be regarded as a coal-
gebra for the functor TV defined by TV X = TX × PV ,



so that propositional variables in the modal logic could be
subjected to Occam’s razor. We have chosen to treat them
explicitly in order to facilitate presentation of the examples.

We view coalgebras as generalized transition systems:
the transition function maps a state to a structured set of
successors and observations, with the precise nature of the
structure determined by the signature functor. Thus, the sig-
nature functor encapsulates the branching type of the tran-
sition systems playing the role of frames in the semantics.

Assumption 2.3. We can assume w.l.o.g. that T preserves
injective maps [1]. For ease of notation, we will in fact
sometimes assume that TX ⊆ TY in case X ⊆ Y . More-
over, T is w.l.o.g. non-trivial, i.e. TX = ∅ =⇒ X = ∅.

Coalgebraic modal logic in the form employed here ab-
stractly captures the interpretation of modal operators using
predicate liftings [24], generalizing earlier approaches [15,
26, 16]. Here, we use polyadic predicate liftings [27].

Definition 2.4. An n-ary predicate lifting (n ∈ N) for a
functor T is a natural transformation

λ : Qn → Q ◦ T op ,

where Q denotes the contravariant powerset functor
Setop → Set (i.e. QX is the powerset PX , and Qf(A) =
f−1[A]), andQn refers to its n-fold cartesian product given
by QnX = (QX)n.

A coalgebraic semantics for Λ, shortly a coalgebraic
modal logic, is formally defined as a Λ-structure M (over
T ) consisting of a signature functor T and an assignment of
an n-ary predicate liftingM[[L]] for T to every n-ary modal
operator L ∈ Λ. We omit the mention of M when this is
unlikely to cause confusion. The semantics of the modal
language F(Λ) is then given in terms of a satisfaction re-
lation |=M between states x of T -models M = ((X, ξ), π)
and F(Λ)-formulas over V . The relation |=M is defined in-
ductively, with the usual clauses for variables and boolean
operations. The clause for an n-ary modal operator L is

x |=M L(φ1, . . . , φn) ⇔ ξ(x) ∈ [[L]]([[φ1]]M , . . . , [[φn]]M )

where [[φ]]M = {x ∈ X | x |=M φ}. We drop the sub-
scripts M when M is clear from the context. Our main
interest is in the (local) satisfiability problem over M:

Definition 2.5. An F(Λ)-formula φ is satisfiable if there
exist a T -model M and a state x in M such that x |=M φ.
Moreover, φ is valid if x |=M φ for all M,x.

Contrastingly, the semantics of the one-step logic is
given in terms of satisfaction relations |=1

X,τ between el-
ements t ∈ TX and one-step formulas over V , where X
is a set and τ is a PX-valuation for V . The valuation

τ canonically induces an interpretation of [[φ]]0τ ⊆ X of
propositional formulas φ over V . We write X, τ |=0 φ if
[[φ]]0τ = X . The relation |=1

X,τ is then defined by the usual
clauses for boolean operators and

t |=1
X,τ L(φ1, . . . , φn) ⇔ t ∈ [[L]]([[φ1]]

0
τ, . . . , [[φn]]0τ).

Note in particular that the semantics of the one-step logic
does not involve a notion of state transition. For a one-step
formula ψ, we put [[ψ]]1τ = {t ∈ TX | t |=1

X,τ ψ}.

Definition 2.6. A one-step model (X, τ, t) over V consists
of a set X , a PX-valuation τ for V , and t ∈ TX . For a
one-step formula ψ over V , (X, τ, t) is a one-step model of
ψ if t |=1

X,τ ψ. In this case, ψ is (one-step) satisfiable.

Remark 2.7. We say that a modal logic is of rank 1 if
it is axiomatisable by one-step formulas. It turns out that
the rank-1 modal logics are precisely the coalgebraic modal
logics in the above sense [28, 30]. This is due to the in-
terpretation of coalgebraic modal logic over the class of all
T -coalgebras, and thus is by no means an inherent limita-
tion of the coalgebraic approach: in order to interpret modal
logics of arbitrary rank over a functor T , one considers co-
varieties of T -coalgebras. Research on generic methods for
such logics is under way. A first step in this direction is the
generalization of our method to rank-0-1 logics in Section 4.

For the remainder of this section and the next, we fix
a Λ-structure M over T . We recall some basic notions
from propositional logic, as well as notation for coalgebraic
modal logic following [4]:

Definition 2.8. We denote the set of propositional formu-
las over a set S, generated by the basic connectives ¬
and ∧, by Prop(S). We use variables ε etc. to denote ei-
ther nothing or ¬. Thus, a literal over S is a formula
of the form εa, with a ∈ S. A (conjunctive) clause is
a finite, possibly empty, disjunction (conjunction) of lit-
erals. The set of all (conjunctive) clauses over S is de-
noted by Cl(S) (cCl(S)). We denote by UpΛ(S) the set
{L(a1, . . . , an) | L ∈ Λ n-ary, a1, . . . , an ∈ S}.

Given a set V of propositional variables, aZ-substitution
is a substitution σ of the propositional variables a ∈ V by
elements σ(a) of a set Z; we denote the result of applying
σ to a formula φ over V by φσ.

Note that in the above notation, the set of one-step for-
mulas over V is Prop(UpΛ(Prop(V ))). The one-step logic
may alternatively be presented in terms of pairs of formulas
separating out the lower propositional layer:

Definition 2.9. A one-step pair (φ, ψ) over V consists of
formulas ψ ∈ cCl(UpΛ(V )) and φ ∈ Prop(V ). A one-step
model (X, τ, t) is a one-step model of (φ, ψ) if X, τ |=0 φ
and t |=1

X,τ ψ. In this case, we write (X, τ, t) |=1 (φ, ψ),
and we say that (φ, ψ) is (one-step) satisfiable.



Essentially, one-step satisfiable pairs correspond, via
negation of the conclusion, to unsound one-step rules in the
sense of [28]. In analogy to the equivalence between ax-
ioms and one-step rules described in [28], one-step pairs
and one-step formulas may replace each other for purposes
of satisfiability:

Proposition 2.10. For every one-step pair (φ, ψ) over V
with φ satisfiable, there exists a Prop(V )-substitution σ
such that the one-step formula ψσ is equivalent to (φ, ψ)
in the sense that if t |=1

X,τ ψσ then (X,στ, t) |=1 (φ, ψ),
and if (X, τ, t) |=1 (φ, ψ) then t |=1

X,τ ψσ (and στ = τ ).
Here, στ denotes the PX-valuation taking a to [[σ(a)]]0τ .

Conversely, we have, for ψ ∈ cCl(UpΛ(Prop(V ))), an
equivalent one-step pair (φ, ψ1) over V ∪W , where ψ de-
composes as ψ ≡ ψ1σ, with ψ1 ∈ cCl(UpΛ(W )), σ a
Prop(V )-substitution, and V ∩ W = ∅, and where φ is
the conjunction of the formulas a ↔ σ(a), a ∈ W . Here,
restricting valuations to V induces a bijection between one-
step models of (φ, ψ1) and one-step models of ψ.

The above fact is crucial for the extraction of the
PSPACE -criterion from the proofs of small model results
in the literature (cf. Examples 3.15.4–6 below).

The coalgebraic approach subsumes many interesting
modal logics, including e.g. graded and probabilistic modal
logics and coalition logic [29]. Below, we present the most
basic example, the modal logic K, as well as various con-
ditional logics and logics of quantitative uncertainty.

Example 2.11. 1. Modal logic K: Let Λ = {�}, with
� a unary modal operator. We define a Λ-structure over
the covariant powerset functor P (i.e. PX is powerset, and
Pf(A) = f [A]) by putting [[�]]X(A) = {B ∈ PX |
B ⊆ A}. Naturality of [[�]] is just the equivalence f [B] ⊆
A ⇐⇒ B ⊆ f−1[A].
P-coalgebras are Kripke frames, and P-models are

Kripke models. The modal logic of Λ is precisely the modal
logicK, equipped with its standard Kripke semantics. Con-
trastingly, a one-step formula over V is a propositional com-
bination of atoms of the form �φ, where φ ∈ Prop(V ). For
A ∈ PX , we have A |=1

X,τ �φ iff A ⊆ [[φ]]0τ . One easily
checks that the one-step logic is NP -complete (see also be-
low), while the modal logic K is PSPACE -complete [17].

2. Conditional logic CK: Let T be the functor given
by TX = (QX → PX), with A → B denoting the set
of functions from A to B (and Q contravariant powerset,
cf. Definition 2.9). Then T -coalgebras are standard condi-
tional models [3]. The signature of conditional logic has a
single binary modal operator ⇒, interpreted over T by

[[⇒]]X(A,B) = {f : QX → PX | f(A) ⊆ B}.

The modal logic of this structure is the conditional logic
CK [3]. Formulas ⇒ (φ, ψ), usually written φ ⇒ ψ, are
non-monotonic conditionals.

3. Conditional logic CK+ID: An important extension
of CK is the logic CK+ID [3] obtained by imposing the
rank 1 axiom

(ID) a⇒ a.

The semantics of CK+ID is captured coalgebraically by
passing from the functor T of the previous example to the
subfunctor TID defined by

TIDX = {f ∈ TX | ∀A ∈ QX. f(A) ⊆ A},

with ⇒ interpreted analogously as for CK.
4. Modal logic of probability [6]: Let Dω denote the (fi-

nite) distribution functor; i.e.DωX is the set of finitely sup-
ported probability distributions on X , and Dωf acts as im-
age measure formation. Coalgebras forDω are probabilistic
transition systems (i.e. Markov chains).

The modal logic of probability has n-ary modal opera-
tors L(a1, . . . , an; b) for a1, . . . , a1, b ∈ Q, whose applica-
tion to formulas φ1, . . . , φn is written∑n

i=1 aiw(φi) ≥ b.

The terms w(φ) are called weights. Weights are interpreted
as probabilities; i.e.

[[L(a1, . . . , an; b)]]X(A1, . . . , An) =
{P ∈ DωX |

∑n
i=1 aiP (Ai) ≥ b}.

The one-step logic of this structure, i.e. a logic without nest-
ing of weights that talks only about a single probability dis-
tribution, is introduced in [7], and the modal logic in [6] (in
the context of a logic additionally featuring classical knowl-
edge operators).

5. Modal logic of upper probability [12]: This logic has
the same signature as the modal logic of probability, but in-
terprets weights as upper probabilities: Let T be the com-
posite P ◦Dω of the powerset functor and the finite distri-
bution functor. We put

[[L(a1, . . . , an; b)]]X(A1, . . . , An) =
{P ∈ TX |

∑n
i=1 aiP

∗(Ai) ≥ b},

where P∗(A) denotes the upper probability P∗(A) =
sup {PA | P ∈ P}. From the point of view of knowl-
edge representation, T -coalgebras model situations where
agents are unsure about probability distributions, e.g. when
it is unclear whether a tossed coin is fair. Only the one-
step logic of this structure is considered in [12]; however,
the modal logic of this structure is of interest as a natural
variation of the modal logic of probability.

6. Modal logic of possibilistic expectation [13]: The no-
tions of expectation considered in [13] are parametrized
over an underlying notion of likelihood, such as probabil-
ity, upper probability, Dempster-Shafer belief functions, or



Dubois-Prade possibility measures. All these cases can be
cast in the coalgebraic framework; here, we focus on pos-
sibility measures. Let Ps denote the functor that takes a set
X to the set of possibility measures on X , i.e. functions
p : PX → [0, 1] such that p(∅) = 0, p(X) = 1, and
p(A ∪ B) = max(p(A), p(B)) if A ∩ B = ∅. For a func-
tion f : X → Y , Ps(f)(p)(A) = p(f−1[A]). Coalgebras
(X, ξ) for Ps are transition systems which assign to every
state x ∈ X a possibility measure on X describing the suc-
cessors of x.

A possibility measure p induces an expectation function
Ep for gambles, i.e. real valued functions f onX with finite
range {y1 < . . . < yn}, defined by

Ep(f) = y1 +
∑n−1

i=1 (yi+1 − yi)p({x | f(x) > y}).

The modal logic of expectation is concerned with expected
values of linear combinations of formulas, regarded as gam-
bles given by the corresponding characteristic functions. It
has, for k, n1, . . . , nk ∈ N and ai, bij , c ∈ Z (i = 1, . . . , k,
j = 1, . . . , ni), modal operators L((ai); (bij); c) of arity
n =

∑
nk, whose application to formulas φij is written∑k

i=1 aie(
∑nk

j=1 bijφij) ≥ c.

The terms e(. . . ) represent expectations. The interpretation
over Ps is given by

[[L(c; (ai); (bij))]]X((Aij)i=1,...,k;j=1,...,ni) =

{p ∈ Ps(X) |
∑k

i=1 aiEp(
∑ni

j=1 bij1Aij
) ≥ c},

where 1A : X → {0, 1} denotes the characteristic function
of A ⊆ X . Expectations subsume weights, i.e. w(φ) can be
coded as e(φ).

Again, only the one-step logics of expectation are ex-
plicitly considered in [13]; the modal versions are of inter-
est as natural extensions of the corresponding modal logics
involving only weights. The modal logic of expectation ad-
mits formulas such as

e(1/2(e(u+ 3v) ≥ 2) + 1/3u) ≥ 1/2

(where u, v are propositional variables), while the one-step
logic excludes nested expectations.

Convention 2.12. For complexity considerations, we as-
sume that Λ is equipped with some reasonable size mea-
sure, thus inducing a size measure for F(Λ). For formulas
φ over V , we assume w.l.o.g. that |V | ≤ size(φ) (drop-
ping unused variables if necessary). Moreover, we need to
be precise about representation sizes of elements of TX for
a functor T . For finite X , we assume given a representa-
tion of elements of TX as strings over some finite alpha-
bet, with sizeX(t) denoting the size of the representation
of t ∈ TX . We do not require that all elements of TX

are representable, nor that all strings denote elements of
TX . We assume, however, that it is decidable in polyno-
mial time whether a given string represents an element of
TX (while this assumption is easily invalidated in contrived
examples, it does not present a problem in typical applica-
tions, and we will mostly omit the discussion of this issue
in our examples). We require that representations are well-
behaved under inclusions TX ⊆ TY induced according to
Assumption 2.3 by inclusions X ⊆ Y into a finite base set
Y whose elements are represented in size dlog |Y |e (where
dre = min{n ∈ N | n ≥ r}), namely that representable
elements of TX remain representable in TY , and that

sizeY (t) ≤ dlog |Y |esizeX(t) for t ∈ TX ⊆ TY . (∗)

This assumption is usually unproblematic: we may typi-
cally think of elements of TY as terms built over elements
of Y , so that reinterpreting t ∈ TX as t ∈ TY amounts to
replacing elements of X by the corresponding elements of
Y , possibly increasing their size to dlog |Y |e.

We make these issues explicit for the above examples:

Example 2.13. 1. Modal logic K: For X finite, ele-
ments of PX are represented as lists. For X ⊆ Y, reinter-
preting an element of PX as an element of PY amounts to
replacing a list over X by the list of the corresponding ele-
ments of Y, so that Condition (∗) of Convention 2.12 holds;
analogous arguments work for the remaining examples.

2. Conditional logic CK: For X finite, elements of
TX = QX → PX are represented as lists of maplets
A 7→ B, withA andB represented as lists; such a list repre-
sents the map f with f(A) = B if there is a maplet A 7→ B
in the list, and f(A) = ∅ otherwise. (It is crucial that we
do not require explicit images for all A, since otherwise,
elements of TX would always be of exponential size.)

3. Conditional logic CK+ID: The representation is as
for CK; deciding whether a given string represents an el-
ement of TIDX essentially amounts to checking a list of
subset inclusions, which is clearly in P .

4. Modal logic of probability: Elements of DωX with
all probabilities rational are represented as formal sums∑
pixi (thus denoting the probability distribution assign-

ing to A the probability
∑

xi∈A pi), with the pi represented
in binary. Similarly, rational indices of modal operators
L(a1, . . . , an; b) are assumed to be coded in binary.

5. Modal logic of upper probability: The representable
elements of TX = PDωX are the finite sets of repre-
sentable probability distributions, represented as lists.

6. Modal logic of possibilistic expectation: For X fi-
nite, a possibility measure p ∈ Ps(X) is representable if
p(A) ∈ Q for all A. In this case, p is represented in the
form p(A) =

∑
U⊆Am(U) by a consonant mass func-

tion m, i.e. a function m : PA → [0, 1] ∩ Q such that



m(∅) = 0,
∑

U∈PAm(U) = 1, and {U ⊆ X | m(U) > 0}
is linearly ordered under inclusion. We represent m as a
list of maplets U 7→ x, listing only sets of positive mass.
If p is represented by the mass function m, then Ep(f) =∑

U∈PX m(U) minx∈U f(x) ([13], Lemma A.11).

3. Polynomially branching shallow models

We now turn to the announced construction of polyno-
mially branching shallow models for modal logics whose
one-step logic has a small model property; this construction
leads to a PSPACE decision procedure.

Definition 3.1. We say that M has the one-step polysize
model property (OSPMP) if there exist polynomials p and
q such that, whenever a one-step pair (φ, ψ) is one-step
satisfiable, then it has a one-step model (X, τ, t) such that
|X| ≤ p(|ψ|) and t is representable with size(t) ≤ q(|ψ|).

Due to Proposition 2.10, the OSPMP can also be ex-
pressed in terms of one-step formulas:

Proposition 3.2. The Λ-structure M has the OSPMP iff
there exist polynomials p, q such that, whenever ψ ∈
cCl(UpΛ(Prop(V ))) is one-step satisfiable, then ψ has
a one-step model (X, τ, t) with t representable, |X| ≤
p(|ψ1|), and size(t) ≤ q(|ψ1|), where ψ ≡ ψ1σ with
ψ1 ∈ cCl(UpΛ(V )) and σ a Prop(V )-substitution.

In both formulations of the OSPMP, we may replace con-
junctive clauses by arbitrary propositional formulas.

Remark 3.3. While it is to be expected that the construction
of polynomially branching models depends on a condition
like the OSPMP, it does not seem to be the case that the pre-
cise formulation of this condition is implicit in the literature.
Note in particular that, in the notation of Proposition 3.2, the
polynomial bound depends only on |ψ1|. When we say in
the introduction that the OSPMP can be obtained from off-
the-shelf results (e.g. [7, 12, 13]), we refer to polynomial-
size model theorems in which the polynomial bound de-
pends on |ψ|, which may be exponentially bigger than |ψ1|;
typically, only an inspection of the given proofs shows that
the bound can be sharpened to be polynomial in |ψ1|.
Remark 3.4. It is shown in [28] that the one-step logic al-
ways has an exponential-size model property: a one-step
formula ψ over V is satisfiable iff it has a one-step model
of the form (PV, τ, t), with τ(a) = {B ∈ PV | a ∈ V }.

We are now ready to prove the shallow model theorem.

Definition 3.5. A supporting Kripke frame of a T -
coalgebra (X, ξ) (or of a T -model based on (X, ξ)) is a
Kripke frame (X,R) such that for each x ∈ X ,

ξ(x) ∈ T{y | xRy} ⊆ TX.

A state x ∈ X is a loop if xRx.

Theorem 3.6 (Shallow model property). If M has the
OSPMP, then F(Λ) has the polynomially branching shal-
low model property: There exist polynomials p, q such that
every satisfiable F(Λ)-formula ψ is satisfiable at the root
x0 of a T -model ((X, ξ), π) which has a supporting Kripke
frame (X,R) such that (X,R) is, up to possible loops at
the leaves, a tree of depth at most rank(ψ) and branching
degree at most p(|ψ|), and the size of ξ(x) as an element of
T{y | xRy} is at most q(|ψ|).
Definition 3.7. For x ∈ X and a PX-valuation τ , we put

Thτ (x) ≡
∧

x∈τ(a) a ∧
∧

x/∈τ(a) ¬a.

Proof (Theorem 3.6). Induction over the rank of ψ. Let U
be the set of propositional variables for ψ. If rank(ψ) = 0,
i.e. ψ ∈ Prop(U), then we let X consist of a single point
x, we choose a PX-valuation π such that ψ is satisfied, and
we pick an arbitrary ξ(x) ∈ TX , where TX 6= ∅ by non-
triviality of T .

If rank(ψ) = n + 1, then we can assume that the
top level of ψ is a conjunctive clause, i.e. that ψ ∈
cCl(UpΛ(Fn(Λ)) ∪ U). We thus have a decomposition
ψ ≡ ψ1σ ∧ ψ0, where ψ1 ∈ cCl(UpΛ(V )) contains ev-
ery variable in a suitably chosen set V , V ∩ U = ∅, σ is
an Fn(Λ)-substitution, and ψ0 ∈ cCl(U). Let φ denote the
propositional theory of σ, i.e. the conjunction of all clauses
χ over V such that χσ is valid. Let z0 |=((Z,ζ),π0) ψ. Then
(Z, κ, ζ(z0)) |=1 (φ, ψ1), where κ(a) = [[σ(a)]]((Z,ζ),π0)

.
By the OSPMP, it follows that (φ, ψ1) has a one-step model
(Y, τ, t) of polynomial size in |ψ1| ≤ |ψ|.

From this model, we now construct a polynomially
branching shallow model ((X, ξ), π) for ψ. To begin, note
that Thτ (y)σ is satisfiable for every y ∈ Y . For sup-
pose not; then ¬Thτ (y)σ is valid, hence ¬Thτ (y) is a
conjunct of φ. Thus, Y, τ |=0 ¬Thτ (y), in contradic-
tion to the fact that y ∈ [[Thτ (y)]]τ by construction. By
induction, we thus have, for every y ∈ Y , a shallow
model ((Xy, ξy), πy) of Thτ (y)σ, where we may assume
y ∈ Xy and y |=((Xy,ξy),πy) Thτ (y)σ, with depth at most
rank(Thτ (y)σ) = n. We take ((X, ξ), π) as the disjoint
union of the ((Xy, ξy), πy), extended by a fresh state x0,
for which we put ξ(x0) = t ∈ TY ⊆ TX , and x0 ∈ π(a)
iff z0 ∈ π0(a) for a ∈ U .

Then obviously x0 |=((X,ξ),π) ψ0; it remains to be
checked that x0 |=((X,ξ),π) ψ1σ, i.e. that

t |=1
X,θ ψ1, (∗)

where θ(a) = [[σ(a)]]((X,ξ),π). By induction over
the formula structure and naturality of predicate liftings,
y |=((X,ξ),π) ρ iff y |=((Xy,ξy),πy) ρ for every formula
ρ. In particular, y |=((X,ξ),π) Thτ (y)σ for all y, so that
[[σ(a)]]((X,ξ),π) ∩ Y = τ(a). Thus, our goal (∗) above re-
duces by naturality of predicate liftings to t |=1

Y,τ ψ1, which
holds by construction.



Finally, we have to establish that the overall branching
degree of the model is polynomial in |ψ|. The model is
recursively constructed from models for formulas ρ which
are conjunctive clauses over the set of subformulas of ψ,
hence of at most quadratic size in |ψ|, and the branching
degree at the root of a model for ρ is polynomially bounded
in |ρ|; this proves the claim.

Remark 3.8. The leaves x of the shallow model con-
structed above, i.e. the satisfying states for formulas of
rank 0, are loops in the supporting Kripke frame in case
the element ξ(x) ∈ T{x} chosen in the base step fails to be
in T∅ ⊆ T{x}. In particular, this is necessarily the case if
T∅ = ∅ as e.g. in the case T = Dω. Note moreover that
the construction relies crucially on a polynomial bound for
one-step models depending only on the second component
of a one-step pair, as the first component of the pair (φ, ψ1)
constructed in the proof may be of exponential size.

Theorem 3.6 immediately leads to the following deci-
sion procedure on an alternating Turing machine [2]: Let
M have the OSPMP, and let p, q be polynomial bounds on
the branching degree as in Theorem 3.6.

Algorithm 3.9. (Decide satisfiability of an F(Λ)-formula
ψ over U )

1. If rank(ψ) = 0, check that ψ is propositionally satis-
fiable and terminate correspondingly. Otherwise:

2. Decompose ψ as ψ1σ, with ψ1 ∈ Prop(UpΛ(V )∪U),
V ∩ U = ∅, and σ an F(Λ)-substitution for V .

3. Put Y = {1, . . . , p(|ψ|)}.
4. (Existential) Guess t ∈ TY with size(t) ≤ q(|ψ|).
5. (Existential) Guess a PY -valuation τ .
6. (Existential) Guess a {>,⊥}-substitution κ for U .
7. Check that t |=1

Y,τ ψ1κ.
8. (Universal) Nondeterministically choose y ∈ Y .
9. Check recursively that Thτ (y)σ is satisfiable.

In Step 7, ψ1κ refers to the Prop(UpΛ(V ))-formula ob-
tained by substituting ⊥ or > for a ∈ U in ψ1 according
to κ. In Step 4, a polynomial-size element of TY can be
guessed in polynomial time by Convention 2.12. Since the
rank decreases with each recursive call, the above algorithm
runs in polynomial time, thus establishing an upper bound
in APTIME = PSPACE [2], provided that Step 7 can be
performed in polynomial time.

Definition 3.10. The one-step model checking problem for
M is to check whether t ∈ [[L]](A1, . . . , An) for L ∈ Λ
n-ary, X a finite set, A1, . . . , An ⊆ X , and t ∈ TX rep-
resentable. The input size of this problem is 1 + size(t) +
size(L) + n|X|.

Corollary 3.11. If M has the OSPMP and the one-step
model checking problem for M is in P , then the satisfiabil-
ity problem of F(Λ) over M is in PSPACE .

Remark 3.12. A more refined analysis shows that it suf-
fices to require the one-step model checking problem to be
in the polynomial hierarchy; however, we do not see practi-
cal applications of this extra generality.

We remark that the same conditions as in Corollary 3.11
yield also a typical complexity bound for one-step logics:

Proposition 3.13. If M has the OSPMP and the one-step
model checking problem for M is in P , then the satisfiabil-
ity problem of the one-step logic of Λ over M is in NP .

For bounded-rank fragments, the polynomially branch-
ing shallow model property becomes a polynomial size
model property. We therefore have, as an immediate con-
sequence of Theorem 3.6, the following generalization of a
result for the modal logic K established in [11] (where cor-
responding results are proved also for several other normal
modal logics outside rank 1, in particular T ):

Corollary 3.14. If M has the OSPMP and the one-step
model checking problem for M is in P , then the satisfiabil-
ity problem of Fn(Λ) over M is in NP for every n ∈ N.

We now illustrate how the above applies to our running
examples:

Example 3.15. 1. Modal logic K: One-step model
checking for K is just subset inclusion, which is clearly
in P . To verify the OSPMP, let (X, τ,A) be a one-step
model of a one-step pair (φ, ψ) over V ; i.e. ψ is a conjunc-
tive clause over atoms �a, where a ∈ V . For ¬�a in ψ,
there exists xa ∈ A such that xa /∈ τ(a). Taking Y to be
the set of these xa, we obtain a polynomial-size one-step
model (Y, τY , Y ) of (φ, ψ), where τY (a) = τ(a) ∩ Y for
all a. This reproves Ladner’s PSPACE upper bound for
K [17] by Corollary 3.11, as well as Halpern’s NP upper
bound for bounded-rank fragments [11] by Corollary 3.14.

2. Conditional logic CK: To prove that CK has the
OSPMP, let (X, τ, f) |=1 (φ, ψ), where ψ ≡

∧n
i=1 εi(ai ⇒

bi). If τ(ai) 6= τ(aj), fix an element yij in the symmet-
ric difference of τ(ai) and τ(aj). Moreover, if εi is nega-
tion, fix zi ∈ f(τ(ai)) \ τ(bi). Let Y be the set of all
yij and all zi. Let τY be the PY -valuation defined by
τY (v) = τ(v) ∩ Y , and let fY ∈ TY be represented by
the maplets τY (ai) 7→ f(τ(ai)) ∩ Y . Note that fY is well-
defined, as τY (ai) 6= τY (aj) whenever τ(ai) 6= τ(aj).
Then (Y, τY , fY ) is a one-step model of (φ, ψ). The car-
dinality of Y is quadradic in ψ, and the representation size
of fY is polynomial.

It is easy to see that one-step model checking for CK
is in P , so that we obtain that CK is in PSPACE (hence



PSPACE -complete, as it contains K as a sublogic). This
has previously been proved using a detailed analysis of a
labelled sequent calculus [21, 20] (it must be said that the
method of [21, 20] yields an explicit polynomial bound on
space usage which is not matched by the generic algorithm).
The NP upper bound for bounded-rank fragments of CK
arising from Corollary 3.14 is, to our knowledge, new.

3. Conditional Logic CK+ID: The above construction
of polynomial-size one-step models works without changes
for CK+ID ; to see that for f ∈ TIDX , the small one-step
model (Y, τY , fY ) indeed satisfies fY ∈ TIDY note that
f(A) ⊆ A implies f(A)∩Y ⊆ A∩Y , and that ∅ ⊆ A for all
A (recall that fY (A) = ∅ if no image ofA is explicitly listed
in the representation of fY ). One-step model checking is as
for CK.

We thus obtain a PSPACE upper bound for CK+ID ,
as well as anNP upper bound for bounded-rank fragments.
The PSPACE bound is conjectured in [21] and proved
in [20]; the same further remarks apply as for CK.

4. Modal logic of probability [6]: In [7], Thm. 2.6, a
polynomial size model property is stated for the one-step
logic of probability. Inspection of the proof shows that the
polynomial bound depends only on the number of modal
operators in a one-step formula and the representation size
of the largest coefficient. By Proposition 3.2, it follows that
the modal logic of probability has the OSPMP. One-step
model checking amounts to checking linear inequations be-
tween given rational numbers, which is clearly in P . By
Corollary 3.11, it follows that the modal logic of probabil-
ity is in PSPACE (hence PSPACE -complete, as one can
embed KD by mapping ♦ to w( ) > 0). A proof of this
upper bound is sketched in [6].

5. Modal logic of upper probability [12]: Analogously
as in the previous example, one sees that the proof of [12],
Theorem 5.1 actually establishes that the modal logic of
upper probability has the OSPMP. It is easy to see that
one-step model checking (which by definition applies only
to finite sets of probability distributions) is in P , so that
the modal logic of upper probability is in PSPACE (and
hence PSPACE -complete analogously as the modal logic
of probability). To our knowledge, this result is new.
(In [12], it is proved that the one-step logic of upper proba-
bility is in NP .)

6. Modal logic of possibilistic expectation: One extracts
a proof of the OSPMP from the proof of [13], Theorem 6.2,
analogously to the previous examples, noting this time that
the polynomial bound on models depends only on the num-
ber of literals in a formula, the number of expectations, and
the size of the largest coefficient. Using the characteriza-
tion of expectation in terms of mass functions, it is easy to
see that one-step model checking is in P . Thus, we have
shown that the modal logic of possibilistic expectation is

in PSPACE (and hence PSPACE -complete analogously
as the modal logic of probability), to our knowledge a new
result. (In [13], it is proved that the one-step logic of possi-
bilistic expectation is in NP .)

4. Rank-0-1 Logics

We now proceed to generalize the above arguments from
rank-1 logics to rank-0-1 logics, whose axioms may have
propositional variables at the top level. The paradigmatic
rank-0-1 logic is the modal logic T , obtained from K by
adding the axiom �a → a. The formal definitions are as
follows.

Definition 4.1. A rank-0-1 formula over V is an F1(Λ)-
formula, i.e. an element of Prop(UpΛ(Prop(V )) ∪ V )
(in contrast to a one-step formula, i.e. an element of
Prop(UpΛ(Prop(V )))). A rank-0-1 logic L consists of a
modal signature Λ, a Λ-structure M over a functor T , and
a set A of rank-0-1 axioms. An L-frame is a T -coalgebra
C = (X, ξ) such that (C, π) |= ρ for all valuations π and
all ρ ∈ A, where (C, π) |= ρ if x |=(C,π) ρ for all x ∈ X .
An L-model is a T -model (C, π) such that C is an L-frame.
An F(Λ)-formula ψ is L-satisfiable if there exists a state x
in some L-model such that x |= ψ.

We fix the data L, M, A etc. as above for the remainder
of this section. The shallow model result for rank-0-1 logics
relies on a generalization of the notion of one-step model
which incorporates a present state:

Definition 4.2. A one-step L-model (X, τ, t, x0) over V
consists of a one-step model (X, τ, t) over V and a point
x0 ∈ X such that for all ρ ∈ A and all PX-valuations κ for
the set U of propositional variables of ρ, (X,κ, t, x0) |=1 ρ.
Here, the satisfaction relation |=1 is defined by the obvious
clauses for top-level boolean operators; (X,κ, t, x0) |=1

L(φ1, . . . , φn) iff t |=1
(X,κ) L(φ1, . . . , φn) in the one-step

logic, and for a ∈ U , (X,κ, t, x0) |=1 a iff x0 ∈ κ(a). We
say that (X, τ, t, x0) is a one-step L-model of a one-step
pair (φ, ψ) if (X, τ, t) |=1 (φ, ψ) in the sense of Defini-
tion 2.6; in this case, (φ, ψ) is one-step L-satisfiable.
L has the one-step polysize model property (OSPMP) if

there exist polynomials p, q such that for every one-step L-
model (X, τ, t, x0) of a one-step pair (φ, ψ) over V , there
exists a one-step L-model (Y, σ, s, y0) of (φ, ψ) such that
|Y | ≤ p(|ψ|), s is representable with size(s) ≤ q(|ψ|), and
x0 ∈ τ(a) iff y0 ∈ σ(a) for all a ∈ V .

One can now show

Theorem 4.3 (Shallow model property for rank-0-1). If L
has the OSPMP, then every L-satisfiable F(Λ)-formula is
satisfiable in a polynomially branching shallow L-model.



The precise definition of shallow L-models is analogous
to Theorem 3.6, except that now all states in supporting
Kripke frames may be loops. The main adaptation to the
proof is to consider, in the branches of the shallow model,
satisfaction of all subformulas occurring in the scope of
modal operators in an L-satisfiable formula, rather than
only the arguments of top-level modal operators as in the
case of rank-1 logics.

The complexity analysis of rank-0-1 logics based on
Theorem 4.3 works with representations of pairs (t, x) ∈
TX × X rather than just of elements of TX in order to
represent one-step L-models (X, τ, t, x). One obtains

Corollary 4.4. If L has the OSPMP, one-step model check-
ing is in P , and it is decidable in polynomial time whether
a quadruple (X, τ, t, x0) is a one-step L-model, then L-
satisfiability of F(Λ)-formulas is in PSPACE , and L-
satisfiability of Fn(Λ)-formulas is in NP .

Example 4.5. 1. Modal logic T : This logic is obtained
from K by imposing the rank-0-1 axiom �a → a; a
frame (X,R) is a T -frame iff R is reflexive. A quadru-
ple (X, τ,A, x0), A ∈ PX , is a one-step T -model iff
x0 ∈ A, which is clearly decidable in polynomial time.
Polynomial-size one-step models are constructed as for K
(Example 3.15.1), except that the point x0 of the original
model is retained in the carrier set Y , and becomes the
point of the small model. By Corollary 4.4, this reproves
both Ladner’s PSPACE bound for T [17] and Halpern’s
NP upper bound for bounded-rank fragments of T [11].

2. Conditional Logic CK+MP : The logic CK+MP [3]
is obtained from CK by imposing the rank-0-1 axiom

(MP) (a⇒ b) → (a→ b).

(This axiom is undesirable in default logics, but reasonable
in relevance logics.) For purposes of CK+MP , in pairs
(f, x) ∈ (QX → PX) × X the map f is represented
by lists of maplets A 7→ B as in the case of CK (Exam-
ple 2.13.2), but with default value f(A) = A ∩ {x} in case
there is no maplet forA in the list. A quadruple (X, τ, f, x0)
is a one-step CK+MP -model iff for A ∈ QX , x0 ∈ f(A)
whenever x0 ∈ A. As thanks to the choice of default value,
one only has to check the maplets in the list representing f ,
this condition is decidable in polynomial time. Polynomial-
size one-stepL-models are constructed as in the case ofCK
(Example 3.15.2), except that the point x0 of the original
model is retained in the carrier set Y .

By Corollary 4.4, this reproves the PSPACE bound for
CK+MP conjectured in [21] and proved in [20] and es-
tablishes a novel NP bound for bounded-rank fragments of
CK+MP . The same further comments apply as for CK.

5. Conclusion

We have described a polynomially branching shallow
model construction for rank-0-1 modal logics, i.e. logics ax-
iomatized without nested modal operators. This leads to
a generic PSPACE algorithm, and moreover shows that
bounding the nesting depth of modalities brings the com-
plexity down to NP . In example applications, we have

• recovered known tight PSPACE upper bounds for the
normal modal logics K and T and the conditional logics
CK, CK+ID , and CK+MP in a concise fashion;
• expanded the sketch of the tight PSPACE upper bound

for the modal logic of probability given in [6] to an explicit
proof by sharpening results from [7];
• obtained (to our knowledge: new) tight PSPACE up-

per bounds for the modal logics of upper probability and
possibilistic expectation (which extend the corresponding
one-step logics of [12, 13]);
• obtained (to our knowledge: new) tight NP upper

bounds for bounded-rank fragments of the conditional log-
ics CK, CK+ID , and CK+MP .

A central topic for future investigation is the extension
of these and related results [28, 29, 30] to a setting where
modal logics are interpreted over covarieties of coalgebras
for a functor rather than over the class of all coalgebras.
Such a framework provides a coalgebraic semantics also for
logics axiomatized outside rank 1. A further central point
of interest is the study of coalgebraic modal logics with it-
eration, i.e. generic CTL.
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[27] L. Schröder. Expressivity of coalgebraic modal logic:
the limits and beyond. Theoret. Comput. Sci. To ap-
pear. Earlier version in Foundations of Software Sci-
ence And Computation Structures, vol. 3441 of LNCS,
pp. 440–454, Springer, 2005.
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A. Appendix: Omitted proofs

Proposition 2.10

Proof. The second claim is clear. The first claim is proved
as follows. As in [28], let κ be a satisfying truth valuation
for φ and put σ(a) = a∧φ if κ(a) = ⊥, and σ(a) = φ→ a
otherwise. Then φσ and the formulas φ→ (a↔ σ(a)), for
a ∈ V , are tautologies [28]. Both directions of the first
claim now follow straightforwardly.

Proposition 3.13

Proof. The reduction from one-step formulas to one-step
pairs described in Proposition 2.10 can be performed in
polynomial time. Under the given conditions, one-step
satisfiability of one-step pairs is decidable in NP by first
guessing and then checking a polynomial-size one-step
model.

Proposition 3.2

Proof. Only if: Let ψ ∈ cCl(UpΛ(Prop(V ))) be one-step
satisfiable. By Proposition 2.10, ψ is equivalent to a one-
step pair of the form (φ, ψ1), withψ1 as in the statement. By
the OSPMP, (φ, ψ1) has a one-step model (X, τ, t) such that
|X| ≤ p(|ψ1|) and size(t) ≤ q(|ψ1|); by Proposition 2.10,
this model gives rise to a one-step model of ψ with the com-
ponents X and t unchanged.

If: Let (φ, ψ) be a one-step satisfiable pair over V . By
Proposition 2.10, (φ, ψ) is equivalent to a one-step formula
of the form ψσ, where σ is a Prop(V )-substitution. By
assumption, ψσ has a one-step model (X, τ, t) such that
|X| ≤ p(|ψ|) and size(t) ≤ q(|ψ|). By Proposition 2.10,
this model gives rise to a one-step model of (φ, ψ) with the
components X and t unchanged.

Corollary 3.14

Proof. Let p and q be polynomial bounds on the branching
degree of supporting Kripke frames and on the size of suc-
cessor structures ξ(x) as guaranteed by Theorem 3.6. Let
n ∈ N. Then by Theorem 3.6, every satisfiable formula
ψ ∈ Fn(Λ) is satisfiable in a model ((X, ξ), π) such that
|X| ≤

∑n
i=0 p(|ψ|)i =: N and size(ξ(x)) ≤ log(N)q(|ψ|)

for all x ∈ X , where the second inequality relies also on
Convention 2.12. Thus, the entire representation size of the
model ((X, ξ), π) is bounded by M := N log(N)q(|ψ|),
which is polynomial in |ψ|. Thus, the following non-
deterministic algorithm decides satisfiability of ψ in poly-
nomial time:

1. Guess a model ((X, ξ), π) of size at most M
2. Check that [[ψ]]((X,ξ),π) 6= ∅.

The second step can be performed in polynomial time by re-
cursively computing extensions [[φ]]((X,ξ),π), since the one-
step model checking problem is in P .

Precise Statement and Proof of Theorem 4.3

Theorem A.1. If L has the OSPMP, then L has the polyno-
mially branching shallow model property: There exist poly-
nomials p, q such that every L-satisfiable F(Λ)-formula ψ
is satisfiable in at the root of an L-model ((X, ξ), π) which
has a supporting Kripke frame (X,R) such that removing
all loops from (X,R) yields a tree of depth at most rank(ψ)
and branching degree at most p(|ψ|), and the size of ξ(x)
as an element of T{y | xRy} is at most q(|ψ|).

Lemma A.2. If there exists a non-empty L-frame, then
there exists an L-frame with singleton carrier.

Proof. Let (X, ξ) be a non-empty L-frame, and let x0 ∈ X .
Let Y = {x0}, and let f denote the unique map X → Y .
We claim that (Y, ζ) with ζ(x0) = Tfξ(x0) is an L-frame.
For a PY -valuation π, let π̄ denote the PX-valuation given
by π̄(a) = ∅ if π(a) = ∅, and π̄(a) = X otherwise. We
will show that

x0 |=(Y,ζ,π) ρ iff x0 |=(X,ξ,π̄) ρ (∗)

for every rank-0-1 formula ρ over U and every PY -
valuation π for U ; the claim then follows immediately.

We can assume that ρ is a clause, and hence of the form
ρ ≡ ρ1∨ρ0, where ρ1 ∈ Cl(Up(Prop(U))) and ρ0 ∈ Cl(U).
It is clear that for φ ∈ Prop(U),

[[φ]](X,ξ,π̄) = Tf−1[[φ]](Y,ζ,π). (+)

Therefore, (∗) holds for ρ0; it remains to prove (∗) for ρ1.
This reduces immediately to the case that ρ1 is of the form
L(φ1, . . . , φn), where φ1, . . . , φn ∈ Prop(U). We have

x0 |=(Y,ζ,π) L(φ1, . . . , φn)
⇐⇒ Tf(ξ(x0)) ∈ [[L]]([[φ1]](Y,ζ,π), . . . , [[φn]](Y,ζ,π))

⇐⇒ ξ(x0) ∈ [[L]]([[φ1]](X,ξ,π̄), . . . , [[φn]](X,ξ,π̄))

⇐⇒ x0 |=(X,ξ,π̄) L(φ1, . . . , φn),

using (+) and naturality of [[L]] in the second step.

Definition A.3. An F(Λ)-formula ψ is L-valid if x |=M ψ
for all L-models M and all states x in M .

Proof (Theorem A.1). Induction over the rank of ψ. Let U
be the set of propositional variables for ψ. If rank(ψ) =
0, i.e. ψ ∈ Prop(U), then we let (X, ξ) be a singleton L-
frame with X = {x}, which exists according to the above
lemma, and we choose a PX-valuation π for U such that ψ
is satisfied.



Now let rank(ψ) = n + 1. We can assume that ψ is
a conjunctive clause, hence of the form ψ1 ∧ ψ0, where
ψ1 ∈ cCl(UpΛ(Fn(Λ))) and ψ0 ∈ cCl(U). Let z0 be a
state in an L-model ((Z, ζ), π0) such that z0 |=((Z,ζ),π0) ψ.
Let MSub(ψ1) denote the set of subformulas of ψ1 oc-
curing in ψ1 within the scope of a modal operator, let V
be the set of variables aρ, indexed over ρ ∈ MSub(ψ1),
and let σ denote the substitution taking aρ to ρ for all ρ.
Let ψ̄ ∈ cCl(UpΛ(V )) be the conjunction of all literals
εL(aρ1 , . . . , aρn) such that L(ρ1, . . . , ρn) is a subformula
of ψ1 and z0 |=((Z,ζ),π0) εL(ρ1, . . . , ρn). (Recall that ε de-
notes either nothing or negation.) Moreover, let φ denote the
propositional theory of σ, i.e. the conjunction of all clauses
χ over V such that χσ is L-valid.

Then (Z, κ, ζ(z0), z0) is a one-step L-model of (φ, ψ̄),
where κ(a) = [[σ(a)]](Z,ζ). By the OSPMP, it follows that
(φ, ψ1) has a one-step L-model (Y, τ, t, x0) of polynomial
size in |ψ̄| such that for all ρ ∈ MSub(ψ1), x0 ∈ τ(aρ) iff
z0 ∈ κ(ρ), which in turn is equivalent to z0 |=((Z,ζ),π0) ρ.

From this model, we now construct a shallow L-model
((X, ξ), π) for ψ. To begin, note that Thτ (y)σ is L-
satisfiable for every y ∈ Y . For suppose not; then
¬Thτ (y)σ is L-valid, hence ¬Thτ (y) is a conjunct of
φ. Thus, Y, τ |=0 ¬Thτ (y), in contradiction to the
fact that y ∈ [[Thτ (y)]]τ by construction. By induc-
tion, we thus have, for every y ∈ Y , a shallow model
((Xy, ξy), πy) of Thτ (y)σ, where we may assume y ∈
Xy and y |=((Xy,ξy),πy) Thτ (y)σ, with depth at most
rank(Thτ (y)σ) = n. We take ((X, ξ), π) as the disjoint
union of the ((Xy, ξy), πy) over y ∈ Y − {x0}, extended
by the state x0, for which we put ξ(x0) = t ∈ TY ⊆ TX
and x0 ∈ π(a) iff z0 ∈ π0(a) for a ∈ U .

We have to prove that (X, ξ) is an L-frame. Satisfaction
of A in (X, ξ) by x ∈ Xy follows by induction over the
formula structure and naturality of predicate liftings from
satisfaction in (Xy, ξy); satisfaction of A by x0 follows di-
rectly from the fact that (Y, τ, t, x0) is a one-step L-model.

Next, we have to verify that x0 |=((X,ξ),π) ψ. Obviously
x0 |=(X,ξ,π) ψ0; it remains to be checked that x0 |=((X,ξ),π)

ψ1. We will prove the stronger statement x0 |=((X,ξ),π) ψ̄σ,
i.e.

t |=1
X,θ ψ̄, (1)

where θ(aρ) = [[ρ]]((X,ξ),π) for ρ ∈ MSub(ψ1).
By induction over χ and naturality of predicate liftings,

y |=((X,ξ),π) χ iff y |=((Xy,ξy),πy) χ for y ∈ Y − {x0} and
for every formula χ. In particular, y |=((X,ξ),π) Thτ (y)σ
for all y ∈ Y − {x0}, i.e.

y |=((X,ξ),π) ρ ⇐⇒ y ∈ τ(aρ) (2)

for all ρ ∈ MSub(ψ1). We prove by induction over ρ ∈
MSub(ψ1) that

x0 |=((X,ξ),π) ρ ⇐⇒ x0 ∈ τ(aρ), (3)

which in connection with (2) yields

[[ρ]]((X,ξ),π) ∩ Y = τ(aρ). (4)

The steps for boolean operations are straightforward. For
L(ρ1, . . . , ρn) ∈ MSub(ψ1), we have

x0 |=((X,ξ),π) L(ρ1, . . . , ρn)
⇐⇒ t ∈ [[L]]Y ([[ρi]]((X,ξ),π) ∩ Y )i=1,...,n

= [[L]]Y (τ(aρ1), . . . , τ(aρn))

⇐⇒ t |=1
(Y,τ) L(aρ1 , . . . , aρn),

using naturality of [[L]] in the first step and the induc-
tive hypothesis in the shape of (4) in the second step.
Since t |=(Y,τ) ψ̄, the latter statement is equivalent to
z0 |=((Z,ζ),π) L(ρ1, . . . , ρn). By the definition of κ, this is
equivalent to z0 ∈ κ(aL(ρ1,...,ρn)), which in turn is equiva-
lent to x0 ∈ τ(aL(ρ1,...,ρn)) by construction of (Y, τ, t, x0).
Finally, the base case ρ ≡ a ∈ U is similar to the above but
simpler.

By (4) and naturality of predicate liftings, our remaining
goal (1) reduces to t |=1

Y,τ ψ̄, which holds by construction.
Finally, we have to establish that the overall branch-

ing degree of the model is polynomial in |ψ|. The model
is recursively constructed from polynomial-size one-step
models for pairs whose second components are conjunctive
clauses over atoms L(aρ1 , . . . , aρn), where L(ρ1, . . . , ρn)
is a subformula of ψ. Such conjunctive clauses are of at
most quadratic size in |ψ| (even O(|ψ| log |ψ|) if subformu-
las of ψ are represented by pointers into ψ); this proves the
claim.

Corollary 4.4

Proof. The NP upper bound for bounded-rank fragments
is obtained by the same algorithm as in the proof of Corol-
lary 3.14, except that one additionally has to check that the
putative model is an L-model. This can be done in polyno-
mial time because one-step L-models can be recognized in
polynomial time.

The PSPACE upper bound for the full logic is obtained
by a variation of Algorithm 3.9, where instead of decom-
posing ψ as ψ1σ in Step 2, one guesses a conjunctive clause
ψ̃ from the DNF of ψ, decomposes ψ̃ as ψ1 ∧ ψ0 and takes
V and σ as in the proof of Theorem 4.3, and then guesses
ψ̄ ∈ cCl(V ). Propositional satisfiability of ψ0 is checked
separately, replacing Step 6. In Step 7, it is checked that
t |=1

Y,τ ψ̄, and additionally that (Y, τ, t, 1) is a one-step L-
model.


