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We investigate the expressive power and computational prop erties of two di�eren t types of lan-
guages intended for speaking about distances. First, we consider a �rst-order language F M the
two-variable fragment of which turns out to be undecidable in the classof distance spacesvalidating
the triangular inequalit y as well as in the class of all metric spaces. Yet, this two-variable frag-
ment is decidable in various weaker classesof distance spaces. Second, we intro duce a variable-free
`modal' language MS which, when interpreted in metric spaces, has the same expressive power
as the two-variable fragment of F M . We determine natural and expressive fragments of MS
which are decidable in various classesof distance spaces validating the triangular inequalit y, in
particular, the class of all metric spaces.

Categories and Subject Descriptors: F.4.1 [Mathematical Logic and Formal Languages ]:
Mathematical Logic| Modal logic, Computational logic; I.2.4 [Arti�cial In telligence ]: Knowl-
edge Representation Formalisms and Metho ds| Modal logic, Predicate logic

General Terms: Theory , Languages
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1. INTRODUCTION

This paper investigatesthe expressive power and computational properties of lan-
guagesdesignedfor speaking about distances. `Distances' can be induced by dif-
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2 � Oliver Kutz et al.

ferent measures.We may be interested in the physical distance betweentwo cities
a and b, i.e., in the length of the straight (or geodesic) line betweena and b. More
pragmatic would be to bother about the length of the railroad connecting a and b,
or even better, the time it takesto go from a to b by train (plane, ship, etc.). But
we can also de�ne the distance as the number of cities (stations, friends to visit,
etc.) on the way from a to b, as the di�erence in altitude betweena and b, and so
forth.

The standard mathematical models, capturing common features of various no-
tions of distance,are known asmetric spaces.A metric space is a pair hW; di , where
W is a set (of points) and d a function from W � W into the set R+ (of non-negative
real numbers) satisfying the following axioms

d(x; y) = 0 i� x = y; (1)

d(x; z) � d(x; y) + d(y; z); (2)

d(x; y) = d(y; x) (3)

for all x; y; z 2 W . The value d(x; y) is called the distance from the point x to the
point y. The perhapsmost `popular' metric spacesare the n-dimensionalEuclidean
spaceshRn ; dn i with the metric

dn (~x; ~y) =

vu
u
t

nX

i =1

(x i � yi )2:

Although acceptablein many cases,the concept of metric spaceis not universally
applicable to all interesting measuresof distance between points, especially those
used in everyday life. Consider, for instance, the following two examples:

(i) If d(x; y) is the 
igh t-time from x to y then, as we know it too well, d is
not necessarilysymmetric, even approximately (just go from London to Tokyo and
back).

(ii) Often we do not measuredistances by means of real numbers but rather
use more fuzzy notions such as `short,' `medium' and `long.' To represent these
measureswe can, of course,take functions d from W � W into the subset f 1; 2; 3g
of R+ and de�ne short := 1, medium := 2, and long := 3. So we can still regard
thesedistancesas real numbers. However, for measuresof this type the triangular
inequality (2) usually doesn't hold (short plus short can still be short, but it can
also be medium or long).

Metric spacesaswell asmore generaldistance spaceshW; di satisfying only axiom
(1) are the intended models of the languageswe construct in this paper.

We begin by considering the �rst-order languagesFM [M ], for M � R+ , with
monadic predicates(for subsetsof W ), individual constants (for points in W ), and
the binary predicates � (x; y) < a and � (x; y) = a, a 2 M , saying that the distance
between x and y is smaller than a or equal to a, respectively. Typical sets M
of possible distanceswill be Q+ (the non-negative rational numbers) and N (the
natural numbers including 0).

The following example will be used to illustrate the expressive power of our
languages.
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Logicsof metric spaces � 3

Example 1.1. Imagine that you are going to buy a housein London. You then
inform your estate agent about your intention and provide her with a number of
constraints:

(A) The houseshould not be too far from your college,say, not more than 10 miles.

(B) The houseshould be closeto shopsand restaurants; they should be reachable,
say, within 1 mile.

(C) There should be a `green zone' around the house, at least within 2 miles in
each direction.

(D) Factories and motorways must be far from the house, not closer than 5 miles.

(E) There must be a sports center around, and moreover, all sports centers of the
district should be reachable on foot, i.e., they should be within, say, 3 miles.

(F) Public transport should be easily accessible:whenever you are not more than
8 miles away from home, there should be a bus stop or a tub e station within
a distance of 2 miles.

(G) And, of course, there must be a tub e station around, not too close, but not
too far either|somewhere between 0.5 and 1 mile.

The constraints in Example 1.1 can be formalized in FM [Q+ ] by the following
formulas:

(A 0) � (college;house) � 10, where college and house are constants.

(B 0) 9x
�
� (house;x) � 1 ^ shop(x)

�
and 9x

�
� (house;x) � 1 ^ restaurant(x)

�
, where

shop and restaurant are unary predicates.

(C0) 8x
�
� (house;x) � 2 ! greenzone(x)

�
, where greenzone is a unary predicate.

(D 0) 8x
�
factory(x) _ motorway(x) ! � (house;x) > 5

�
, where factory and motorway

are unary predicates.

(E0) 9x
�
� (house;x) � 3 ^ district sports center(x)

�
^ 8x

�
� (house;x) > 3 !

: district sports center(x)
�
, where district sports center is a unary predicate.

(F 0) 8x
�
� (house;x) � 8 ! 9y

�
� (x; y) � 2 ^ public transport (y)

��
, where pub-

lic transport is a unary predicate, and

(G0) 9x
�
� (house;x) > 0:5 ^ � (house;x) � 1 ^ tube station(x)

�
, where tube station

is a unary predicate.

As onemight expect, the satis�abilit y problem for FM [Q+ ]- and FM [N]-formulas
in any class of distance spacescontaining the class M of all metric spacesis un-
decidable (seeTheorem 2.1 below). Trying to �nd decidable but still reasonably
expressive sublanguagesof FM [Q+ ], we then consider its two-variable fragment
FM 2[Q+ ] consisting of all FM [Q+ ]-formulas with the variables x and y only. (All
formulas in the example above belong to this fragment.) The two-variable frag-
ment of classical �rst-order logic is known to be decidable (which was proved for
the languagewithout equality in [Scott 1962]and for the languagewith equality in
[Mortimer 1975]) and NExpTime -complete [F•urer 1984; Gr•adel et al. 1997] (we
refer the readerto [Gr•adel and Otto 1999;B•orger et al. 1997]for more information).
We usethis result to show that the satis�abilit y problem for FM 2[Q+ ]-formulas is
decidable

|in the classD of arbitrary distance spaces,and

|in the classD sy m of all distance spacessatisfying (3).
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4 � Oliver Kutz et al.

Unfortunately , this doesnot hold any moreassoon asweadd the triangular inequal-
it y (2): weshow that the satis�abilit y problem for FM 2[Q+ ]-formulas is undecidable
both in

|the classM of all metric spacesand in
|the classD tr of distance spacessatisfying the triangular inequality.

We then intro duce variable-free languagesMS[M ], M � R+ , which instead of
�rst-order quanti�ers use distance operators `somewherein the circle of radius a,'
`somewhereoutside the circle of radius b,' etc., wherea; b 2 M . This brings us close
to the �eld of temporal, modal, and description logics, which also avoid the useof
�rst-order quanti�cation by replacing it with various kinds of `modal' operators
like `sometimein the future,' `it is possible,' etc. The constraints in Example 1.1
can be formulated in MS as follows. As before, we treat `house' and `college' as
constants representing certain points in the space;however, `shop,' r̀estaurant' and
other unary predicates are now understood as set variables interpreted as subsets
of the domain of the distance space.

(A 00) � (house;college) � 10.

(B 00) house@(E� 1shopu E� 1restaurant).

(C00) house@ A� 2greenzone.

(D 00) house@: E� 5(factoriest motorways).

(E00) house@(E� 3district sports centeru A> 3 : district sports center).

(F 00) house@A� 8E� 2public transport .

(G00) house@E> 0:5
� 1 tube station.

The intended meaning of the set term constructors above is as follows. The set
E� 1shopcontains all points in the domain from which at least oneshopis reachable
within 1 mile. Likewise, for every point x in A� 2greenzone, the whole circle of
radius 2 around x belongsto the greenzone,whereasE> 0:5

� 1 tube station denotesthe
set of all points located in a distance between0:5 and 1 mile (excluding 0:5) from
at least one tube station.1

By replacingquanti�ers with distanceoperators, wedo not looseexpressivepower
as comparedwith FM 2[M ]. In fact, we show that MS[M ] is expressivelycomplete
for FM 2[M ] in the classM of all metric spaces,for any M � R+ . This theorem (the
proof of which is similar to proofs in [Etessami et al. 1997]and [Lutz et al. 2001])
has two interesting consequences.First, any (decidable) fragment of FM 2[M ] can
be obtained asa (decidable) fragment of MS[M ]. And second,sincethe translation
from FM 2[M ] into MS[M ] is e�ectiv e, decidable fragments of MS[M ] have to be
proper, in particular, MS[Q+ ] itself is undecidable when interpreted in distance
spacessatisfying the triangular inequality.

1By the way, the end of the imaginary story about buying a house in London was not satisfactory .
Having checked her knowledge base, the estate agent said: \Unfortunately , your constrain ts (A){
(G) are not satis�able in London, where we have

tube station v E� 3:5 (factory t motorway):

In view of the triangular inequalit y, this contradicts constrain ts (D) and (G)."
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We prove two results concerning fragments of MS[M ]. The �rst one identi�es a
rather expressive and natural fragment MS# [M ], which has the �nite model prop-
erty (even for parametersfrom R+ ) and is decidable(if parametersare taken from
Q+ ). All the constraints in Example 1.1 save (G) can be formulated in MS# [Q+ ].
The secondresult shows that seeminglyweak fragments of MS[N] are already un-
decidable. Roughly speaking, we loosedecidability as soon as we are able to speak
about `rings,' as in constraint (G).

Table 1 summarizesthe main decidability results of this paper: + (� ) meansthat
the satis�abilit y problem for the corresponding languagein the corresponding class
of structures is decidable(undecidable). The results do not depend on whether the
parameters are from N or Q+ . For various fragments we will also obtain NExp-
Time upper bounds for the computational complexity. The fragments MS i [Q+ / N]
are de�ned in Section 3.

D D sy m D tr M

FM [Q+ / N] � � � �
FM 2 [Q+ / N] + + � �
MS [Q+ / N] + + � �
MS i [Q+ / N] + + � �
MS # [Q+ / N] + + + +

Table I. The satis�abilit y problem for metric logics.

The structure of the paper is as follows: Section 2 intro duces the syntax and
semantics of both the �rst-order and the `modal' languagesof metric spaces.Here,
we also establish the expressive completenessresult for FM 2[M ]. In Section 3, we
prove the undecidability of MSi [Q+ / N] by meansof a reduction to the undecidable
N � N-tiling problem. Finally, in Sections4 and 5, we prove our decidability results
for metric and weaker distance spaces.

The idea of constructing logical formalisms capableof speaking about distances
is not new. For example, somewhatweaker spatial `modal logics of distance' were
intro ducedin [Rescher and Garson1968;von Wright 1979;Segerberg 1980;Jansana
1994;Lemon and Pratt 1998]. However, their computational behavior hasremained
unexplored (seeSection 6 for someinteresting open problems). More attention has
recently beendevoted to metric (or quantitativ e) temporal logics(seee.g. [Alur and
Henzinger1992;Montanari 1996;Henzinger1998;Hirshfeld and Rabinovich 1999]),
which clearly re
ects the fact that temporal logic in generalis more developed than
spatial logic. For example, starting with Kamp's [Kamp 1968] classical result on
the expressive completenessof temporal logic with respect to monadic �rst-order
logic, a beautiful theory comparing the expressive power of �rst-order, second-order
and temporal languagesfor trees and linear orderings has beendeveloped [Gabbay
et al. 1994; Rabinovich 2000]. Nothing like this has been done for spatial logics.
We hope this paper, which has grown up from [Suzuki 1997; Sturm et al. 2000],
will help to �ll the gap.
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2. THE LOGICS

2.1 First-order metric logic FM [M ]

Suppose that M � R+ contains 0; we will call such sets of reals parameter sets.
The languageFM [M ] (of �rst-order metric logic) contains a countably in�nite set
c1; c2; : : : of constant symbols, a countably in�nite set x1; x2; : : : of individual vari-
ables, a countably in�nite set P1; P2; : : : of unary predicate symbols, the equality
symbol :=, two (possibly in�nite) setsof binary predicates

� ( ; ) < a and � ( ; ) = a (a 2 M );

the Booleans(including the propositional constants > for verum and ? for falsum),
and the quanti�er 9x i for every variable x i . Thus, the atomic formulas of FM [M ]
are of the form

> ; ? ; � (t; t0) < a; � (t; t0) = a; t := t;0 and Pi (t);

where t and t0 are terms, i.e., variables or constants, and a 2 M . Compound
FM [M ]-formulas are obtained from atomic ones by applying the Booleans and
quanti�ers in the usual way:

' ::= atom j : ' j ' 1 ^ ' 2 j 9x i ':

We use � (t1; t2) > a as an abbreviation for : (� (t1; t2) < a) ^ : (� (t1; t2) = a).
If M = Q+ , we usually write FM instead of FM [Q+ ]. The same applies to the
languagesMS[M ] intro ducedbelow. FM 2[M ] denotesthe two-variable fragment of
FM [M ], that is, the set of all FM [M ]-formulas containing occurrencesof at most
two variables, say, x and y.

FM [M ]-formulas are interpreted in structures of the form

A =


W; d;PA

1 ; : : : ; cA
1 ; : : :

�
;

where hW; di is a distance space,the P A
i are subsetsof W interpreting the unary

predicates Pi , and the cA
i are elements of W interpreting the constants ci . An

assignment a in A is a function assigning elements of W to variables. The pair
M = hA; ai will be called an FM [M ]-model. For a term t, let tM denote cA

i if t is
the constant ci , and a(x) if t is the variable x. Now, the truth-r elation M � ' , for
an FM [M ]-formula ' , is de�ned inductiv ely as follows:

| M � > and M 2 ? ;
| M � � (t1; t2) < a i� d(tM

1 ; tM
2 ) < a;

| M � � (t1; t2) = a i� d(tM
1 ; tM

2 ) = a;
| M � t1

:= t2 i� tM
1 = tM

2 ;
| M � Pi (t) i� tM 2 PA

i ;
| M � 9x i ' i� hA; bi � ' for someassignment b in A that may di�er from a only

on x i ;
| M � : ' i� M 2 ' ;
| M � ' ^  i� M � ' and M �  .

Unfortunately , from the computational point of view, the constructed logic turns
out to be too expressive. We have the following undecidability result, where M is

A CM Transactions on Computational Logic, Vol. V, No. N, Mon th 20YY.



Logicsof metric spaces � 7

the classof all metric spacesand D tr the classof all distance spacessatisfying the
triangular inequality, (2). Recall that the notation FM [Q+ =N] meansthat M can
be either of Q+ and N.

Theorem 2.1. (i) Let K be any class of distance spaces containing M . Then
the satis�ability problemfor FM [Q+ =N]-formulas in (modelsbased on spaces from)
K is undecidable.

(ii) The satis�ability problemfor FM 2[Q+ =N]-formulas in any classC of distance
spaces such that C � D tr and



R2; d2

�
2 C is undecidable as well.

Pr oof. To prove the former claim, it su�ces to observe that FM [N] is powerful
enough to interpret the theory of graphs (i.e., the theory of structures hW; Ri ,
where R is a symmetric and re
exiv e binary relation on W ), which is known to be
hereditarily undecidable2 [Rabin 1965]. Indeed, let ' (x; y) be the formula

� (x; y) = 1 _ � (x; y) = 0:

Givena graph hW; Ri , wecande�ne a metric spacehW; di by taking, for all a; b 2 W ,

d(a; b) =

8
><

>:

0; if a = b,

1; if a 6= b and aRb,
2; if not aRb.

We then clearly have hW; di � ' [a; b] i� aRb. For a formula 
 in the signature
of graph theory, denote by 
 � the result of replacing every occurrenceof an atom
R(x; y) in 
 by ' (x; y). Obviously, 
 � is an FM [N]-formula and, for every graph
hW; Ri , the formula 
 is satis�able in hW; Ri i� 
 � is satis�able in hW; di . Now
consider the set � of formulas 
 in the signature of graph theory such that 
 � is
true in all FM [N]-models basedon distance spacesin K . By the result of [Rabin
1965]mentioned above, the theory � is undecidable,which yields (i).

(ii) follows from Theorems2.2 (i) and 3.1 to be proved below.

2.2 `Modal' metric logic MS[M ]

As an alternativ eto the �rst-order languageFM [M ], whereM is a parameterset,we
now intro duce a purely propositional languageMS[M ], whose`distanceoperators'
are similar to various operators consideredin modal logic. The alphabet of MS[M ]
contains the following symbols:

|an in�nite list of set (or region) variablesX 1; X 2; : : : ;

|an in�nite list of location constants c1; c2; : : : ;

| atoms (propositional constants) � (c;d) = a and � (c;d) < a for every a 2 M and
location constants c;d;

|a set constant f ci g for every location constant ci ;

|the set constants > and ? ;

|the Boolean operators for set terms (u and : ) and formulas (^ and : );

|the equality symbol := for set terms as well as the symbol @for elementship;

2This means that every subtheory of graph theory is undecidable.
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|the set term constructors E<a , E>a , E= a and E>a
<b (and their duals A<a , A>a ,

A= a , A>a
<b ), where a; b 2 M and a < b.

Set terms s of MS[M ] are de�ned as follows

s ::= X i j f ci g j > j ? j : s j s1 u s2 j E<a s j E>a s j E= as j E>a
<b s:

Set variables and set constants are called atomic set terms. Atomic formulas of
MS[M ] are of the form:

| c@s, where c is a location constant and s a set term,
| s := t, where s and t are set terms,
| � (c1; c2) = a and � (c1; c2) < a, where c1; c2 are location constants and a 2 M .

Finally, an MS[M ]-formula ' is simply a Boolean combination of atomic ones,i.e.,

' ::= c@s j s := t j � (c1; c2) = a j � (c1; c2) < a j : ' j ' 1 ^ ' 2:

As we have already mentioned, the languageMS[M ] contains a number of con-
structors known from modal and description logic. First, we have an analogueof
the di�erence operator [de Rijk e 1990]: A> 0t (i.e., : E> 0: t) says that t holds `ev-
erywherebut here'. The universalmodalities of [Goranko and Passy1992],denoted
here by 2 (`everywhere') and 3 (`somewhere'),can be de�ned by putting

2 t := t u A> 0t and 3 t := t t E> 0t;

wheret is the dual of u (i.e., st t = : (: su : t)). Furthermore, the set constants f cg
play the role of nominals [Blackburn 1993]. Using thesewe can state, for example,
that

(E� 1100f Leipz iggu E� 1100f M alagag) v F rance;

i.e., `if you are not more than 1100km away from Leipzig and not more than 1100
km away from Malaga, then you are in France.' Here, s v t stands for s u t := s.

An MS[M ]-model is a structure of the form

B =


W; d;X B

1 ; X B
2 ; : : : ; cB

1 ; cB
2 : : :

�
;

wherehW; di is a distancespace,the X B
i are subsetsof W , and the cB

i are elements
of W . Thus, B de�nes explicitly the valuesof set variables and location constants.
The valuesB of an arbitrary MS[M ]-term in B is computed inductiv ely as follows:

| f ci gB = f cB
i g, where f ci g is a set constant;

|( > )B = W and (? )B = ; ;
|( s1 u s2)B = sB

1 \ sB
2 , where s1 and s2 are set terms;

|( : s)B = W � sB ;
|( E= as)B = f x 2 W : 9y 2 W

�
d(x; y) = a & y 2 sB

�
g;

|( E<a s)B = f x 2 W : 9y 2 W
�
d(x; y) < a & y 2 sB

�
g;

|( E>a s)B = f x 2 W : 9y 2 W
�
d(x; y) > a & y 2 sB

�
g;

|( E>a
<b s)B = f x 2 W : 9y 2 W

�
a < d(x; y) < b & y 2 sB

�
g.
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The truth-relation B � ' , ' an MS[M ]-formula, is de�ned in the expected way:

| B � c@s i� cB 2 sB ,

| B � s1
:= s2 i� sB

1 = sB
2 ,

| B � � (c1; c2) = a i� d(cB
1 ; cB

2 ) = a,

| B � � (c1; c2) < a i� d(cB
1 ; cB

2 ) < a,

plus the standard de�nitions for the Boolean connectives.
In what follows we will be using abbreviations like E� as, E� a, E� a

� bs, E� a
<b and

E>a
� b , the meaning of which should be clear. For instance, E� a

� bs stands for

E>a
<b s t E= as t E= bs:

Every FM [M ]-structure A =


W; d;PA

1 ; : : : ; cA
1 ; : : :

�
gives rise to its MS[M ] coun-

terpart

A � =
D

W; d;X A �
1 ; : : : ; cA �

i ; : : :
E

;

where X A �
i = PA

i and cA �
i = cA

i for all i . This correspondenceis clearly bijective.
If an FM [M ]-structure (or an MS[M ]-model) is basedon a metric space,we call it
a metric FM [M ]-structure (MS[M ]-model).

The theorem we are about to prove shows that, when speaking about metric
spaces,MS[M ] is expressively complete for (i.e., has the sameexpressive power as)
the two-variable fragment of FM [M ].

Theorem 2.2. (i) For everyMS[M ]-formula ' there existsan FM 2[M ]-sentence
' y such that its length is linear in the length of ' and, for any FM [M ]-structure
A, we have

A � ' y i� A � � ':

(ii) For every FM 2[M ]-sentence ' there is an MS[M ]-formula ' z such that its
length is exponential in the length of ' and, for any metric FM -structure A, we
have

A � ' i� A � � ' z:

Pr oof. Assume,for simplicit y, that M = Q+ .
(i) The proof of the �rst claim is prett y standard; cf. [Gabbay 1971]. We �rst

translate set terms occurring in ' into FM 2-formulas with at most onefree variable
and then extend the translation to subformulas of ' using only two variables, x and
y.

Let z and z0 be metavariablesranging over f x; yg. The translation �y of set terms
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is de�ned inductiv ely as follows:

(X i )y = Pi (x);

(> )y = > and (? )y = ? ;

(f ci g)y = (ci
:= x);

(s1 u s2)y = sy
1[x=z] ^ sy

2[x=z0]); where z; z0 are free in sy
1 and sy

2, respectively;

(: s)y = : sy;

(E<a s)y = 9z (� (z0; z) < a ^ sy(z)) ; where z 6= z0 is free in sy;

(E>a s)y = 9z (� (z0; z) > a ^ sy(z)) ; where z 6= z0 is free in sy;

(E= as)y = 9z (� (z0; z) = a ^ sy(z)) ; where z 6= z0 is free in sy;

(E>a
<b s)y = 9z (a < � (z0; z) < b^ sy(z)) ; where z 6= z0 is free in sy:

Now, turning to MS-formulas, we de�ne �y as commuting with the Booleansand
by taking

(c@s)y = sy[c=z]; where z is free in sy;

(s1
:= s2)y = 8x (sy

1[x=z1] $ sy
2[x=z2]); z1; z2 free in sy

1; sy
2, respectively;

(� (c1; c2) = a)y = (� (c1; c2) = a);

(� (c1; c2) < a)y = (� (c1; c2) < a):

By a straightforward induction one can easily check that A � ' y i� A � � ' .

(ii) To de�ne the conversetranslation, we �rst observethat the following transfor-
mations of an FM 2-formula ' (x; y) result in an equivalent formula with respect to
metric spaces:every occurrenceof equality t1

:= t2 can be replacedby � (t1; t2) = 0;
� (t; t) = 0 by > ; � (t; t) < 0 by ? ; � (t; t) = a by ? if a > 0; � (t; t) < a by > if a > 0;
� (y; t) = a by � (t; y) = a; � (y; t) < a by � (t; y) < a; � (t; x) = a by � (x; t) = a, and
� (t; x) < a by � (x; t) < a. In what follows, we assumethat these transformations
have beenapplied to all our formulas, in particular, to ' .

We distinguish betweenthree typesof atomic formulas in FM 2: binary atomsare
of the form � (x; y) < a or � (x; y) = a (they have two free variables); unary atoms
are of the form � (x; c) < a, � (x; c) = a, Pi (x), Pi (y), � (c;y) < a or � (c;y) = a
(having only one free variable); atoms without free variables can be called nullary.

Given an FM 2-sentence ' , we �rst translate it into a set term ' ? by inductiv ely
de�ning a map �? from subformulas of ' with � 1 free variable into MS-set terms
(using the `universal modalities' 2 and 3 de�ned on page8):

(1) If  = > then  ? = > , and if  = ? then  ? = ? .

(2) If  2 f Pi (x); Pi (y)g then  ? = X i .

(3) If  = Pi (c) then  ? = 2 (f cg ! X i ).

(4) If  2 f � (x; c) = a; � (c;y) = ag then  ? = E= af cg.

(5) If  is � (c1; c2) = a then  ? = 2 (f c1g ! E= a f c2g).

(6) If  is � (c1; c2) < a then  ? = 2 (f c1g ! E<a f c2g).

(7) If  2 f � (x; c) < a; � (c;y) < ag then  ? = E<a f cg.
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Logics of metric spaces � 11

(8) If  = � 1 ^ � 2 then  ? = � ?
1 u � ?

2.

(9) If  = : � then  ? = : (� ?).

The remaining casesof  = 9y� (x; y) and  = 9x� (x; y) are more sophisticated.
We consider only the former. The formula � (x; y) can be regarded as a Boolean
combination of binary atoms � i and formulas � i (x) and � i (y) with at most one free
variable. Denote this Boolean combination by � , i.e.,

� (x; y) = � (� 1; : : : ; � r ; � 1(x); : : : ; � l (x); � 1(y); : : : ; � s(y)) :

Let us �rst move all components in � without free y out of the scope of the outmost
9y in  . Then  can be equivalently rewritten as

_

h� 1 ;::: ;� l i2f> ;?g l

�
9y � (� 1; : : : ; � r ; � 1; : : : ; � l ; � 1; : : : ; � s) ^

^

1� i � l

(� i $ � i )
�

:

Now let 0 = a0 < a1 < � � � < an be the list of all rational numbers occurring in
 together with 0. So this list is non-empty. Consider the set R containing the
following formulas:

| � (x; y) = ai , for i � n;

| ai < � (x; y) < ai +1 , for i < n;

| � (x; y) > an .

For every � 2 R and every binary atom � i in  , we have either � � � i or � � : � i .
In other words, by assigninga truth-v alue to some� in R , we �x the truth values
of all binary atoms in  . Let � �

i = > if � � � i , and � �
i = ? otherwise. Then  is

equivalent to the formula
_

h� 1 ;::: ;� l i2f> ;?g l

� _

� 2 R  

9y
�
� ^ � (� �

1 ; : : : ; � �
r ; � 1; : : : ; � l ; � 1; : : : ; � s)

�
^

^

1� i � l

(� i $ � i )
�

:

Next, we replaceeach � 2 R with the distance operator � � de�ned by taking

|( � (x; y) = ai )� = E= a i , for i � n;

|( ai < � (x; y) < ai +1 )� = E>a i
<a i +1

, for i < n;

|( � (x; y) > an )� = E>a n ,

delete the quanti�er 9y and recursively compute the values of � ?
i and � ?

i . This
yields

 ? =
G

h� 1 ;::: ;� l i2f> ;?g l

� G

� 2 R  

� � �
� (� �

1 ; : : : ; � �
r ; � 1; : : : ; � l ; � ?

1 ; : : : ; � ?
s )

�
u

u 1� i � l (� ?
i $ � i )

�
:

Finally, we put ' z = (' ? := > ). It should be clear from the construction that

A � ' i� A � � ' z:

The reader can restore details of the proof using the examplebelow.
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12 � Oliver Kutz et al.

Example 2.3. Consider the FM 2-sentence

' = 9y
�

9x
�
� (x; y) > 0 ^ Pi (x)

�
^ : Pi (y)

�
:

Let � 1(y) = 9x
�
� (x; y) > 0 ^ Pi (x)

�
and � 2(y) = : Pi (y). Then we represent ' as

9y
�
� 1(y) ^ � 2(y)

�

which is equivalent to

9y
�
� (x; y) = 0 ^ � 1(y) ^ � 2(y)

�
_ 9y

�
� (x; y) > 0 ^ � 1(y) ^ � 2(y)

�
:

Thus, we obtain the MS-set term

' ? = E=0 (� ?
1 u � ?

2 ) t E> 0(� ?
1 u � ?

2 );

where � ?
1 = E=0 (? u X i ) t E> 0(> u X i ) or, equivalently , � ?

1 = E> 0X i , and � ?
2 = : X i .

So the resulting translation is

' ? = E=0 (E> 0X i u : X i ) t E> 0(E> 0X i u : X i ):

Using the universal 3 , we �nally obtain

' z =
�
3 (E> 0X i u : X i )

:= >
�
:

The reader can easily check that ' and ' z indeed say the same.

3. UNDECIDABILITY

In this section we show that the satis�abilit y problem for fragments of MS[Q+ =N]
containing distance operators like E> 0

� a is undecidable in natural classesof spaces
satisfying the triangular inequality. Consider the following languages:

| MS1[Q+ =N] is the fragment of MS[Q+ =N] whoseset terms are constructed from
set variables, the operators u, : , and E> 0

� b for b 2 Q+ =N, and whoseformulas are
Boolean combinations of atoms of the form s v t.

| MS2[Q+ =N] results from MS1[Q+ =N] by replacing E> 0
� b with E> 0

<b .

| MS3[Q+ =N] results from MS1[Q+ =N] by replacing E> 0
� b with E� 1

� b.

| MS4[N] results from MS1[Q+ =N] by replacing E> 0
� b with E� 1

<b .

Theorem 3.1. Let K � D tr contain


R2; d2

�
. Then the satis�ability problem

for MSi [Q+ =N]-formulas in (modelsbased on spaces from) K is undecidablefor any
1 � i � 4.

Pr oof. We consideronly MS1[N]; the other languagesare treated analogously.
The proof is by reduction to the undecidable N � N tiling problem (see [van
Emde Boas 1997; B•orger et al. 1997] and referencestherein). We remind the
reader that the tiling problem for N � N is formulated as follows: given a �nite
set T = f T1; : : : ; Tl g of tile types (i.e., squaresTi with colors lef t(Ti ), r ight(Ti ),
up(Ti ), and down(Ti ) on their edges),decide whether the grid N � N can be cov-
ered with tiles, each of a type from T, in such a way that the colors of adjacent
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edgeson adjacent tiles match, or, more precisely, whether there exists a function
� : N � N ! T such that, for all n; m 2 N, we have

r ight(� (n; m)) = lef t(� (n + 1; m)) ;

up(� (n; m)) = down(� (n; m + 1)):

So supposea set of tile typesT = f T1; : : : ; Tl g is given. Our aim is to construct
an MS1[N]-formula which is satis�able in K i� T can tile N � N.

Note that E� bt is de�nable in MS1[N] ast t E> 0
� bt. Hence,A� b is de�nable aswell.

Take set variables Z1; : : : ; Z l , X 0; : : : ; X 4; Y0; : : : ; Y4. Let � i;j = A� 9(X i u Yj ), for
i; j � 4, and let � be the set of the following formulas, where i; j � 4 and k � l :

X i u Yj v E� 9� i;j ; � i;j v A> 0
� 80: � i;j ; � i;j v : � m;n (( i; j ) 6= (m; n)) ; (4)

� i;j v
G

k � l

A� 9Zk ; Zm v : Zn (n 6= m); (5)

� i;j u Zk v E� 20(E� 20� i;j u � i + 5 1;j u
G

r ig ht (Tk )= lef t (Tm )

Zm ); (6)

� i;j u Zk v E� 20(E� 20� i;j u � i;j + 5 1 u
G

up (Tk )= dow n (Tm )

Zm ); (7)

where + 5 denotes addition modulo 5.3 The �rst formula in (4) is satis�ed in a
model B i� X B

i \ Y B
j is the union of a set of spheresof radius 9. The secondone is

satis�ed in B i� the distance betweenany two distinct centers of spheresof radius
9, all points in which belong to X B

i \ Y B
j , is more than 80, while the third formula

guaranteesthat the sets � B
i;j are pairwise disjoint. We think of � B

i;j , for i; j � 4, as
a �nite family of in�nite sets making up the grid for the tiling (seeFig. 1). The
formulas in (5) ensurethat every point of the grid is coveredby sometile and that
di�eren t tiles never cover the samepoint. Finally, formulas (6) and (7) ensurethe
tiling conditions in the horizontal and vertical directions, respectively.

Note that if x 2 � B
i;j then, in view of (6), there exist y 2 � B

i + 5 1;j and z 2 � B
i;j

for which d(x; y) � 20 and d(y; z) � 20. But then, by the triangular inequality,
d(x; z) � 40, and so, by the secondformula in (4), x = z. The situation in the
vertical direction is similar.

We are going to show that the conjunction of formulas in f: (� 0;0 v ? )g [ � is
satis�able in K i� T can tile N � N. This will be done in two steps.

Lemma 3.2. If T tiles N � N, then f: (� 0;0 v ? )g [ � is satis�able in the 2-
dimensional Euclidean space



R2; d2

�
.

Pr oof. Suppose� : N � N ! T is a tiling. For r 2 R2, put

S(r ) = f y 2 R2 : d2(r; y) � 9g:

3The �rst conjunct in the righ t hand sides of (6) and (7) is redundant if K consists of symmetric
spacesonly.
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Fig. 1. Building the grid.

De�ne a model B on


R2; d2

�
by taking, for i; j � 4 and k � l ,

X B
i =

[

m;n 2 N

S(20(5n + i ); 20m);

Y B
j =

[

m;n 2 N

S(20n; 20(5m + j )) ;

Z B
k =

[

� (n;m )= Tk

S(20n; 20m):

It is not di�cult to seethat this model satis�es f: (� 0;0 v ? )g [ �; seeFig. 1.

Lemma 3.3. Supposethat a model B based on a space hW; di 2 D tr satis�es the
conjunction of f: (� 0;0 v ? )g [ � . Then there exists a function f : N � N ! W
such that, for all i; j � 4 and k1; k2 2 N,

(a) f (5k1 + i; 5k2 + j ) 2 � B
i;j ;

(b) d(f (k1; k2); f (k1 + 1; k2)) � 20 and d(f (k1 + 1; k2); f (k1; k2)) � 20;

(c) d(f (k1; k2); f (k1; k2 + 1)) � 20 and d(f (k1; k2 + 1); f (k1; k2)) � 20.
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Logics of metric spaces � 15

The map � : N � N ! T de�ned by taking � (n; m) = Tk i� f (n; m) 2 Z B
k ; for all

k � l and all n; m 2 N, is a tiling.

Pr oof. We de�ne f inductiv ely. Pick somef (0; 0) 2 � B
0;0. By (6), we can �nd

then a sequencewn 2 W , for n 2 N, such that

| w0 = f (0; 0),
| w5k+ i 2 (� i; 0)B for all i � 4 and k 2 N,
| d(wn ; wn +1 ) � 20 and d(wn +1 ; wn ) � 20.

We put f (n; 0) = wn for all n 2 N. Similarly, by (7), we �nd a sequencevn , for
n 2 N, such that

| v0 = f (0; 0),
| v5k+ j 2 (� 0;j )B for all j � 4 and k 2 N,
| d(vn ; vn +1 ) � 20 and d(vn +1 ; vn ) � 20.

Put f (0; m) = vm for all m 2 N. Suppose now that f has been de�ned for all
(m0; n0) with m0+ n0 < m + n so that it satis�es conditions (a){(c). Without loss
of generality we can assumethat n = 5k1, m = 5k2 + 1, for some k1; k2 2 N.
Then f (n; m � 1) 2 (� 0;0)B , and hence f (n; m � 1) 2 (E� 20� 0;1)B . So we can
�nd a w0 2 (� 0;1)B with d(f (n; m � 1); w0) � 20 and d(w0; f (n; m � 1)) � 20. We
then put f (n; m) = w0. It remains to prove that f still satis�es (a){(c). To this
end it su�ces to show that d(f (n � 1; m); w0) � 20 and d(w0; f (n � 1; m)) � 20.
We have f (n � 1; m) 2 (� 4;1)B , and so there exists a w00 2 (� 0;1)B such that
d(f (n � 1; m); w00) � 20 and d(w00; f (n � 1; m)) � 20. Thus it is enough to show
that w0 = w00. Supposeotherwise. Then we have

| d(w00; f (n � 1; m)) � 20;
| d(f (n � 1); m); f (n � 1; m � 1)) � 20;
| d(f (n � 1; m � 1); f (n; m � 1)) � 20;
| d(f (n; m � 1); w0) � 20.

By the triangular inequality, it follows that d(w00; w0) � 80, contrary to the second
formula in (4). It is readily seennow that � is a tiling.

This completesthe proof of Theorem 3.1.

4. DECIDABLE LOGICSOF METRIC SPACES

Consider the languageMS# [M ] whoseset term constructors are the Booleans,E>a

and E� a , for all a 2 M , their duals A>a and A� a , aswell asthe nominal constructor
which gives the set term f cg for any location constant c. Thus, the MS# [M ] set
terms s are:

s ::= X i j f ci g j > j ? j : s j s1 u s2 j E>a s j E� as j A>a s j A� as:

The atomic formulasof MS# [M ] are � (c;d) < a and � (c;d) = a, for a 2 M , c@s and
s1

:= s2, where c;d are constants and s1; s2 set terms. Complex MS# [M ]-formulas
are Boolean combinations of atoms:

' ::= c@s j s1
:= s2 j � (c1; c2) = a j � (c1; c2) < a j : ' j ' 1 ^ ' 2:
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Note that in MS# [Q+ ] we can expressall constraints from Example 1.1, save (G)
(the formula house@E> 0:5tube stationu E� 1tube station is clearly not equivalent to
house@E> 0:5

� 1 tube station). Note also that the di�erence operator and the universal

modalit y are still de�nable in MS# [M ].
The satis�abilit y problem for arbitrary MS# [M ]-formulas can be reducedto the

satis�abilit y problem for MS# [M ]-formulas without the nominal constructor. In-
deed, supposethat c1; : : : ; cn are all location constants occurring in an MS# [M ]-
formula ' as set terms f ci g. Take fresh set variables X 1; : : : ; X n and let ' 0 be the
result of replacing all the f ci g in ' with X i . It is readily checked that ' is satis�able
in a model basedon a distance spaceD i� the formula

' 0^
^

i � n

3 (X i ^ A> 0: X i )
:= >

is satis�able in D.4 Sinceour main concernis the �nite model property and decid-
abilit y, we will, for purely technical reasons,from now on assumethat no nominals
f cg occur in MS# [M ]-formulas.

Our aim in the remaining part of this section is to prove that MS# [R+ ] inter-
preted in metric spaceshasthe �nite model property and that MS# [Q+ ] interpreted
in metric spacesis decidable. But before turning to the details of the proof, we
intro duce a relational semantics that enablesus to use tools and techniques from
standard modal logic.

4.1 Relationalsemantics

As we have two kinds of `modal operators' in MS# [R+ ], namely, E� a and E>a ,
relational metric M -modelsof MS# [R+ ] should be quadruples of the form

S = hW; (Ra )a2 M ; (Ra)a2 M ; ai ; (8)

where W is a non-empty set, (Ra)a2 M and (Ra)a2 M are two families of binary
relations on W , M is a parameter set, and a is an assignment in W associating
with every set variable X i a subseta(X i ) of W and with every location constant ci

an element a(ci ) of W . We understand relations uRav and uRav as `v is at most a
(units) far from u' and `v is more than a (units) far from u,' respectively.

The value tS of a set term t in S is now inductiv ely de�ned in the standard
Kripk ean way:

(E� a t)S = f w 2 W : 9v 2 tS wRavg;

(E>a t)S = f w 2 W : 9v 2 tS wRavg:

The values of A� a t and A>a t are de�ned dually. (As we have no explicit metric
in the relational model, there is no straightforward way to interpret atoms of the
form � (c;d) < a or � (c;d) = a. Satis�abilit y of theseformulas will be simulated by
other constructors intro duced in the next section.)

Aiming to represent metric models by means of relational models, we have to
imposea number of restrictions on the accessibility relations. Namely, we say that

4Recall that we always have 0 2 M .
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a model S of the form (8) is M -standard if the following conditions are satis�ed for
all a; b 2 M and w; u; v 2 W :

(i) Ra [ Ra = W � W ,

(ii) Ra \ Ra = ; ,

(iii) if uRav and a � b, then uRbv,

(iv) if uRav and a � b, then uRbv,

(v) uR0v i� u = v,

(vi) if uRav and vRbw, then uRa+ bw whenever a + b 2 M ,

(vii) uRav i� vRau and uRav i� vRau.

Properties (v), (vi) and (vii) re
ect axioms (1){(3) of metric spaces.Note that as
a consequenceof (i), (ii) and (vi) we have:

(viii) if uRav and uRa+ bw then vRbw whenever a + b 2 M .

With every metric spacemodel B =


W; d;X B

1 ; : : : ; cB
1 ; : : :

�
we can associate the

relational metric M -model

S (B ) = hW; (Ra)a2 M ; (Ra)a2 M ; ai

in which the relations Ra and Ra are de�ned by taking, for all w; v 2 W ,

wRav i� d(w; v) � a;

wRav i� d(w; v) > a;

a(X i ) = X B
i and a(ci ) = cB

i . Clearly, S (B ) is M -standard. Moreover, the following
obvious lemma shows that S (B ) can be regardedas a relational representation of
B .

Lemma 4.1. For every metric space model B and every MS# [M ] set term t, the
value of t in B coincides with the value of t in S (B ).

At the end of Section 4.2 (Step 5) we will show how under certain conditions a
�nite M -standard model can be transformed into a �nite metric model. (However,
the technique we usedoesnot apply to in�nite models.)

4.2 The �nite model property

In this section we prove the following

Theorem 4.2. An MS# [R+ ]-formula ' is satis�able in a metric space model i�
it is satis�able in a �nite metric space model.

Pr oof. We �rst outline the idea of the proof which consistsof �v e steps. Sup-
poseB � ' for somemetric MS-model B =



W; d;X B

1 ; : : : ; cB
1 ; : : :

�
.

Step 1. Depending on B , we transform ' into a set � with B � �, containing

only formulas of the form c@t, s := t, s 6:= t, and � (c;d) = a, in such a way that
' is satis�able in a �nite model whenever � is �nitely satis�able (seeLemma 4.3).
Starting from �, we compute a �nite set M [�] of real numbers containing, in
particular, all the numbers occurring in �.
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Step 2. We replacethe metric d by a new metric d0 with the (�nite) range M [�]
and obtain a new model B 1 which still satis�es �.

Step 3. The next step is to �ltrate (as in modal logic; seee.g. [Chagrov and Za-
kharyaschev 1997]) the relational metric model S = S (B 1) through somesuitable
set of terms cl(�). To de�ne cl(�), for each � (c;d) = a in � we add to � the terms
X d, X c, and A� b: X d, where b = maxf a0 2 M [�] : a0 < ag and X c, X d are fresh
set variables (these additional terms are required to prove Lemma 4.7 (2) below).
The set cl(�) is the closureof the resulting set of terms under rules that are similar
to the rules of the Fischer{Ladner closurefor PDL -formulas (cf. [Harel 1984]). As
a result of the �ltration we get a �nite relational metric model S f .

Step 4. However, unlike S , in general S f is not M [�]-standard, which means
that we cannot directly transform it into a �nite metric spacemodel. In fact, S f

satis�es all the properties (i){(viii) save (ii): there may exist a v 2 W f such that
wRav and wRav, for somew 2 W f and a 2 M [�]. To `cure' thesedefects,we make
copiesof such `bad' points v and modify the relations Ra and Ra in S f obtaining a
�nite standard relational metric model S � . (The `copying-method' was developed
by the Bulgarian school of modal logic; see[Gargov et al. 1988; Vakarelov 1991].
Our technique follows [Goranko 1990].)

Step 5. The �nal step is to transform S � into a �nite metric MS-model B � and
to show that B � satis�es �.

Let us now turn to technical details. SupposeB � ' .

Step 1. Denote by term(' ) the set of all set terms occurring in ' including
all subterms; sub(' ) stands for the set of all subformulas of ' . De�ne a set � =
� 1 [ � 2 [ � 3 by taking:

� 1 = f c@t : (c@t) 2 sub(' ); B � c@tg [ f c@: t : (c@t) 2 sub(' ); B 6� c@tg;

� 2 = f s := t : (s := t) 2 sub(' ); B � s := tg [ f s 6:= t : (s := t) 2 sub(' ); B � s 6:= tg;

� 3 = f � (c;d) = a : � (c;d) occurs in ' , a = d(a(c); a(d))g:

Note that the set of parameters from R+ that occur in � 3 depends on the model
B and not just on the initial formula ' . It should be clear from the de�nition that
we have the following:

Lemma 4.3. Suppose � is associated with the model B satisfying ' . Then the
following hold:

(1) B � � .
(2) For every metric MS-model B 0, if B 0 � � then B 0 � ' .

Next we construct M [�]. Let

M (�) = f a 2 R : a occurs in � g [ f 0; 1g:

SoM (�) dependson B , whereasthe cardinalit y of M (�) can be bounded in terms
of ' . Denote by 
 the smallest natural number that is greater than all numbers in
M (�) and de�ne M [�] as follows:

M [�] = f 
 ; 0g [ f a 2 R : a = a1 + � � � + an < 
 ; a1; : : : ; an 2 M (�) ; n < ! g:

Let � = minf M (�) � f 0ggand let � be the leastnatural number such that � � 
 =� .
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Lemma 4.4. jM [�] j � jM (�) j � .

Pr oof. For any a1; : : : ; an 2 M (�) � f 0g with a1 + � � � + an � 
 we have n � �
(for otherwise, if n > � , we would have 
 � �� < n� � 
 , which is a contradiction).
The claim follows immediately.

Step 2. We show now that � is satis�ed in a metric MS-model

B 1 =
D

W; d0; X B 1
1 ; : : : ; cB 1

1 ; : : :
E

such that the range of d0 is a subsetof M = M [�]. Indeed, de�ne d0 by taking, for
all w; v 2 W ,

d0(w; v) = min
�
f 
 g [ f a 2 M : d(w; v) � ag

�
;

X B 1
i = X B

i for all X i , and cB 1
i = cB

i for all ci .
Clearly, the range of d0 is a subset of M . Let us check that d0 is a metric. It

satis�es (1) because0 2 M . That d0 is symmetric follows from the symmetry of d.
To show (2), we prove �rst that

f a 2 M : d0(w; v) + d0(v; u) � ag � f a 2 M : d0(w; u) � ag: (9)

Supposed0(w; v) + d0(v; u) � a, for a 2 M . If d0(w; v) = 
 then d0(v; u) = 0, and so
d(v; u) = 0 and v = u. Similarly, d0(v; u) = 
 implies w = v. Hencewe may assume
that both d0(w; v) < 
 and d0(v; u) < 
 . Then there are a1; a2 2 M such that
d0(w; v) = a1, d0(v; u) = a2. Moreover, d(w; v) � a1, d(v; u) � a2 and a1 + a2 < a.
Thus d0(w; u) � a, which proves (9). Now, if d0(w; u) > d0(w; v) + d0(v; u) then

 > d0(w; v) and 
 > d0(v; u). Hencethere are a1; a2 2 M such that d0(w; v) = a1,
d0(v; u) = a2 and 
 > a1 + a2. Thus a1 + a2 2 M and d0(w; u) � a1 + a2, which is
a contradiction. It follows that d0(w; u) � d0(w; v) + d0(v; u).

Lemma 4.5. The set � is satis�ed in B 1.

Pr oof. Clearly, for each (� (c;d) = a) 2 � 3, d(a(c); a(d)) = d0(a(c); a(d)) = a.
So B 1 � � 3. To show B 1 � � 1 [ � 2, it su�ces to prove that

8w 2 W 8t 2 term(� 1 [ � 2) (w 2 tB $ w 2 tB 1 ):

This can be done by a straightforward induction on the construction of t. The
basis of induction and the caseof Booleansare trivial. So supposethat t is A� as
(whencea 2 M ). Then we have:

w 2 tB , 1 8v 2 W (d(w; v) � a ! v 2 sB )

, 2 8v 2 W (d0(w; v) � a ! v 2 sB 1 )

, 3 w 2 tB 1 :

The equivalences, 1 and , 3 are obvious; , 2 holds by the induction hypothesis
and the fact that, for all w; v 2 W and a 2 M , d(x; y) � a i� d0(x; y) � a. The
caseof A>a s is consideredin a similar way.

Step 3. For each location constant d occurring in � 3 we pick a new set variable
X d and de�ne

t(�) = term(�) [ f X d : d occurs in � 3g [ f: X d : d occurs in � 3g [

f A� b: X d : (� (c;d) = a) 2 � 3; b = maxf a0 2 M [�] : a0 < agg:
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Clearly, t(�) is closedunder subterms.
Sincethe X d, for d 2 � 3, do not occur in �, wemay assumethat (X d)B 1 = f dB 1 g

for all constants d in � 3.
De�ne the closure cl(�) of t(�) as the smallestset T of terms such that t(�) � T

and

(1) T is closedunder subterms;
(2) if t 2 T , then A� 0t 2 T whenever t is not of the form A� 0s;
(3) if A� a t 2 T and a � a1 + � � �+ an , for ai 2 M [�] � f 0g, then A� a1 : : : A� an t 2 T ;
(4) if A>a t 2 T and b 2 M [�], then : A� b: A>a t 2 T ;
(5) if A>a t 2 T and b > a (b 2 M [�]), then A>b t 2 T and if c + a 2 M [�]

(c 2 M [�] � f 0g), then : A>a + c: A>a t 2 T .

Lemma 4.6. jcl(�) j � S(�) = 2� +3 � jt(�) j � jM [�] j2� +1 .

Pr oof. Observe that cl(�) can be obtained from t(�) step-by-step as follows:
First, take the closureof t(�) under subterms and (5) and denote the result by

cl1(�). Second,take the closureof cl1(�) under subterms and (4) and denote the
result by cl2(�), which is still closedunder (5). Third, take the closure of cl2(�)
under subtermsand (3), denotethe result by cl3(�) and notice that cl3(�) is closed
under (4) and (5). Finally, take the closureof cl3(�) under (2). This is closedunder
(1){(5).

The following is now readily checked:

| jcl1(�) j is bounded by jt(�) j � 2� � jM [�] j � , becausethe intro duced terms are of
the form (: )A>a 1 (: )A>a 2 (: ) : : : (: )A>a k t, with ai � ai +1 � � and (: ) marking
a possibleoccurrenceof : . The length k of such sequencesof parameters ai is
bounded by � , becausea1 � 
 .

| jcl2(�) j is bounded by 4 � jcl1(�) j � jM [�] j.
| jcl3(�) j is bounded by jcl2(�) j � jM [�] j � because,as follows from the proof of

Lemma 4.4, no chain A� a1 � � � A� an of length > � is intro duced when taking the
closureunder (3).

| jcl(�) j is bounded by 2 � jcl3(�) j.

So we obtain that jcl(�) j is bounded by S(�) = 2� +3 � jt(�) j � jM [�] j2� +1 .

Recall that B 1 � �. Consider now the relational counterpart of B 1, i.e., the
model

S (B 1) = hW; (Ra)a2 M ; (Ra)a2 M ; bi

which, for brevity, will be denoted by S . We are going to �ltrate S through
� = cl(�). De�ne an equivalencerelation � on W by taking u � v if u 2 tS i�
v 2 tS , for all t 2 �. Let [u] = f v 2 W : u � vg. Note that if d is a location
constant in � 3, then [b(d)] = f b(d)g, sinceX d 2 �.

Construct a �ltration S f =
D

W f ; (Rf
a )a2 M ; (Rf

a )a2 M ; bf
E

of S through � by

taking

| W f = f [u] : u 2 W g;
| bf (c) = [b(c)];
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| bf (X ) = f [u] : u 2 b(X )g;

|[ u]Rf
a [v] i� for all terms A� a t 2 �,

| u 2 (A� a t)S implies v 2 tS and
| v 2 (A� a t)S implies u 2 tS ;

|[ u]Rf
a [v] i� for all terms A>a t 2 �,

| u 2 (A>a t)S implies v 2 tS and
| v 2 (A>a t)S implies u 2 tS .

Since � is �nite, W f is �nite as well. Note also that we have bf (X d) = f bf (d)g
whenever d is a location constant in � 3.

Lemma 4.7. (1) For every t 2 � and every u 2 W , u 2 tS i� [u] 2 tS f
.

(2) For every (� (c;d) = a) 2 � 3, a = minf b 2 M : bf (c)Rf
b bf (d)g.

(3) S f satis�es (i) and (iii){(viii) from Section 4.1.

Pr oof. Claim (1) is proved by an easy induction on the construction of t.
To prove (2), take (� (c;d) = a) 2 � 3. We must show that bf (c)Rf

a bf (d) and
: bf (c)Rf

b bf (d), for all b 2 M such that a > b. Notice �rst that uRav implies
[u]Rf

a [v] and uRav implies [u]Rf
a [v]. SinceB 1 � �, we haveB 1 � � (c;d) = a, and so

d0(b(c); b(d)) = a. Henceb(c)Rab(d) and bf (c)Rf
a bf (d). Supposenow that b0 2 M

is maximal with b0 < a and consider A� b0
: X d. By de�nition, b(X d) = f b(d)g.

Henceb(d) =2 (: X d)S . On the other hand, we have b0 < d0(b(c); b(d)), from which
b(c) 2 (A� b0

: X d)S . Since(A� b0
: X d) 2 �, we then obtain : bf (c)Rf

b0bf (d). Then,
for arbitrary b 2 M such that b < a, it follows by (3)(iii) that : bf (c)Rf

b bf (d).

To prove (3), let us check conditions (i) and (iii){(viii).

(i): We have to show that R f
a [ Rf

a = W f � W f . Let : [u]Rf
a [v]. Then : uRav,

and so uRav, sinceS satis�es (i). Thus [u]Rf
a [v].

(iii): If [u]Rf
a [v] and a � b then [u]Rf

b [v]. Let [u]Rf
a [v] and a < b, for b 2 M .

Suppose u 2 (A� bt)S . By the de�nition of � = cl(�), A� a t 2 �, and so u 2
(A� a t)S . Hence v 2 tS . That v 2 (A� bt)S implies u 2 tS is shown in the same
way.

(iv): If [u]Rf
a [v] and a � b then [u]Rf

b
[v]. Let [u]Rf

a [v] and a > b. Suppose
u 2 (A>b t)S . Then A>a t 2 �, u 2 (A>a t)S , and so v 2 tS . Again, the other
direction is treated analogously.

(v): [u]Rf
0 [v] i� [u] = [v]. The implication (( ) is obvious. So suppose[u]R f

0 [v].
Take somet 2 � with u 2 tS . Without lossof generality we may assumethat t is
not of the form A� 0s. Then, by the de�nition of �, u 2 (A� 0t)S and A� 0t 2 �.
Hencev 2 tS . In precisely the sameway one can show that for all t 2 �, v 2 tS

implies u 2 tS . Therefore, [u] = [v].

(vi): If [u]Rf
a [v] and [v]Rf

b [w], then [u]Rf
a+ b[w], for (a + b) 2 M . Supposeu 2

(A� a+ bt)S . Then A� aA� bt 2 � and u 2 (A� aA� bt)S . So v 2 (A� bt)S , whence
w 2 tS . Now suppose that w 2 (A� a+ bt)S . Again, we have A� bA� a t 2 � and
w 2 (A� bA� a t)S . Then v 2 (A� a t)S , whenceu 2 tS .

(vii): [w]Rf
a [u] i� [u]Rf

a [w] and [w]Rf
a [u] i� [u]Rf

a [w] hold by de�nition.
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(viii): If [u]Rf
a [v] and [u]Rf

a+ b
[w], then [v]Rf

b
[w], for (a + b) 2 M . Suppose

that v 2 (A>b t)S . Then : A� a : A>b t 2 � and u 2 (: A� a : A>b t)S . Hence u 2
(A> (a+ b) t)S and so w 2 tS . For the other direction supposew 2 (A>b t)S . Then
u 2 (: A> (a+ b) : A>b t)S and : A> (a+ b) : A>b t 2 �. Hence u 2 (A� a t)S and so
v 2 tS .

Step 4. Unfortunately , S f does not necessarilysatisfy (ii) which is required to
construct the model B � we need: it may happen that for somepoints [u], [v] in
W f and a 2 M , we have both [u]Rf

a [v] and [u]Rf
a [v]. To `cure' these defects, we

have to perform somesurgery. The defectsform the set

D(W f ) = f v 2 W f : 9a 2 M 9u 2 W f (uR f
a v & uR f

a v)g:

Let

W � = fhv; i i : v 2 D(W f ); i 2 f 0; 1gg[ fhu; 0i : u 2 W f � D (W f )g:

So for each v 2 D(W f ) we now have two copieshv; 0i and hv; 1i . De�ne an assign-
ment b� in W � by taking

| b� (c) =


bf (c); 0

�
and

| b� (X ) = fhu; i i 2 W � : u 2 bf (X )g.

Finally, we de�ne accessibility relations R �
a and R�

a as follows:

|if a > 0 then hu; i i R �
a hv; j i i� either

| uR f
a v and : uR f

a v, or
| uR f

a v and i = j ;
|if a = 0 then hu; i i R �

a hv; j i i� hu; i i = hv; j i ;
| R�

a is de�ned as the complement of R �
a , i.e., hu; i i R�

a hv; j i i� : hu; i i R �
a hv; j i .

Lemma 4.8. S � = hW � ; (R�
a)a2 M ; (R�

a)a2 M ; b� i is an M -standard relational
metric model.

Pr oof. That S � satis�es (i), (ii), and (v) follows immediately from the de�ni-
tion. Let us check the remaining conditions.

(iii) Suppose that hu; i i R �
a hv; j i and b 2 M is such that a < b. If i = j then

clearly hu; i i R �
b hv; j i . So assumei 6= j . Then, by de�nition, uR f

a v and : uR f
a v.

SinceS f satis�es (iii) and (iv), we obtain uR f
b v and : uR f

b
v. Thus hu; i i R�

b hv; j i .

(iv) Suppose that hu; i i R �
a hv; j i and b 2 M is such that a � b, but

: hu; i i R�
b

hv; j i . By (i), hu; i i R �
b hv; j i . And by (iii), hu; i i R �

a hv; j i . Finally, (ii)
yields : hu; i i R �

a hv; j i , which is a contradiction.

(vi) Supposehu; i i R �
a hv; j i , hv; j i R �

b hw; ki and a+ b 2 M . Then uR f
a v and vRf

b w.
As S f satis�es (vi), we have uR f

a+ bw. If i = k then clearly hu; i i R �
a+ b hw; ki . So

assumei 6= k. If i = j 6= k then, using (viii) for S f , : uR f
a+ b

w, since uR f
a v and

: vRf
b
w. The case i 6= j = k is consideredanalogously using the fact that the

relations in S f are symmetric.

(vii) follows from the symmetry of R f
a and Rf

a .
Now, the symmetry of R �

a follows from the symmetry of R �
a and (i), (ii).
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Lemma 4.9. For all hv; i i 2 W � and t 2 � , we havehv; i i 2 tS �
i� v 2 tS f

.

Pr oof. The proof is by induction on t. The basis of induction and the caseof
Booleansare trivial (we remind the reader that � contains no set constants f cg).
The casest = (A� as) and t = (A>a s) are consequencesof the following claims:

Claim 1: If uR f
a v and hu; i i 2 W � (i 2 f 0; 1g), then there exists a j such that

hu; i i R�
a hv; j i . Indeed, this is clear for i = 0. Supposei = 1. If v was duplicated,

then hv; 1i is as required. If v was not duplicated, then : uR f
a v, and so hv; 0i is as

required.

Claim 2: If hu; i i R �
a hv; j i , then uR f

a v. This should be obvious.

Claim 3: If uR f
a v and hu; i i 2 W � (i 2 f 0; 1g), then there exists a j such that

hu; i i R�
a hv; j i . Suppose i = 0. If v was not duplicated, then : uR f

a v. Hence
: hu; 0i R�

a hv; 0i . If v was duplicated, then : hu; 0i R �
a hv; 1i . In the caseof i = 1

we have : hu; 1i R �
a hv; 0i , i.e., hu; 1i R �

a hv; 0i .

Claim 4: If hu; i i R �
a hv; j i , then uR f

a v. Indeed, if i = j then : uR f
a v and souR f

a v.
And if i 6= j , then uR f

a v.

Step 5. To complete the proof, we transform S � into a �nite metric MS-model
and show that this model satis�es �. Let

B � = hW � ; d� ; X �
1 ; : : : ; c�

1; : : :i ;

where for all w; v 2 W � , set variables X i , and constants ci ,

d� (w; v) = min(f 
 g [ f a 2 M : wR �
avg); X �

i = b� (X i ); c�
i = b� (ci ):

As M is �nite, d� is well-de�ned. Using (v){(vii), it is easy to seethat d� is a
metric with range M [�]. So B � is a �nite metric spacemodel. It remains to show
that B � satis�es �. Observe �rst that

(z ) for all w 2 W � and t 2 t(�), we have w 2 tS �
i� w 2 tB �

.

This is proved by induction on t. The basisof induction and the caseof Booleans
are clear. So let t = (A� as) for somea 2 M . Then

w 2 (A� as)S �

, 1 8v (wR�
av ! v 2 sS �

)

, 2 8v (wR�
av ! v 2 sB �

)

, 3 8v (d� (w; v) � a ! v 2 sB �

)

, 4 w 2 (A� as)B �
:

Equivalences, 1 and , 4 are obvious; , 2 holds by the induction hypothesis; ( 3

is an immediate consequenceof the de�nition of d� , and ) 3 follows from (iii). The
caset = (A>a s) is consideredanalogously.

We can now show that B � � �. Let (c@t) 2 � 1. Then we have:

B � � c@t , 1 c� 2 tB �
, 2 b� (c) 2 tS �

, 3


bf (c); 0

�
2 tS �

, 4

bf (c) 2 tS f
, 5 [b(c)] 2 tS f

, 6 b(c) 2 tS , 7 cB 1 2 tB 1 , 8 B 1 � c@t:

Equivalences, 1 and , 8 are obvious; , 2 follows from (z ); , 3 and , 5 hold
by de�nition; , 4 follows from Lemma 4.9, , 6 from Lemma 4.7, and , 7 from
Lemma 4.1.
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SinceB 1 � �, we have B � � � 1. That B � � � 2 is proved analogouslyusing (z ).
It remains to show that B � � � 3. Take any � (c;d) = a from � 3. We must prove

that d� (c� ; d� ) = a. By Lemma 4.7 (2),

a = minf b 2 M : bf (c)Rf
b bf (d)g:

So a = minf b 2 M :


bf (c); 0

�
R�

b



bf (d); 0

�
g. By the de�nition of b� , we have

a = minf b 2 M : b� (c)R�
bb� (d)g, which meansthat d� (b� (c); b� (d)) = a.

We have proved the following:

Theorem 4.10. � is satis�ed in a metric MS-model

B � = hW � ; d� ; X �
1 ; : : : ; c�

1; : : :i

such that jW � j � 2 � 2S(�) and the rangeof d� is a subsetof M [�] .

From Theorem 4.10and Lemma 4.3 (2), it follows that ' is satis�ed in the �nite
model B � , which completesthe proof of Theorem 4.2.

4.3 Decidability

The main result of this section is the following:

Theorem 4.11. (i) The satis�ability problemfor MS# [Q+ ]-formulas in the class
M of metric spaces is decidable.

(ii) Let q 2 N. The satis�ability problem for MS# [f 0; : : : ; qg]-formulas in M is
decidable in NExpTime .

We will �rst concentrate on (i). Note that the �nite model property of MS# [R+ ]
proved above is not enough to establish the decidability of MS# [Q+ ]: we still do
not know an e�ectiv ely computable upper bound for the size of a �nite model
satisfying a given formula ' . Indeed, the set M (�) depends not only on ' , but
alsoon the initial model B satisfying ' becauseof the possibleintro duction of new
parametersa 2 R by expressionsof the form � (c;d) occurring in ' . Note however
that by Lemmas4.4 and 4.6, an upper bound for the sizeof B � can be computed
e�ectiv ely from the maximum of M (�), the minimum of M (�) � f 0g, and ' . Thus,
to obtain an e�ectiv e upper bound, it su�ces to start the construction with a model
satisfying ' for which both the maximum of M (�) and the minimum of M (�) � f 0g
are bounded. The next lemma shows how to obtain such a model. Let n ' and m '

be the minimal and the maximal positive numbers occurring in ' , respectively; if
no such numbers exist, then put m ' = n ' = 1.

Lemma 4.12. Supposethat an MS# [Q+ ]-formula ' is satis�ed in a metric MS-
model B =



W; d;X B

1 ; : : : ; cB
1 ; : : :

�
. Denote by D the set of all expressionsof the

form � (c;d) occurring in ' and assumethat D 6= ; . Then there is a metric d0 on
W such that ' is satis�ed in B 0 =



W; d0; X B

1 ; : : : ; cB
1 ; : : :

�
and

minf d0(cB ; dB ) > 0 : � (c;d) 2 Dg � n ' =2;

maxf d0(cB ; dB ) : � (c;d) 2 Dg � 2m ' :

Pr oof. Let a = n ' and b = m ' . Set

a0 = minf d(cB ; dB ) > 0 : � (c;d) 2 Dg;

b0 = maxf d(cB ; dB ) : � (c;d) 2 Dg:
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We consider the casewhere a0 < a=2 and 2b < b0. The other casesare even easier
and left to the reader. De�ne d0 by taking for all v; w 2 W

d0(v; w) :=

8
<

:

d(v; w) if a � d(v; w) � b or d(v; w) = 0;
b+ (b=(b0 � b)) � (d(v; w) � b) if d(v; w) > b;
a + (a=2(a � a0)) � (d(v; w) � a) if 0 < d(v; w) < a:

One can easily compute that if d(v; w) > b then d0(v; w) < d(v; w), and if 0 <
d(v; w) < a then d0(v; w) > d(v; w). It is a routine exercisenow to show that
d0 is a metric. Clearly, it satis�es conditions (1) and (3). Let us seethat for all
u; v; w 2 W , we have

d0(u; w) � d0(u; v) + d0(v; w): (10)

We considerhere only two casesand leave the remaining onesto the reader.

Case 1: d(u; w) > b and 0 < d(u; v); d(v; w) < a. Then, as was observed above,
we have d0(u; w) < d(u; w), d(u; v) < d0(u; v) and d(u; v) < d0(u; v), which together
with hW; di satisfying the triangular inequality yields (10).

Case 2: d(u; w) > b, 0 < d(u; v) < a and d(v; w) > b. Note �rst that we again
have d0(u; v) > d(u; v), and in view of (2), d(u; v) � d(u; w) � d(v; w). It remains
to observe that 0 < b=(b0 � b) < 1 and

d0(u; w) � d0(v; w) =
b

b0 � b
� (d(u; w) � d(v; w)) ;

which yields d0(u; v) � d0(u; w) � d0(v; w), i.e., (10).
To completethe proof, it remainsto observe that for every parameter a occurring

in ' , every relation � in f = ; <; � ; >; �g , and all x; y 2 W , we have

d(x; y) � a i� d0(x; y) � a:

It follows that tB = tB 0
for every term t occurring in ' , and so ' is satis�ed in

B 0.

It follows that we can start the �ltration with a model B for which we obtain
(by Lemmas4.4 and 4.6) the following upper bound for cl(�):

| jcl(�) j is bounded by l(' )p(m ' =n ' ) , where p is a polynomial function of degree2
not depending on ' and l(' ) is the length of ' .5

Summarizing the results obtained so far, we have

Theorem 4.13. There exists a quadratic polynomial p such that every
MS# [Q+ ]-formula ' which is satis�able in a metric space model is satis�able in
a metric space whosedomain is bounded by

f (' ) = 2 � 2l ( ' )
p (

m '
n '

)

:

5This is done as follows. First, by Lemma 4.12 and the de�nition of � , we obtain that � �
4m ' +2

n '
+ 1. Further, we clearly have jM (�) j � l ( ' ) and jt(�) j � 4 � l (' ), whence, by Lemma

4.4, jM [�] j � l ( ' ) � . Hence, by Lemma 4.6, we obtain jcl(�) j � 2� +3 � 22 � l ( ' ) � l ( ' ) � � (2 � +1) �

l ( ' ) � +6 � l ( ' )2� 2 + � = l(' )2� 2 +2 � +6 .
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In contrast to many standard satis�abilit y problems even this result does not
directly imply the decidability of the satis�abilit y problem for MS# [Q+ ]{form ulas,
becausethere are in�nitely many (even uncountably many) di�eren t metric spaces
basedon a �nite set. We now addressthis problem.

Fix a formula ' and n � f (' ). Put W = f 1; : : : ; ng. Supposethat ' contains
constants C(' ) = f c1; : : : ; ck g, set variables V (' ) = f X 1; : : : ; X l g and parameters
P(' ) = f a0; a1; : : : ; apg, where a0 = 0 belongs to P(' ) even if it does not occur
in ' . Assumethat 0 < a1 < a2 < � � � < ap. Further, take variables x ij , for every
i; j 2 W . These variables are intended to `simulate' the distance d(i; j ) between i
and j .

Let I 1, I 2 and I 3 be a partition of W � W , and k a function from W � W to
f 0; 1; : : : ; pg. There are only �nitely many pairs E = (T; C) whose�rst component
is a structure

T =


W; (X T : X 2 V (' )) ; (cT : c 2 C(' ))

�

and the secondone is a set of `constraints' of the form

C = f x ij = ak( ij ) : (i; j ) 2 I 1g

[ f x ij > ap : (i; j ) 2 I 2g

[ f ak( ij ) < x ij < ak( ij )+1 : (i; j ) 2 I 3g;

where X T � f 1; : : : ; ng for every set variable X of ' , cT 2 f 1; : : : ; ng for every
constant c of ' . The constraints in C specify for every ordered pair of elements i; j
from W whether the distance betweeni and j is equal to someak( ij ) , greater than
ap or strictly betweensomeak( ij ) and ak( ij )+1 . Pairs E of this type will be called
(n-)constraint systemsfor ' . Constraint systemsspecify a classof models based
on the domain W in such a way that it is possible to determine from the system
the value of all those terms which contain parameters from P(' ) only. De�ne the
extensionsE of a term s containing parameters from P(' ) only by induction:

| X E = X T for every set variable X of ' ;
|( s1 u s2)E = sE

1 \ sE
2 ;

|( : s)E = W � sE ;
|( E� as)E = f i 2 W : 9j 2 W

�
(x ij = a 2 C & j 2 sE ) _ (x ij < a 2 C & j 2 sE )

�
g;

|( E>a s)E = f i 2 W : 9j 2 W (a < x ij 2 C & j 2 sE
�
g.

The truth-relation E � ' , ' an MS[M ]-formula with parameters from P(' ), is
de�ned as expected (we list only the interesting clauses):

| E � � (c1; c2) = a i� x ij = a 2 C for i = cT
1 and j = cT

2 ;
| E � � (c1; c2) < a i� x ij < a 2 C for i = cT

1 and j = cT
2 .

Say that E = (T; C) satis�es ' if E � ' . Of course,if ' is satis�able in a model of
size n, then ' is satis�ed in an n-constraint system for ' . The conversedoes not
hold, becauseit could be that there doesnot exist a metric d on W which conforms
to C, where a metric d conforms to C if by setting x ij = d(i; j ), for all i; j 2 W , all
constraints in C are satis�ed.

So, say that E = (T; C) is satis�able if the constraints in C together with the
following set of equalities and inequalities has a solution in R+ :
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| x ii = 0, for all i 2 W ;
| x ij = x j i , for all i; j 2 W (symmetry);
| x ik + xk j � x ij , for all i; j; k 2 W (triangular inequality).

The following is now easily checked:

Lemma 4.14. A formula ' 2 MS# [Q+ ] is satis�able in a metric space model of
size n i� there exists a satis�able n-constraint systemfor ' which satis�es ' .

Lemma 4.15. It is decidable in polynomial time � (n) whether an n-constraint
systemE for ' is satis�able and satis�es ' .

Pr oof. Clearly, given a satis�able n-constraint system E for ' , it is decidable
in polynomial time whether ' is indeed satis�ed in E.

Hence,it remainsto show that checking satis�abilit y of E can be done in polyno-
mial time. First, notice that the decidability of this problem follows from Tarski's
result on the decidability of the theory of real closed�elds [Tarski 1951]. On the
other hand, the problem can be understood as a standard problem of linear pro-
gramming, wherewe can choosesomearbitrary objective function to be maximized.
In fact, we are only interested in the question whether this systemof equalities and
inequalities has a commonsolution, i.e., in the linear programming feasibility prob-
lem. Furthermore, since all parameters in the constraints are from Q, a solution
exists in R i� a solution exists in Q, becausethe set of solutions can be represented
as a (possibly unbounded) convex polyhydron. Hencewe can restrict ourselves to
searching for rational solutions. This problem has beenshown, e.g. in [Blum et al.
1998], to be solvable in polynomial time measuredin the number of variables, i.e.,
in n.

Theorem4.11(i) follows from Theorem4.13and Lemmas4.14and 4.15. Theorem
4.11 (ii) follows from Theorem 4.13 and Lemmas 4.14 and 4.15, becausefor ' 2
MS# [f 1; : : : ; qg] the number q is an upper bound for m ' =n' . Now the decision
procedure is as follows: given ' 2 MS# [f 1; : : : ; qg] guessan n-constraint system E
with n � f (' ) and check in polynomial time (in n) whether E is both satis�able
and satis�es ' .

We note that it is an open problem whether satis�abilit y of MS# [f 1; : : : ; qg]-
formulas in metric spacesis NExpTime -hard.

5. SATISFIABILITY IN WEAKER DISTANCE SPACES

Let us now consider the satis�abilit y problem in the classD of arbitrary distance
spacesand its subclassesD sy m and D tr . For D and D sy m we can prove decid-
abilit y even for the language FM 2[Q+ ]. For D tr we will consider the languages
MS# [f 1; : : : ; qg] and MS# [Q+ ].

Theorem 5.1. The satis�ability problemfor FM 2[Q+ ]-formulas in D and D sy m

is decidable. Moreover, both problemsare in NExpTime and in both casesany
satis�able formula is satis�able in a �nite model.

Pr oof. The proof is basedon a simple reduction to the satis�abilit y problem for
the two-variable fragment of �rst-order logic. Recall that atomic formulas � (x; y) <
a and � (x; y) = a can be regarded as binary predicates P<a (x; y) and P= a(x; y).
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Denote by ' + the result of replacing all subformulas in ' of the form � (x; y) < a
and � (x; y) = a by P<a (x; y) and P= a (x; y), respectively. Let

0 = a0 < a1 < � � � < an

be the list of rational numbers that occur in ' , together with 0, and let � be the
set of the following formulas, for i � n:

8x; y
�
P= a i (x; y) !

^

0� j <i

: P<a j (x; y) ^
^

i 6= j

: P= a j (x; y) ^
^

n � j >i

P<a j (x; y)
�
;

8x; y
�
P<a i (x; y) !

^

i<j � n

P<a j (x; y)
�
;

8x; y: P< 0(x; y);

8x; y
�
P=0 (x; y) $ x = y

�
:

We claim that the set � [ f ' + g is satis�able in a �rst-order structure

A =


W; PA

= a0
; : : : ; PA

<a 0
; : : : ; PA

1 ; : : : ; cA
1 ; : : :

�

i� ' is satis�able in a distance spacemodel.
The direction (( ) is clear. Sosupposethat A satis�es � [ f ' + g. De�ne a distance

spacestructure

B =


W; d;PA

1 ; : : : ; cA
1 ; : : :

�

by taking, for a; b 2 W ,

d(a; b) = ai i� A � P= a i (a; b);

d(a; b) =
ai + ai +1

2
i� A � : P<a i (a; b) ^ P<a i +1 (a; b) ^ : P= a i (a; b);

d(a; b) = 2 � an i� A � : P<a n (a; b) ^ : P= an (a; b):

It is not di�cult to seethat B satis�es ' . Hence,to decidewhether ' is satis�able
in a distance spacemodel, it su�ces to check whether � [ f ' + g is satis�able in a
�rst-order structure. This provesthe decidability of satis�abilit y in D.

For D sy m , we take the set � sy m which is

� [ f8 x; y
�
P<a i (x; y) $ P<a i (y; x)

�
; 8x; y

�
P= a i (x; y) $ P= a i (y; x)

�
: i � ng:

It is readily checked that ' is satis�able in D sy m i� � sy m [ f ' + g is satis�able.
The remaining claims follow immediately from the NExpTime -completenessof

the two-variable fragment of �rst-order logic and its �nite model property [Mortimer
1975;F•urer 1984;Gr•adel et al. 1997].

Let us now consider the satis�abilit y problem in D tr .

Theorem 5.2. (i) The satis�ability problem for MS# [Q+ ]-formulas in D tr is
decidable.

(ii) Any MS# [Q+ ]-formula satis�able in D tr is satis�able in a �nite member of
D tr .

(iii) The satis�ability problemfor MS# [f 0; : : : ; qg]-formulas in D tr is in NExp-
Time .
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Pr oof. The proof is quite similar to that of Theorem 4.11. Steps 1 and 2 of
the proof are virtually as before. We start with a formula ' that is satis�ed in a
distance spacemodel B 2 D tr and, using the sameterminology as in section 4.2,

again de�ne the set � and the model B 1 =
D

W; d0; X B 1
1 ; : : : ; cB 1

1 ; : : :
E

such that

B 1 � �. The main di�erence here is that d0 is now not necessarilysymmetric.
However, in steps3 and 4 two important modi�cations are required: oneconcerns

the �ltration, another the copying technique:

Step 3. The closurecl(�) of t(�) is de�ned in almost the sameway as on page
20; the only di�erence is that the last condition is replacedwith the following one:

(50) if A>a t 2 T and b > a, for b 2 M [�], then A>b t 2 T .

The relational counterpart of B 1, i.e., the model

S (B 1) = hW; (Ra )a2 M ; (Ra)a2 M ; bi ;

will again be denoted by S . The �ltration of B 1 through � = cl(�) is modi�ed in
the following way.

De�ne an equivalencerelation � on W by taking u � v if for all t 2 � we have
u 2 tS i� v 2 tS . Let [u] = f v 2 W : u � vg. Note again that if (d@X d) 2 � 0

3
then [b(d)] = f b(d)g, sinceX d 2 �.

Construct a �ltration S f =
D

W f ; (Rf
a )a2 M ; (Rf

a )a2 M ; bf
E

of S through � by

taking

| W f = f [u] : u 2 W g;
| bf (c) = [b(c)];
| bf (X ) = f [u] : u 2 b(X )g;
|[ u]Rf

a [v] for a > 0 i� for all terms A� a t 2 �, u 2 (A� a t)S implies v 2 tS ;
|[ u]Rf

a [v] for a = 0 i� [u] = [v];

|[ u]Rf
a [v] i� for all terms A>a t 2 �, u 2 (A>a t)S implies v 2 tS .

Since � is �nite, W f is �nite as well. Note also that we have bf (X d) = f bf (d)g
whenever (d@X d) 2 � 0

3 and that uRav implies [u]Rf
a [v], and uRav implies [u]Rf

a [v].

Lemma 5.3. (1) For every t 2 � and every u 2 W , u 2 tS i� [u] 2 tS f
.

(2) For every (� (c;d) = a) 2 � 3, a = minf b 2 M : bf (c)Rf
b bf (d)g.

(3) S f satis�es (i) , (iii){(vi) and (viii) from Section 4.1.

Pr oof. (1) is proved by an easy induction; the proof of (2) is the sameas in
Lemma 4.7.

To prove (3), we have to check conditions (i), (iii){(vi) and (viii). The �rst one,
i.e., Rf

a [ Rf
a = W f � W f , is proved as in Lemma 4.7.

(iii): if [u]Rf
a [v] and a � b then [u]Rf

b [v]. Let [u]Rf
a [v] and a < b for someb 2 M .

Suppose u 2 (A� bt)S . By the de�nition of �, A� a t 2 �. Thus, since a < b,
u 2 (A� a t)S . Then [u]Rf

a [v] implies v 2 tS , and [u]Rf
b [v] follows.

(iv): if [u]Rf
a [v] and a � b then [u]Rf

b
[v]. The proof is similar to that of (iii).

(v): [u]Rf
0 [v] i� [u] = [v] holds by the de�nition of R f

0 .
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(vi): if [u]Rf
a [v] and [v]Rf

b [w], then [u]Rf
a+ b[w], for (a + b) 2 M . Suppose u 2

(A� a+ bt)S . Then A� aA� bt 2 � and u 2 (A� aA� bt)S . So v 2 (A� bt)S , whence
w 2 tS .

(viii): if [u]Rf
a [v] and [u]Rf

a+ b
[w] then [v]Rf

b
[w], for (a + b) 2 M . Let v 2 (A>b t)S

and A>b t 2 �. Then we have : A� a : A>b t 2 � and u 2 (: A� a : A>b t)S , for other-
wise (since � is closedunder subterms) u 2 (A� a : A>b t)S together with [u]Rf

a [v]
would imply v 2 (: A>b t)S , which is a contradiction. Suppose that uRa+ bx for
somepoint x 2 W . Since u 2 (: A� a : A>b t)S , there is a point y 2 W such that
uRay and y 2 (A>b t)S . As S satis�es (viii), it follows that yRbx, and so x 2 tS .
Henceu 2 (A> (a+ b) t)S , which implies w 2 tS .

Step 4. We are now again facing the problem that S f may not satisfy condition
(ii) which is required for the construction of the model B � . To avoid this prob-
lematic case|the situation where for somepoints [u], [v] in W f and a 2 M both
[u]Rf

a [v] and [u]Rf
a [v] hold|w e modify the copying technique in the following way.

The problematic points form the set

D(W f ) = f v 2 W f : 9a 2 M 9u 2 W f (uR f
a v & uR f

a v)g:

Let

W � = fhv; i i : v 2 D(W f ); i 2 f 0; 1; 2gg[ fhu; 0i : u 2 W f � D (W f )g:

So for each v 2 D(W f ) we have now three copieshv; 0i , hv; 1i and hv; 2i . De�ne an
assignment b� in W � by taking

b� (c) =


bf (c); 0

�
;

b� (X ) = fhu; i i 2 W � : u 2 bf (X )g:

Finally, we de�ne accessibility relations R �
a and R�

a as follows:

|If a > 0, then hu; i i R �
a hv; j i i� either

| uR f
a v and : uR f

a v, or
| uR f

a v and j = 0, or
| hu; i i = hv; j i (then also uR f

a v).
|If a = 0, then hu; i i R �

a hv; j i i� hu; i i = hv; j i .
| R�

a is de�ned as the complement of R �
a , i.e.,

hu; i i R�
a hv; j i i� : hu; i i R �

a hv; j i :

Lemma 5.4. The relational model S � = hW � ; (R�
a)a2 M ; (R�

a )a2 M ; b� i satis�es
conditions (i) { (vi) of M -standard models.

Pr oof. That S � satis�es (i), (ii), and (v) follows immediately from the de�ni-
tions of R�

a and R�
a . Let us check the remaining conditions.

(iii) Suppose hu; i i R �
a hv; j i and a < b, for b 2 M . If hu; i i = hv; j i , then

hu; i i R�
b hv; j i follows immediately from the de�nition. So assumehu; i i 6= hv; j i .

By de�nition we have uR f
a v, and since S f satis�es (iii), uR f

b v holds as well. If
: uR f

b
v, then clearly hu; i i R �

b hv; j i . So supposeuR f
b
v. Since S f satis�es (iv), we

then have uR f
a v, whencej = 0 and so hu; i i R �

b hv; j i .
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(iv) Suppose hu; i i R �
a hv; j i and a > b, for b 2 M . Assume : hu; i i R �

b
hv; j i .

By (i), we have hu; i i R �
b hv; j i , whence by (iv), hu; i i R �

a hv; j i . Now (ii) implies
: hu; i i R�

a hv; j i , which is a contradiction. Hencehu; i i R �
b

hv; j i .

(vi) Suppose hu; i i R �
a hv; j i and hv; j i R �

b hw; ki , for a; b;a + b 2 M . We have
to show that hu; i i R �

a+ b hw; ki . First, if hu; i i = hv; j i or hv; j i = hw; ki , then
hu; i i R�

a+ b hw; ki follows immediately from (iii), sincea; b � a+ b. Sowemay assume
that hu; i i 6= hv; j i and hv; j i 6= hw; ki . Then by de�nition, uR f

a v and vRf
b w, whence

uR f
a+ bw, becauseS f satis�es (vi). If : uR f

a+ b
w, then hu; i i R�

a+ b hw; ki follows from

the de�nition. So assumeuR f
a+ b

w holds in S f as well. From uR f
a v and (viii) we

obtain vRf
b
w, and so k = 0. But then again, hu; i i R �

a+ b hw; ki follows from the
de�nition.

Lemma 5.5. For all hu; i i 2 W � , i 2 f 0; 1; 2g and all t 2 � , we have

hu; i i 2 tS �
i� u 2 tS f

:

Pr oof. The proof is by induction on t. The basis of induction follows from
the de�nition and the caseof Booleans is trivial. The casesof t = (A� as) and
t = (A>a s) are consequencesof the following claims.

Claim 1: If uR f
a v and hu; i i 2 W � , then there is j such that hu; i i R �

a hv; j i .
Indeed, if a > 0, we put j = 0, and hu; i i R �

a hv; j i follows from the de�nition. If
a = 0, then u = v; so we can take i = j .

Claim 2: If hu; i i R �
a hv; j i , then uR f

a v. This follows immediately from the de�ni-
tion of R�

a .

Claim 3: If uR f
a v and hu; i i 2 W � , then there exists j such that hu; i i R �

a hv; j i .
Fix someuR f

a v and hu; i i 2 W � . Suppose�rst that a = 0. If : uR f
0 v we then have

u 6= v, since Rf
0 satis�es (v), and so we can choose j = 0. If uR f

0 v then v has
been copied, so we can choose j = i + 1(mod 2) and hu; i i 6= hv; j i , from which
hu; i i R�

a hv; j i .
Supposenow that a > 0. Consider two cases.
Case1: uR f

a v. Then v hasbeencopied, i.e., W � contains hv; 0i , hv; 1i and hv; 2i .
Then put j 6= 0; i which is always possible, becausewe have three copies of v.
But then all three de�ning properties of hu; i i R �

a hv; j i are violated, which means
hu; i i R�

a hv; j i .
Case2: : uR f

a v. Then u 6= v. So we can put j = 0, and again all three de�ning
properties are violated.

Claim 4: If hu; i i R �
a hv; j i then uR f

a v. There are again two cases.
Case1: a > 0. Suppose: uR f

a v. Then, sincethe �rst de�ning property of uR �
av

is violated, we have : uR f
a v, contrary to (i). Therefore uR f

a v.
Case 2: a = 0. Then hu; i i 6= hv; j i . If u 6= v, then : uR f

0 v and henceuR f
0
v as

required. If u = v and i 6= j , then u has been copied. So there are w 2 W f and
b 2 M such that wRf

b u and wRf
b
u. Since the latter can be written as wR f

b+0
u,

condition (viii) yields uR f
0
u, as required.

Now, consider the induction step for t = (A� as). Suppose hu; i i 2 (A� as)S �
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and pick somev such that uR f
a v. By Claim 1, there exists j 2 f 0; 1; 2g such that

hu; i i R�
a hv; j i . Then hv; j i 2 sS �

and, by the induction hypotheses,it follows that
v 2 sS f

. Hence u 2 (A� as)S f
. Conversely, if u 2 (A� as)S f

and hv; j i is such
that hu; i i R�

a hv; j i , then by Claim 2, uR f
a v and v 2 sS f

, and so by the induction
hypotheses,hv; j i 2 sS �

, i.e., hu; i i 2 (A� as)S �
.

The caseof t = (A>a s) follows analogouslyfrom Claims 3 and 4.

Step 5. In the sameway as in Theorem 4.10, we can now transform S � into a
�nite distance spacemodel, which is possibly non-symmetric, and prove that this
model satis�es �. This shows that MS# [Q+ ] has the �nite model property with
respect to D tr .

To complete the proof, we can follow the lines of the proof of Theorem 4.11 and
establish both the decidability and complexity claims for MS# -formulas in non-
symmetric distance spaces,thus proving Theorem 5.2. Of course,in the de�nition
of the satis�abilit y of constraint systems, we now omit the symmetry condition
x ij = x j i .

6. CONCLUSION

In this paper, we have started an investigation into the expressive power and com-
putational properties of the �rst-order languageFM 2[M ] (with two individual vari-
ables) and the `modal' languageMS[M ] both interpreted in metric and `weaker'
distance spaces.We showed that these languageshave the sameexpressive power
over the classM of all metric spaces(in fact, even over the classD sy m of symmetric
distance spaces).While both FM 2[Q+ ]-satis�abilit y and MS[Q+ ]-satis�abilit y are
decidable for the classof all (symmetric) distance spaces,even weaker languages
turn out to have an undecidablesatis�abilit y problem for the classof metric spaces
and the classD tr of distance spacessatisfying the triangular inequality. We also
discovered a natural fragment MS] [M ] of MS[M ] which has the �nite model prop-
erty and is decidable(both for metric spacesand distancespaceswith the triangular
inequality). If the parameter set M is of the form f 1; : : : ; qg, then in both cases
the satis�abilit y problem is in NExpTime .

The logics we consideredin this paper have promising applications in knowledge
representation and reasoningby intro ducing a numerical, quantitativ e concept of
distance into the conventional qualitativ e KR&R (seethe examplein Section1 and
[Kutz et al. 2002]). In this connectionwe would like to attract the readers'attention
to the following interesting open problems:

(1) Compare the expressive power of FM 2[M ] and MS[M ] over D and D tr .

(2) Is MS] [f 1; : : : ; qg]-satis�abilit y in metric spacesNExpTime -complete? What
is the computational complexity of MS] [f 1; : : : ; qg]-satis�abilit y in other classes
of distance spaces?

(3) Is the satis�abilit y of MS] [Q+ ]-formulas in metric spacesdecidable in NExp-
Time ? What about other classesof distance spaces?

(4) We have consideredsatis�abilit y in `abstract' metric and distancespaces.How-
ever, from the application point of view, it would be more interesting to analyze

A CM Transactions on Computational Logic, Vol. V, No. N, Mon th 20YY.



Logics of metric spaces � 33

the computational behavior of our logics in n-dimensional (especially, 2D) Eu-
clidean spaces?

(5) The presented decisionprocedurebasedon the �nite model property doesnot
appear to be `practical.' An important open problem is to develop tableau or
resolution basedalgorithms for MS] or its sublanguages.
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