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1. INTRODUCTION

This paper investigatesthe expressive power and computational properties of lan-
guagesdesignedfor speaking about distances. "Distances' can be induced by dif-

Authors Addresses: Oliver Kutz, Frank Wolter, Institut fer Informatik, Abteilung intelligente
Systeme, Univ ersitat Leipzig, Augustus-Platz 10{11, 04109 Leipzig, Germany; Holger Sturm,
Fachbereich Philosophie, Univ ersitat Konstanz, 78457 Konstanz, Germany; Nobu-Y uki Suzuki,
Department of Mathematics, Faculty of Science, Shizuoka Univ ersity, Ohya 836, Shizuoka 422{
8529, Japan; Michael Zakhary aschev, Department of Computer Science, King's College, Strand,
London WC2R 2LS, U.K.

Emails: fkutz, wolter g@informatik.uni- leip zig .de, holger.sturm@uni-konstanz .de,
smnsuzu@ipz.shizuoka.ac .jp , and mz@dcs.kcl.ac.uk

Permission to make digital/hard copy of all or part of this material without fee for personal
or classroom use provided that the copies are not made or distributed for prot or commercial
advantage, the ACM copyrigh t/serv er notice, the title of the publication, and its date appear, and
notice is given that copying is by permission of the ACM, Inc. To copy otherwise, to republish,
to post on servers, or to redistribute to lists requires prior specic permission and/or a fee.

¢ 20YY ACM 1529-3785/20YY/0700-0001 $5.00

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY, Pages 1{34.



2 Oliver Kutz et al.

ferent measures.We may be interestedin the physical distance betweentwo cities
a and b, i.e., in the length of the straight (or gealesic) line betweena and b. More
pragmatic would be to bother about the length of the railroad connectinga and b,
or even better, the time it takesto go from a to b by train (plane, ship, etc.). But
we can also de ne the distance as the number of cities (stations, friends to visit,
etc.) on the way from a to b, asthe di erence in altitude betweena and b, and so
forth.

The standard mathematical models, capturing common features of various no-
tions of distance, are known asmetric spaces.A metric space is a pair W, di, where
W is a set(of points) and d a function from W W into the setR* (of non-negative
real numbers) satisfying the following axioms

dix;y) = 0i x=y; 1)
d(x;z) d(x;y) + d(y;2); 2
d(x;y) = d(y;x) 3)

for all x;y;z 2 W. The value d(x; y) is called the distance from the point x to the
point y. The perhapsmost “popular’ metric spacesare the n-dimensional Euclidean
spaceshR"; d,i with the metric

dh (%, ) = (xi Y%

Although acceptablein many cases,the concept of metric spaceis not universally
applicable to all interesting measuresof distance between points, especially those
usedin everyday life. Consider, for instance, the following two examples:

() If d(x;y) is the ight-time from x to y then, as we know it too well, d is
not necessarilysymmetric, even approximately (just go from London to Tokyo and
badk).

(i) Often we do not measuredistances by means of real humbers but rather
use more fuzzy notions such as “short,’” “‘medium' and “long." To represen these
measureswe can, of course,take functions d from W W into the subsetf1;2;3g
of R and de ne short := 1, medium := 2, and long := 3. Sowe can still regard
these distancesas real numbers. However, for measuresof this type the triangular
inequality (2) usually doesn't hold (short plus short can still be short, but it can
also be medium or long).

Metric spacesaswell asmore generaldistance spaceshW; di satisfying only axiom
(1) are the intended models of the languageswe construct in this paper.

We begin by considering the rst-order languagesFM[M], for M R*, with
monadic predicates (for subsetsof W), individual constarts (for points in W), and
the binary predicates (x;y) < aand (Xx;y) = a, a2 M, saing that the distance
between x and y is smaller than a or equal to a, respectively. Typical sets M
of possible distanceswill be Q* (the non-negative rational numbers) and N (the
natural numbersincluding 0).

The following example will be used to illustrate the expressive power of our
languages.

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.



Logics of metric spaces 3

Example 1.1. Imagine that you are goingto buy a housein London. You then
inform your estate agert about your intention and provide her with a number of
constraints:

(A) The houseshould not betoo far from your college, say, not more than 10 miles.

(B) The houseshould be closeto shopsand restaurants; they should be reachable,
say, within 1 mile.

(C) There should be a “green zone' around the house, at least within 2 miles in
ead direction.

(D) Factories and motorways must be far from the house, not closerthan 5 miles.

(E) There must be a sports center around, and moreover, all sports centers of the
district should be reachable on foot, i.e., they should be within, say, 3 miles.

(F) Public transport should be easily accessible:whenever you are not more than
8 miles away from home, there should be a bus stop or a tub e station within
a distance of 2 miles.

(G) And, of course, there must be a tub e station around, not too close, but not
too far either[somewhere between0.5 and 1 mile.

The constraints in Example 1.1 can be formalized in FM[Q*] by the following
formulas:

(A9 (college;house) 10, where college and house are constarts.

(B% 9x (house;x) 1~ shop(x) and 9x (house;x) 1~ restauranix) , where
shop and restaurantare unary predicates.

(C% 8x (house;x) 2! greenzongXx) , where greenzoneis a unary predicate.

(D9 8x factory(x) _ motorway(x) !  (house;x) > 5 , where factory and motorway
are unary predicates.

(E% 9x (house;x) 3 ~ district_sports_center(x) ~ 8x (house;x) > 3 !
. district_sports_center(x) , where district_sports_center is a unary predicate.

(F% 8x (house;x) 8! 9y (x;y) 2~ public_transport(y) , where pub-
lic_transport is a unary predicate, and

(G% 9x (house;x) > 0:5~ (house;x) 1 tubestation(x) , where tube_station
is a unary predicate.

As onemight expect, the satis abilit y problem for FM [Q* ]- and FM [N]-formulas
in any class of distance spacescontaining the classM of all metric spacesis un-
decidable (see Theorem 2.1 below). Trying to nd decidable but still reasonably
expressive sublanguagesof FM [Q*], we then consider its two-variable fragment
FM 2[Q*] consisting of all FM [Q* ]-formulas with the variables x and y only. (All
formulas in the example above belong to this fragmernt.) The two-variable frag-
ment of classical rst-order logic is known to be decidable (which was proved for
the languagewithout equality in [Scott 1962]and for the languagewith equality in
[Mortimer 1975]) and NExpTime -complete [Furer 1984; Gradel et al. 1997] (we
refer the readerto [Gradeland Otto 1999;Berger et al. 1997]for more information).
We usethis result to show that the satis abilit y problem for FM ?[Q* ]-formulas is
decidable

[in the classD of arbitrary distance spaces,and
lin the classDsym of all distance spacessatisfying (3).
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4 Oliver Kutz et al.

Unfortunately, this doesnot hold any more assoon aswe add the triangular inequal-
ity (2): weshow that the satis abilit y problem for FM 2[Q* ]-formulas is undecidable
both in

[the classM of all metric spacesand in
[the classDy of distance spacessatisfying the triangular inequality.

We then introduce variable-free languagesMS[M ], M R*, which instead of
rst-order quanti ers use distance operators “'somewherein the circle of radius a,’
“somewhereoutside the circle of radius b," etc., wherea;b2 M. This brings us close
to the eld of temporal, modal, and description logics, which also avoid the use of
rst-order quanti cation by replacing it with various kinds of ‘modal' operators
like "'sometimein the future,’ "it is possible,' etc. The constraints in Example 1.1
can be formulated in MS as follows. As before, we treat "housé and ‘college as
constarts represerting certain points in the space;however, 'shop' ‘restaurant and
other unary predicatesare now understood as set variablesinterpreted as subsets
of the domain of the distance space.

(A% (house;college) 10.

(B house@(E 'shopu E 'restauran.

(C% house@ A 2greenzone

(D% house@: E 5(factoriest motorways).

(E® house@(E 3district_sports_centeru A” ®: district_sports_center).
(F%Y house@A BE Zpublic_transport.

(G house@E” 9"°tube_station.

The intended meaning of the set term constructors above is as follows. The set
E lshopcontains all points in the domain from which at least one shopis reachable
within 1 mile. Likewise, for every point x in A ?greenzong the whole circle of
radius 2 around x belongsto the greenzone,whereaskE” {"*tube station denotesthe
set of all points located in a distance between0:5 and 1 mile (excluding 0:5) from
at least one tube station.!

By replacing quanti ers with distanceoperators, we do not looseexpressie power
as comparedwith FM2[M]. In fact, we show that MS[M ] is expressivelycomplete
for FM ?[M ] in the classM of all metric spacesfor any M R*. This theorem (the
proof of which is similar to proofsin [Etessamiet al. 1997]and [Lutz et al. 2001])
has two interesting consequencesFirst, any (decidable) fragment of FM%[M ] can
be obtained asa (decidable) fragmen of MS[M ]. And second,sincethe translation
from FM2[M] into MS[M ] is e ectiv e, decidable fragmerts of MS[M ] have to be
proper, in particular, MS[Q"] itself is undecidable when interpreted in distance
spacessatisfying the triangular inequality.

1By the way, the end of the imaginary story about buying a housein London was not satisfactory .
Having checked her knowledge base, the estate agent said: \Unfortunately , your constraints (A){
(G) are not satis able in London, where we have

tube_station v E 3:5(factoryt motorway):
In view of the triangular inequality, this contradicts constraints (D) and (G)."
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Logics of metric spaces 5

We prove two results concerning fragmens of MS[M ]. The rst oneidenties a
rather expressive and natural fragment MS” [M ], which hasthe nite model prop-
erty (even for parametersfrom R*) and is decidable (if parametersare taken from
Q*). All the constraints in Example 1.1 save (G) can be formulated in MS* [Q*].
The secondresult shows that seeminglyweak fragments of MS[N] are already un-
decidable. Roughly speaking, we loosedecidability as soon aswe are able to speak
about ‘rings,' asin constraint (G).

Table 1 summarizesthe main decidability results of this paper: + ( ) meansthat
the satis abilit y problem for the corresponding languagein the corresponding class
of structures is decidable (undecidable). The results do not depend on whether the
parameters are from N or Q*. For various fragments we will also obtain NExp-
Time upper boundsfor the computational complexity. The fragments MS;[Q* / N]
are de ned in Section 3.

[ D [Dym [ Dv | M |
FM [Q* /N]
FMZ[QT/N] || + +
MS[Q* /N] + +
MS;[Q* /N] + +
MS#[Q*/N] || + + + +

Table I. The satis abilit y problem for metric logics.

The structure of the paper is as follows: Section 2 introducesthe syntax and
semariics of both the rst-order and the “'modal' languagesof metric spaces.Here,
we also establish the expressive completenessresult for FM ?[M ]. In Section 3, we
prove the undecidability of MS;[Q* / N] by meansof a reduction to the undecidable
N N-tiling problem. Finally, in Sections4 and 5, we prove our decidability results
for metric and wealker distance spaces.

The idea of constructing logical formalisms capable of speaking about distances
is not new. For example, somewhatweaker spatial ‘modal logics of distance' were
intro ducedin [Resder and Garson 1968;von Wright 1979;Segerkerg 1980;Jansana
1994;Lemon and Pratt 1998]. However, their computational behavior hasremained
unexplored (seeSection 6 for someinteresting open problems). More attention has
recertly beendewoted to metric (or quartitativ e) temporal logics(seee.g. [Alur and
Henzinger1992;Montanari 1996;Henzinger1998;Hirshfeld and Rabinovich 1999]),
which clearly re ects the fact that temporal logic in generalis more developed than
spatial logic. For example, starting with Kamp's [Kamp 1968] classical result on
the expressive completenessof temporal logic with respect to monadic rst-order
logic, a beautiful theory comparing the expressie power of rst-order, second-order
and temporal languagesfor trees and linear orderings has beendeveloped [Gabbay
et al. 1994; Rabinovich 2000]. Nothing like this has been done for spatial logics.
We hope this paper, which has grown up from [Suzuki 1997; Sturm et al. 2000],
will help to Il the gap.

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.



6 Oliver Kutz et al.

2. THE LOGICS
2.1 First-order metric logic FM [M ]

Supposethat M R* contains 0; we will call such sets of reals parameter sets.
The languageFM [M ] (of rst-order metric logic) contains a courntably in nite set
C1;Cp; . of constart symbols, a countably in nite setxj;Xz;::: of individual vari-
ables, a countably in nite set P1;Py;::: of unary predicate symbols, the equality
symbol =, two (possibly in nite) setsof binary predicates

(; )<a and (; )=a (a2m),

the Booleans(including the propositional constarts > for verum and ? for falsum),
and the quanti er 9x; for every variable x;. Thus, the atomic formulas of FM [M ]
are of the form

>, ?; (tt9Yh<a (Y=g t=t% and Pi (1);

where t and t° are terms, i.e., variables or constarts, and a 2 M. Compound
FM[M ]-formulas are obtained from atomic ones by applying the Booleans and
quanti ers in the usual way:

m=atomijrt o jt N 29X

We use (ti1;tz) > a as an abbreviation for : ( (t1;t2) < a) " : ( (t1;t2) = a).
If M = Q", we usually write FM instead of FM[Q*]. The same applies to the
languagesMS[M ] intro duced below. FM %[M ] denotesthe two-variable fragmert of
FM[M], that is, the set of all FM [M ]-formulas containing occurrencesof at most

two variables, say, x and y.
FM [M ]-formulas are interpreted in structures of the form

A= W;d;PA; 0

where hw; di is a distance space,the P/ are subsetsof W interpreting the unary
predicates P;, and the c* are elemers of W interpreting the constarts ¢. An
assignmenta in A is a function assigningelemerns of W to variables. The pair
M = bA;ai will be called an FM[M ]-model. For aterm t, let tM denote c? if t is

the constart ¢;, and a(x) if t is the variable x. Now, the truth-relation M ', for

an FM [M ]-formula ' , is de ned inductiv ely as follows:

| M >andM 27?;

| M (tipt) < ai ditY;th) < q

| M (tt) = ai ditf;t)) =&

| M ti=ti tY =tV

| M Pi(t)i tM 2 PA;

| M 9" i bA;bi ' for someassignmen b in A that may dier from a only
on X;i;

| M i M2";

| M "~ i M ' andM

Unfortunately, from the computational point of view, the constructed logic turns
out to be too expressie. We have the following undecidability result, where M is

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.



Logics of metric spaces 7

the classof all metric spacesand Dy the classof all distance spacessatisfying the
triangular inequality, (2). Recall that the notation FM[Q* =N] meansthat M can
be either of Q* and N.

Theorem 2.1. (i) Let K be any class of distance spaces containing M. Then
the satis ability problemfor FM[Q* =N]-formulas in (models basal on spaces from)
K is undecidable.

(i) The satis ability problemfor FM 2[Q* =N]-formulas in any classC of distance
spacessuchthat C Dy and R?;d, 2 Cis undecidable as well.

Pr oof. To prove the former claim, it su ces to obsenethat FM [N] is powerful
enough to interpret the theory of graphs (i.e., the theory of structures hw;Ri,
where R is a symmetric and re exiv e binary relation on W), which is known to be
hereditarily undecidableé’ [Rabin 1965]. Indeed, let ' (x;y) be the formula

(xy)=1_ (xy)=0:
Givenagraph hW; Ri, wecande ne ametric spacehW; di by taking, forall a;b2 W,

8
20; ifa=h,
d(a;b) = S 1, if a6 band aRb,
* 2; if not aRb.
We then clearly have hWW;di ' [a;b] i aRb. For a formula in the signature

of graph theory, denoteby  the result of replacing every occurrenceof an atom
R(x;y) in by ' (x;y). Obviously, is an FM [N]-formula and, for every graph
HW; Ri, the formula is satis able in hW;Ri i is satis able in hW;di. Now
considerthe set of formulas in the signature of graph theory suc that is
true in all FM [N]-models basedon distance spacesin K. By the result of [Rabin
1965] mertioned above, the theory is undecidable,which yields (i).

(i) follows from Theorems2.2 (i) and 3.1to be proved below. O

2.2 "Modal' metric logic MS[M ]

As an alternativ eto the rst-order languageFM [M ], whereM is a parameter set, we
now introduce a purely propositional languageMS[M ], whose “distance operators'
are similar to various operators consideredin modal logic. The alphabet of MS[M ]
cortains the following symbols:

[an innite list of set(or region) variablesX ;X 2;:::;
[an innite list of location constantscy;cy;:::;

| atoms (propositional constarts) (c;d) = aand (c;d) < afor everya2 M and
location constarts c;d;

|a setconstant fc g for every location constart ¢;;
[the setconstants> and ?;
[the Booleanoperators for setterms (u and : ) and formulas (* and: );

[the equality symbol = for set terms aswell asthe symbol @ for elemenship;

2This means that every subtheory of graph theory is undecidable.

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.



8 Oliver Kutz et al.

[the setterm constructors E*®, B2, E2 and EZ} (and their duals A<®, A>2,
A=2, AZ), wherea;b2 M anda< b.

Setterms s of MS[M ] are de ned as follows
su=Xjjfcgj>j?j:sjsius JE®*sjE?sjE %sjE}s:

Set variables and set constarts are called atomic set terms. Atomic formulas of
MSI[M ] are of the form:

| c@s, wherec is a location constart and s a setterm,
| s=t,wheresandt are setterms,
| (c1;¢c2) =aand (c;c) < a, wherecs;c, are location constarts anda2 M.

Finally, an MS[M ]-formula ' is simply a Boolean combination of atomic ones,i.e.,

n= c@js::tj (c;)=aj (c;c)<aj:' jrinN' g

As we have already mertioned, the languageMS[M ] contains a humber of con-
structors known from modal and description logic. First, we have an analogue of
the di erence operator [de Rijke 1990]: A>%t (i.e., : E*9: t) says that t holds “ev-
erywherebut here'. The universalmodalities of [Goranko and Passy1992],denoted
hereby 2 (everywhere') and 3 (‘'somewhere'),can be de ned by putting

2t = tu A” 0t and 3t:=tt E %

wheret isthe dual ofu (i.e., st t = : (: su: t)). Furthermore, the setconstarts f cg
play the role of nominals [Blackburn 1993]. Using thesewe can state, for example,
that

(E "%fLeipziggu E *°°fM alagag) v France;

i.e., "if you are not more than 1100km away from Leipzig and not more than 1100
km away from Malaga, then you are in France.' Here,sv t standsfor sut = s.
An MS[M ]-maodel is a structure of the form

B= W dXE;x8;::5;8:8

wherehw; di is a distance space,the X B are subsetsof W, and the c® are elemerts
of W. Thus, B de nes explicitly the valuesof set variables and location constarts.
The valuesB of an arbitrary MS[M ]-term in B is computed inductiv ely as follows:

| fcg® = fcP g, wherefcgis a set constart;

I( >)® =W and(?)® =;;

|( s1usy)® =sP\ s§, wheres; and s, are setterms;
I( :s)B =W sB;

( EE23s)B =fx2W:9y2W d(x;y)=a&y2st g
|( E®s)B =fx2W:9y2W d(x;y)<a&y2s? g
( E2s)B = fx2W:9y2W d(x;y)>a&y2s® g
I( EXs)B =fx2W:9y2W a<d(xy)<b&y2s? g

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.



Logics of metric spaces 9

The truth-relation B ' ,' an MS[M ]-formula, is de ned in the expected way:

| B c@si c®2s8,

| B s1=spi sf =58,

o

(c1;c) = ai d(cB;c5) = a,

(o8]

(ci;c) < ai d(cB;c8) < a,

plus the standard de nitions for the Boolean connectives.
In what follows we will be using abbreviations like E 2s, E 2, E {s, E2 and

E™3, the meaning of which should be clear. For instance, E §s stands for
E2st E st Es:

Every FM[M ]-structure A = W;d;P{;:::;c};::: givesrise to its MS[M ] coun-
terpart

WhereXiA = PA and cjA = ¢ for all i. This correspondenceis clearly bijective.
If an FM [M ]-structure (or an MS[M ]-model) is basedon a metric space,we call it
a metric FM[M ]-structure (MS[M ]-model).

The theorem we are about to prove shows that, when speaking about metric
spacesMS[M ] is expressively complete for (i.e., hasthe sameexpressiwe power as)
the two-variable fragmernt of FM[M ].

Theorem 2.2. (i) For everyMS[M ]-formula ' there existsan FM %[M ]-senten@
'Y suchthat its lengthis linear in the length of ' and, for any FM[M ]-structure
A, we have

A Y i A

(i) For every FM?[M]-senten@ ' there is an MS[M ]-formula ' Z such that its
length is exponential in the length of ' and, for any metric FM -structure A, we
have

A i A TR

Pr oof. Assume,for simplicity, that M = Q*.

(i) The proof of the rst claim is pretty standard; cf. [Gabbay 1971]. We rst
translate setterms occurring in * into FM ?-formulas with at most onefree variable
and then extend the translation to subformulasof' using only two variables, x and
y.

Let z and z° be metavariablesranging over f x; yg. The translation Y of setterms

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.



10 Oliver Kutz et al.

is de ned inductiv ely asfollows:
(Xi)Y = Pi(x);
(>)’=>and(?)" = ?;
(fag)? = (& = x);
(s1u sp)Y = §¥[x=2]" sy[x=2Y); wherez;z%are freein s} and s}, respectively;
(:s)yY=:¢;
(E®s)Y = 9z( (z%2) < a™ ¢Y(2)); wherez 6 z%is freein &;
(E2s)Y = 9z( (z%z) > a” §Y(z)); wherez 6 z%is freein s’;
(E53s)Y = 9z( (z%2) = a” 9(2)); wherez 6 z%is freein &’;

(E2s)Y=9z(a< (2%2) < b” ¢(z)); wherez 6 2°is freein &'

Now, turning to MS-formulas, we de ne Y as commuting with the Booleansand
by taking
(c@s)’ = 9[c=7; wherezis freein ’;
(s1 = )Y = 8x (S[x=21]$ sh[x=2:]); z1;z freein s};s}, respectively;
((c1ic) = @) = ( (c1;¢) = @)
((cie) < @) =( (a;c)<a):

By a straightforward induction one can easilychedk that A 'Yi A '.

(i) Tode ne the corversetranslation, we rst obsenethat the following transfor-
mations of an FM 2-formula ' (x;y) result in an equivalent formula with respect to
metric spaces:every occurrenceof equality t; = t, canbereplacedby (ti;tp) = 0;

(t;t)=0by>; (t)<Oby?; (tt)=aby?ifa>0; (;t)<aby>ifa> 0;

(y;t)y=aby (ty)=a (y;t)<aby (ty)<a (tx)=aby (x;t)=a and

(t;x) <aby (x;t) < a. In what follows, we assumethat thesetransformations
have beenapplied to all our formulas, in particular, to ' .

We distinguish betweenthree typesof atomic formulasin FM ?: binary atomsare
of the form (x;y) < aor (X;y) = a (they have two free variables); unary atoms
are of the form (x;¢) < a, (x;¢) = a, Pi(x), Pi(y), (c;y) < aor (cy) = a
(having only one free variable); atoms without free variables can be called nullary.

Given an FM 2-sertence’ , we rst translate it into a setterm ' ? by inductiv ely
de ning amap ° from subformulas of ' with 1 free variable into MS-set terms
(using the “universal modalities' 2 and 3 de ned on page8):

(1) If =>then ?=> andif =? then " =72?.
(2) If  2fPi(x);Pi(y)gthen 7= X;.

(3) If =Pi(c)then ?=2(fcg! X;).

(@) If 2f (x;0)=a; (cyy)=agthen ?= E 2fcg.
(5) If is (ci1;¢c) =athen ?=2(fcig! E 2fcyQ).
(6) If is (ci1;c) < athen ?=2(fcig! E®fc0Q).
(7) If 2f (x;¢)<a; (c;y)<agthen ?= E<?fcg.

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.



Logics of metric spaces 11

@ If = 1~ ,then 7= Zu 3.
9 If =: then ?=:(7).
The remaining casesof = 9y (x;y) and = 9x (x;y) are more sophisticated.

We consider only the former. The formula (x;y) can be regarded as a Boolean
combination of binary atoms ; and formulas ;(x) and ;(y) with at most onefree
variable. Denote this Boolean combination by , i.e.,

Cay) = Caiiny es 2 0005 a(y); i s(y)):
Let us rst moveall componerts in  without freey out of the scope of the outmost
9y in . Then can be equivalently rewritten as
S G T F M FR Y (i$ i)
h ;o gi2f> ;29! 10 1

Now let 0 = ag < a1 < < an be the list of all rational numbers occurring in

together with 0. So this list is non-empty. Consider the set R cortaining the
following formulas:
| (xy)=4a,fori n;
| a < (XYy)<ai,fori<n;

| (xy)> an.
For every 2 R and every binary atom ; in , we have either i or Do
In other words, by assigninga truth-v alueto some in R , we x the truth values
of all binary atomsin . Let ; = > if i,and ; = ? otherwise. Then s
equivalert to the formula
N

- T M (g nnn o unn )t (18 0) ¢

h i i2f> ;2g! 2R 10 1

Next, we replaceeadr 2 R with the distance operator  de ned by taking

[(( (x;y)=4a) = E&, fori n;

I &< (xy)<as) = EZ,  fori<n;
IC (xy)>a)) =E?r,
delete the quantier 9y and recursively compute the valuesof 7 and 7. This
yields

? G G e e 20 ?

= (11"'1 |'1 ll"'ll! il"'l S)u

h q;u;i2f> ;2g! 2R
ullii(7s 0

Finally, weput ' 2= (" ? = >). It should be clear from the construction that
A i A TR
The reader can restore details of the proof using the examplebelonv. O
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12 Oliver Kutz et al.

Example 2.3. Considerthe FM ?-sertence
=9y 9% (X;y) > 07 Pi(x) N Pi(y)
Let 1(y) = 9 (X;y) > 0" Pj(x) and 2(y) = : Pi(y). Then we represen ' as
9y 1" 2(y)

which is equivalent to
9y (xy)=0" 2" 2y) 9 (xy)> 0" 1(V)" ay) :
Thus, we obtain the MS-set term
EEC(Ju DUE(Tu 3);
where 7= E (2 uX;)t E29(> uX;) or, equivalertly, 7= E>°X;,and }=": X;.
Sothe resulting translation is
T EYE X U Xi)t EEYE X u X)):
Using the universal 3, we nally obtain
"T= B(EPOX U X)) = >

The reader can easily ched that ' and ' ? indeed say the same.

3. UNDECIDABILITY

In this sectionwe shaw that the satis abilit y problem for fragments of MS[Q* =N]
cortaining distance operators like E>g is undecidable in natural classesof spaces

satisfying the triangular inequality. Considerthe following languages:

| MS;[Q* =N] is the fragment of MS[Q* =N] whoseset terms are constructed from
setvariables, the operatorsu, : , and E”{ for b2 Q* =N, and whoseformulas are
Boolean combinations of atoms of the form sv t.

| MS,[Q* =N] results from MS;[Q* =N] by replacing E> ) with EZ°.

| MS3[Q* =N] results from MS{[Q* =N] by replacing E” with E é

| MS4[N] results from MS[Q* =N] by replacing E>g with E<bl.

Theorem 3.1. Let K Dy contain R2?;d, . Then the satis ability problem
for MS;[Q* =N]-formulas in (modelsbasal on spacesfrom) K is undecidablefor any
1 i 4

Pr oof. We consideronly MS;[N]; the other languagesare treated analogously
The proof is by reduction to the undecidable N N tiling problem (see [van
Emde Boas 1997; Berger et al. 1997] and referencestherein). We remind the
reader that the tiling problem for N N is formulated as follows: given a nite

up(T;), and down(T;) on their edges),decide whether the grid N N can be cov-
ered with tiles, eadh of a type from T, in such a way that the colors of adjacert
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Logics of metric spaces 13

edgeson adjacert tiles match, or, more precisely whether there exists a function
N N! T sud that, for all n;m 2 N, we have

right( (n;m)) = left( (n+ 1, m));
up( (n;m)) = down( (n;m + 1)):

an MS[N]-formula which is satis able in K i T cantile N N.
Note that E Pt is de nable in MS;[N] astt E”Jt. Hence,A P is de nable aswell.

i;j 4,andlet bethe setof the following formulas, wherei;j 4andk I:

Xi UYjGV E® s 5 VAR i iV om ((5])6mn); (4
i v A% Zmv:Z, (N6 m); (5)
k | G
i UZkV E 2(E 2 j u ey u Zm), (6)
right (Tg)=lef t(Tm)
ij UZKkV E 2(E 2 jju 41U Zm); (7)

up(Tk)=down(Tm)

where + 5 denotes addition modulo 5.3 The rst formula in (4) is satised in a
modelB i XB\ YjB is the union of a set of spheresof radius 9. The secondoneis
satised in B i the distance betweenany two distinct certers of spheresof radius
9, all points in which belongto X 2 \ YjB , is more than 80, while the third formula
guaranteesthat the sets FJ are pairwise disjoint. We think of ,B] ,fori;j 4,as
a nite family of in nite setsmaking up the grid for the tiling (seeFig. 1). The
formulas in (5) ensurethat every point of the grid is coveredby sometile and that
di erent tiles never cover the samepoint. Finally, formulas (6) and (7) ensurethe
tiling conditions in the horizontal and vertical directions, respectively.

Note that if x 2 P then, in view of (6), there existy 2 P, ;; andz2 P
for which d(x;y) 20and d(y;z) 20. But then, by the triangular inequality,
d(x; z) 40, and so, by the secondformula in (4), x = z. The situation in the
vertical direction is similar.

We are going to show that the conjunction of formulasin f: ( oo Vv ?)g[ is
satisable in K i T cantile N N. This will be donein two steps.

Lemma 3.2. If TtilesN N, thenf: ( o0 v ?)g[ is satisable in the 2-
dimensional Euclidean space R?;d, .

Proof. Suppose :N N! Tisatiling. Forr 2 R?, put
S(r)=fy2 R?:dy(r;y) 9g:

3The rst conjunct in the right hand sides of (6) and (7) is redundant if K consists of symmetric
spacesonly.
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14 Oliver Kutz et al.
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320
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00 ' 20406080100 180 280 380

Fig. 1. Building the grid.

De ne amodel B on R?;d, by taking, fori;j 4andk I,

XB = [ S(20(5n + i); 20m);

mn 2N
Y® = S(20n; 20(5m + j));
m;n 2N
Zp = S(20n; 20m):
(mm )= Ty

It is not dicult to seethat this model satisesf: ( o0V ?)g[ ; seeFig. 1. O

Lemma 3.3. Supmsethat a model B basel on a space WW;di 2 Dy satis es the
conjunction of f: ( g0 vV ?)g[ . Then there existsa function f : N N! W
suchthat, for all i;j 4 andkjy;kz 2 N,

(@) f(5ky+i;5ka+j)2 B
(b) d(f (ki ko);f (ki + 1 kz2))  20and d(f (ky + L ko);f (ki;k2)) 20
(c) d(f (k1;kz);f(ki; ko + 1))  20and d(f (kq; ko + 1);f (kg;k2)) 20
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Logics of metric spaces 15

Themap :N N! Tdenedbytaking (n;m)= Tgi f(n;m)2 Z2; for all
k landall njm2 N, is a tiling.

Pr oof. We de ne f inductively. Pick somef (0;0) 2 5‘;0. By (6), we can nd
then a sequencew, 2 W, for n 2 N, such that

| wo = f(0;0),
| Wsk+i 2 ( ;0)® foralli 4andk2 N,
| d(wn;Wnh+1) 20and d(wp+1;wn)  20.

We put f (n;0) = wy, for all n 2 N. Similarly, by (7), we nd a sequencev,, for
n 2 N, suc that

| vo=1f(0;0),
| Vsk+j 2 ( o) forallj 4andk2N,
| d(vn;Vh+1) 20and d(vh+1;va) 20.

Put f (O;m) = vy, for all m 2 N. Supposenow that f has beende ned for all
(m%n9% with m°+ n°< m+ n sothat it satis es conditions (a){(c). Without loss
of generality we can assumethat n = 5k;, m = 5k, + 1, for somekj;ky 2 N.
Then f (n;m 1) 2 ( 00)®, and hencef (n;m 1) 2 (E % 1)B. Sowe can
nd aw’2 ( ¢.1)® with d(f (n;m 1);w% 20and dw%f(n;m 1)) 20. We
then put f (n;m) = w% It remainsto prove that f still satis es (a){(c). To this
end it suces to shov that d(f (n 1;m);w% 20and dw%f(n 1;m)) 20.
We have f (n 1;m) 2 ( 41)B, and so there exists a w2 ( (.1)B sud that
df (n  1,m);w% 20and dw®f(n 1;m)) 20. Thusit is enoughto show
that w®= w Supposeotherwise. Then we have

| dw®f(n 1;m)) 20

| d(f(n 1);m);f(n IL,m 1)) 20;
| df (n Lm 1);f(n;m 1)) 20;
| d(f (n;m 1);w% 20.

By the triangular inequality, it follows that d(w®®w% 80, cortrary to the second
formula in (4). It is readily seennow that is atiling. O

This completesthe proof of Theorem 3.1.

4. DECIDABLE LOGICSOF METRIC SPACES

Considerthe languageMS* [M ] whoseset term constructors are the Booleans,E>
andE 2, foralla2 M, their dualsA®® and A 2, aswell asthe nominal constructor
which givesthe set term fcg for any location constart c¢. Thus, the MS* [M ] set
terms s are:

si=X;jfagj>j?j:sjsius;jE®sjE 3sjA™sjA 2s:

The atomic formulasof MS* [M]are (c;d) < aand (c;d) = a,fora2 M, c@s and
s; = s, wherec;d are constarts and s;; s, set terms. Complex MS* [M ]-formulas
are Boolean combinations of atoms:

= c@jsi=sj (c;)=aj (cjc)<aj:' jrint o
ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.
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Note that in MS* [Q* ] we can expressall constraints from Example 1.1, save (G)
(the formula house@E” °Stube_stationu E 'tube_station is clearly not equivalent to
house@E” ?"°tube_station). Note alsothat the di erence operator and the universal

modality are still de nable in MS* [M].
The satis abilit y problem for arbitrary MS* [M ]-formulas can be reducedto the
satis abilit y problem for MS* [M ]-formulas without the nominal constructor. In-

result of replacingall the fcigin ' with X;. It isreadily chededthat ' is satis able
in a model basedon a distance spaceD i the formula
N

r On 3(XiAA>O:Xi)::>

in

is satis able in D.* Sinceour main concernis the nite model property and decid-
ability, we will, for purely technical reasons,from now on assumethat no nominals
f cg occur in MS* [M ]-formulas.

Our aim in the remaining part of this section is to prove that MS* [R* ] inter-
preted in metric spaceshasthe nite model property and that MS* [Q* ] interpreted
in metric spacesis decidable. But before turning to the details of the proof, we
intro duce a relational semariics that enablesus to usetools and techniques from
standard modal logic.

4.1 Relationalsemantics

As we have two kinds of ‘modal operators' in MS* [R*], namely, E @ and E2,
relational metric M -models of MS* [R* ] should be quadruples of the form

S = W;(Ra)azm ; (Ra)azm ; @i ; 8

where W is a non-empty set, (Ra)azm and (Raz)azm are two families of binary
relations on W, M is a parameter set, and a is an assignmen in W assaiating
with every setvariable X; a subseta(X;) of W and with every location constart c;
an elemen a(c) of W. We understand relations uR,v and uRzv as v is at most a
(units) far from u' and ‘v is more than a (units) far from u,' respectively.

The value tS of a setterm t in S is now inductively de ned in the standard
Kripk ean way:

(E 2t)° = fw2 W :9v 2 t5 wR,vg;

(E21)S = fw2 W :9v 2 t5 wRavg:
The valuesof A 2t and A*?t are de ned dually. (As we have no explicit metric
in the relational model, there is no straightforward way to interpret atoms of the
form (c;d) < aor (c;d) = a. Satis abilit y of theseformulas will be simulated by
other constructors introducedin the next section.)

Aiming to represent metric models by means of relational models, we have to
imposea number of restrictions on the accessibility relations. Namely, we say that

4Recall that we always have 02 M .

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.



Logics of metric spaces 17

amodel S of the form (8) is M -standad if the following conditions are satis ed for
all a;b2 M and w;u;v2 W:

() Ra[Ra=W W,

(i)  Ra\ Rz=;,

(iii) if uURav anda b, then uRyv,

(iv) ifuRgvanda b, then uRgv,

(v) URovi u=v,

(vi)  if uURav and VRyw, then uR,+ pw whenewera+ b2 M,

(vii)  UuRavi VRauanduRzvi VRzu.

Properties (v), (vi) and (vii) re ect axioms (1){(3) of metric spaces.Note that as
a consequencef (i), (i) and (vi) we have:

(viii) if uURav and uRzw then vVRyw whenewera+ b2 M.
With every metric spacemodel B = W;d;X2;:::;c8;::: we can assaiate the
relational metric M -model
S(B) = W;(Ra)azm ; (Ra)azm ; ai

in which the relations R, and Ry are de ned by taking, for all w;v 2 W,

WRav i d(w;v) a;

WRzv i d(w;v) > a;
a(X;j) = X2 anda(c) = cB. Clearly, S(B) is M -standard. Moreover, the following

obvious lemma shows that S (B) can be regarded as a relational represenation of
B.

Lemma 4.1. For every metric space model B and every MS* [M ] setterm t, the
value of t in B coincides with the valueof t in S(B).

At the end of Section 4.2 (Step 5) we will showv how under certain conditions a
nite M -standard model can be transformed into a nite metric model. (However,
the technique we usedoesnot apply to in nite models.)

4.2 The nite model property
In this section we prove the following

Theorem 4.2. An MS* [R* ]-formula ' is satis able in a metric space model i
it is satis able in a nite metric space model.

Pr oof. We rst outline the idea of the proof which consistsof v e steps. Sup-
poseB ' for somemetric MS-model B = W;d;XEB ;¢80
Step 1. Depending on B, we transform ' into a set with B , containing

only formulas of the form c@, s=t,s6 t, and (c;d) = a, in such a way that
' is satis able in a nite model whenewer s nitely satis able (seeLemma 4.3).
Starting from , we compute a nite set M[] of real numbers containing, in
particular, all the numbers occurring in .
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Step 2. We replacethe metric d by a new metric d° with the ( nite) rangeM []
and obtain a new model B ; which still satis es .

Step 3. The next stepisto ltrate (asin modal logic; seee.g.[Chagrov and Za-
kharyasdev 1997]) the relational metric model S = S (B ;) through somesuitable
setoftermscl(). Todene cl(), foreadh (c;d)=ain weaddto theterms
X9 X¢ and A P X9 whereb= maxfa®2 M[] : a’< agand X ¢, X9 are fresh
set variables (these additional terms are required to prove Lemma 4.7 (2) below).
The setcl() isthe closureof the resulting set of terms under rules that are similar
to the rules of the Fischer{Ladner closurefor PDL -formulas (cf. [Harel 1984]). As
aresult of the Itration we get a nite relational metric model S .

Step 4. Howewer, unlike S, in general S' is not M[]-standard, which means
that we cannot directly transform it into a nite metric spacemodel. In fact, S
satis es all the properties (i){(viii) save (ii): there may existav 2 W' such that
WR,Vv and wWRgv, for somew 2 Wf anda 2 M[]. To ‘cure'thesedefects,we make
copiesof suc “bad' points v and modify the relations R, and Rz in ST obtaining a
nite standard relational metric model S . (The “copying-method' was developed
by the Bulgarian school of modal logic; see[Gargov et al. 1988; Vakarelov 1991].
Our technique follows [Goranko 1990].)

Step5. The nal stepisto transform S into a nite metric MS-model B and
to show that B satises .

Let us now turn to technical details. SupposeB

Step 1. Denote by term(' ) the set of all set terms occurring in ' including
all subterms; sub(' ) stands for the set of all subformulasof ' . Dene aset =

1[ 2[ 3 by taking:

1 = fc@ :(c@)2sub('); B ca@ag[ fc@t:(c@)2sub('); B 6ca@tg;
fs= t:(s:: t) 2 sub(' ); B s= tg[ fs6 t:(s:: t) 2 sub(' ); B s6 tg;
f (c;d)=a: (c;d) occursin', a= d(a(c);a(d)g:

2

3

Note that the set of parametersfrom R* that occur in 3 dependson the model
B and not just on the initial formula ' . It should be clear from the de nition that
we have the following:

Lemma 4.3. Supmse is assaiated with the model B satisfying ' . Then the
following hold:

1) B .

(2) For every metric MS-model B, if B? thenB® .

Next we construct M[]. Let
M() =fa2 R:aoccursin g[ f0;1g:

SoM () dependson B, whereasthe cardinality of M () canbe boundedin terms
of ' . Denoteby the smallestnatural number that is greater than all numbersin
M() anddene M[] asfollows:

M[] =f ;0g[ fa2 R:a=a; + +a, < ;a;ii;an2M() ;n<lag:
Let = minfM() fOggandlet bethe leastnatural number suc that = .
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Lemma 4.4. jM[]] jM() ] .

Proof. Foranya;;:::;ap 2 M() fOg with a; + + a, we have n
(for otherwise,if n > , wewould have <n , which is a contradiction).
The claim follows immediately. [

Step 2. We show now that is satis ed in a metric MS-model
D E
Bi= W;dAXPtiice:

sud that the range of d®is a subsetof M = M[]. Indeed, de ne d°by taking, for
all w;v2 W,

dw;v) = min f g[ fa2 M :d(w;v) ag;

XB1=XPB forall X;,andc®* = ¢& forall ¢.

Clearly, the range of d®is a subsetof M. Let us ched that d°is a metric. It
satis es (1) because0 2 M. That d°is symmetric follows from the symmetry of d.
To show (2), we prove rst that

fa2 M :dqw;v)+ d(v;u) ag fa2M :dqw;u) ag: (9)
Supposed(w; V) + dqv;u) a,fora2 M. If dw;v) = then d¥v;u) = 0, and so
d(v;u) = 0Oandv = u. Similarly, d(v;u) = impliesw = v. Hencewe may assume

that both dqw;v) < and d(v;u) < . Then there are a;;a, 2 M sud that
d%w;v) = a, dqv;u) = a,. Moreover, d(w;v) a;, d(v;u) a;anda;+ a,< a.
Thus dqw;u)  a, which proves(9). Now, if dqw;u) > dw;v) + d{v;u) then
> dYw;v) and > d%v;u). Hencethere are a;;a; 2 M sud that dqw;v) = ay,
d(v;u) = a; and > a;+ a,. Thusa; + a, 2 M and dqw;u) a; + a,, which is
a cortradiction. It follows that dq(w;u)  d9(w;v) + d%(v;u).
Lemma 4.5. The set is satised in B ;.

Pr oof. Clearly, for each ( (c;d) = a) 2 3, d(a(c);a(d)) = dqa(c);a(d)) = a.
SoB; 3. Toshow B, 1[ 2,1t suces to prove that

8w2Wst2term( 1[ 2) (W2tB $ w2tB):

This can be done by a straightforward induction on the construction of t. The
basis of induction and the caseof Booleansare trivial. So supposethat t is A 2s
(whencea 2 M). Then we have:
w2t® 1 8v2W(dwv) a! v2s®)
, 2 8v2 W (dqw;v) a! v2sBr)
.3 w2tBr:
The equivalences, ; and, 3 are obvious;, , holds by the induction hypothesis

and the fact that, for all w;v 2 W anda2 M, d(x;y) ai d{x;y) a. The
caseof A>2 s is consideredin a similar way. O

Step 3. For ead location constart d occurring in - 3 we pick a new set variable
X 9 and de ne

t() = term() [ fX9:doccursin 3g[ f: X9 :doccursin 3g]
fA P X9:((c;d=a)2 3; b= maxfa’2 M[] :a’< agg;
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Clearly, t() is closedunder subterms.

Sincethe X ¢, ford2 3, donot occurin , wemay assumethat (X 9)B: = fdB1g
for all constarts d in 3.

De ne the closurecl() oft() asthe smallestsetT of terms such that t() T
and

(1) T is closedunder subterms;
(2) ift2 T, then A % 2 T whenewert is not of the form A Os;
() ifA32Tanda a+ +an,foragg2M[] fOg,thenA 21:::A 2nt2T;
(4) if A2t2 T andb2 M[], then: A P A2t 2 T;
(G) if A2t 2 Tandb> a (b2 M[]), then At 2 T andif c+ a 2 M[]
(c2M[] fO0g),then: A*@*Cc: A>at2 T,
Lemma 4.6. jcI() j S() =2* jt()j jM[]j* .
Pr oof. Obserwethat cl() canbe obtained from t() step-by-step asfollows:
First, take the closureof t() under subtermsand (5) and denote the result by
cli(). Second,take the closureof cly() under subtermsand (4) and denote the
result by cl(), which is still closedunder (5). Third, take the closure of cly()
under subtermsand (3), denotethe result by clz() and notice that cl3() is closed
under (4) and (5). Finally, takethe closureof clz() under (2). This is closedunder
(A{(5).
The following is now readily cheded:
| jeli() jisboundedby jt() j 2 jM[]]j , becausethe introducedterms are of
the form (: JA™21(: )A™@2(: )i (0 )A™@«t, with & aj+1 and (: ) marking
a possible occurrenceof : . The length k of such sequencesf parametersa; is
boundedby , becausea;
| jcl2() jis boundedby 4 jcli() j M[]].
| jels() j is bounded by jcl2() j jM[]j because,as follows from the proof of
Lemma4.4,nochain A @ A 2 of length > is introducedwhen taking the
closureunder (3).
| jel() jisboundedby 2 jcls() j.

Sowe obtain that jcI() jis boundedby S() =2 * jt() j jM[]j? *. O

Recallthat By . Consider now the relational counterpart of B4, i.e., the
model
S(B1) = W;(Ra)azm ; (Ra)azm ; bi

which, for brevity, will be denoted by S. We are going to Itrate S through
= cl(). Dene an equivalencerelation on W by taking u v if u2 tS i
v2tS forallt2 . Let[ul=fv2W:u vg Notethat if dis a location
constart in 3, then [b(d)] = fbfg)g, since X d2 . E
Construct a ltration ST = W' ;(Rl)azm ;(R;)agM bf  of S through by
taking

| Wf=1flul:u2Wwg;
| bf(c) = [b(o)];
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| b"(X)=f[u]:u2b(X)g;

Il ulRi[v]i forall terms A 3t2 ,
| u2 (A 2t)°S impliesv 2 tS and
| v2 (A 2t)S impliesu 2 tS;

[ u]ng[v] i forall terms A>2t2 ,
| u2 (A*2t)S impliesv 2 tS and
| v2 (A*2t)S impliesu 2 tS.

Since is nite, W' is nite aswell. Note alsothat we have bf (X9) = fbf (d)g
whenewer d is a location constart in 3.

Lemma 4.7. (1) For everyt2 andeveryu2 W, u2tS i [u]2tS .
(2) For every ( (c;d) = a)2 3, a=minfb2 M : bf (QR[ b (d)g.
(3) ST satis es (i) and (iii){(vii) from Section 4.1.

Pr oof. Claim (1) is proved by an easy induction on the construction of t.
To prove (2), take ( (c;d) = a) 2 3. We must show that bf (c)Rfbf (d) and
. bf (RL D' (d), for all b2 M such that a > b. Notice rst that uR,v implies
[u]R{ [v] and uR Vv implies [u]R [v]. SinceB; , wehaveB; (c;d) = a, andso
dq(b(c); b(d)) = a. Henceb(c)R,b(d) and b’ ()R b (d). Supposenow that b2 M
is maximal with I° < a and consider A ®: X 9. By de nition, b(X9) = fb(d)g.
Henceb(d) 2 (: X 9)S. On the other hand, we have b’ < d%(b(c); b(d)), from which
b(c) 2 (A P: XS Since(A P: X9) 2 , wethen obtain : bf ()R{,b' (d). Then,
for arbitrary b2 M suc that b< a, it follows by (3)(iii) that : bf (c)RIJ bf (d).

To prove (3), let us ched conditions (i) and (iii){(viii).

(i): We haveto show that RL [ RE = Wf W', Let : [u]Rf[v]. Then : uRav,
and souRgzv, sinceS satis es (i). Thus [u]ng[v].

(iii): If [uRG[v] and a  bthen [u]R[[v]. Let [ulRi[v]anda < b, forb2 M.
Supposeu 2 (A Pt)S. By the denition of = cl(), A2 2 , andsou 2
(A 2t)S. Hencev 2 tS. That v 2 (A °t)S implies u 2 tS is shawn in the same
way.

(iv): If [u]R;[v] and a b then [u]RfE[v]. Let [u]R;[v] and a > b. Suppose
uz2 (A®t)S. Then A2t 2 , u2 (A21)S, and sov 2 tS. Again, the other
direction is treated analogously

(v): [u]RB[v] i [u] = [v]. The implication (( ) is obvious. So suppose[u]RB[v].
Take somet 2 with u 2 tS. Without lossof generality we may assumethat t is
not of the form A %s. Then, by the de nition of , u2 (A °)S and A °t2 .
Hencev 2 tS. In precisely the sameway one can show that for allt 2 , v 2 tS
implies u 2 tS. Therefore, [u] = [v].

(vi): If [ulRL[V] and [VIR{ [w], then [u]RL, [w], for (a+ b) 2 M. Supposeu 2
(A 2P)S . Then A 2A Pt 2 andu 2 (A 2A Pt)S. Sov 2 (A Pt)S, whence
w 2 tS. Now supposethat w 2 (A 2*bt)S. Again, we have A PA 2t 2 and
w2 (A PA 2t)S . Thenv2 (A 2t)S, whenceu 2 tS.

(vii): W]Rf[u]i [u]Rf[w] and [W]ng[u] [ [u]R;[W] hold by de nition.
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(viii): If [uJRL[v] and [ulRL__[w], then [VIRI[w], for (a+ b) 2 M. Suppose
that v 2 (A®1)S. Then: A 2: A®t 2 andu2 (: A 2 A®t)S. Henceu 2
(A> (@D 1)S and sow 2 tS. For the other direction supposew 2 (A>®t)S. Then
u2 (A>@D:AYHS and : AZ@D: APt 2 Henceu 2 (A 2t)S and so
v2tS. O

Step 4. Unfortunately, S* does not necessarilysatisfy (i) which is required to
construct the model B we need: it may happen that for some points [u], [v] in

W' and a2 M, we have both [u]Rf[v] and [u]ng[v]. To “cure' these defects, we
have to perform somesurgery. The defectsform the set

DWM)=fv2w':9a2Mou2 W' (URLv & uRLv)g:

Let
W = fhv;ii :v2 D(W');i 2 f0;1gg[ fhu;0i :u2 Wf  DW)g:

Sofor each v 2 D(W') we now have two copieshv; 0i and hv; 1i. De ne an assign-
ment b in W by taking
| b(c)= b'(c);0 and
| b (X)=fhu;ii2W :u2b (X)g.
Finally, we de ne accessibility relations R, and R as follows:
lif a> Othen hu;ii Ry hv;ji i either

| urRfvand: uRLv, or

| uRfvandi=j;
lif a= O0then hu;ii Ryhv;ji i hu;ii = hv;ji;

| Ry is dened asthe complemert of Ry, i.e., hu;ii Ryhv;ji i hujii Ry hv;ji.
Lemma 4.8. S = W ;(Ry)azm;(Rg)azm ;b i is an M -standard relational
metric model.

Proof. That S satises (i), (i), and (v) follows immediately from the de ni-
tion. Let us ched the remaining conditions.

(iii) Supposethat hu;ii Ryhv;ji andb2 M is sucth that a < b. If i = j then
clearly hu;ii R, hv;ji. Soassumei 6 j. Then, by de nition, uRfv and : ungv.
SinceS' satis es (i) and (iv), we obtain uR[v and : uRLv. Thus hu;ii Ry, hv;ji.

(iv) Suppose that hu;ii Rzhv;ji and b 2 M is such that a b, but
D hupii Rphvijin By (i), huiii Ryhviji. And by (iii), huiii Ryhviji. Finally, (ii)
yields : hu;ii Rzhv;ji, which is a contradiction.

(vi) Supposehu;ii R, hv;ji, hv;ji Ry hw;ki anda+b2 M. Then uRfvand VRLW.
As S satis es (vi), we have uRL1+ pW. If i = k then clearly hu;ii R, ,hw;ki. So
assumei 6 k. If i = j 6 k then, using (viii) for ST, : UR;—bW, since uRf,v and
: VRfEW. The casei 6 j = k is consideredanalogously using the fact that the
relations in ST are symmetric.

(vii) follows from the symmetry of Rf, and R;.
Now, the symmetry of R, follows from the symmetry of R, and (i), (i). O
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Lemma 4.9. Forall v:ii 2W andt2 ,wehavehv:ii 2tS i v2tS'.

Pr oof. The proof is by induction on t. The basisof induction and the caseof
Booleansare trivial (we remind the readerthat  contains no set constarts f cg).
The casest = (A 2s) andt = (A™? s) are consequencesf the following claims:

Claim 1: If uRLv and hu;ii 2 W (i 2 f0;1g), then there exists aj such that
hu;ii R, hv;ji. Indeed, this is clear for i = 0. Supposei = 1. If v was duplicated,
then hv; 1i is asrequired. If v was not duplicated, then : uR;v, and sohv; 0i is as
required.

Claim 2: If hu;ii R, hv;ji, then uR%v. This should be obvious.

Claim 3: If uR;v and hu;ii 2 W (i 2 f0;1g), then there exists aj such that
hu;ii Rytv;ji. Supposei = 0. If v was not duplicated, then : uRfv. Hence
: hu; 0i Ry hv; Qi If v was duplicated, then : hu; 0i R, hv; 1i. In the caseof i = 1
we have : hu; 1i R, hv; 0i, i.e., hu; 1i R hv; Oi.

Claim 4: If hu;ii Rzhv;ji, then ungv. Indeed, if i = j then : uRfv and so uR;v.
And if i 6 j, then uRLv. O

Step 5. To completethe proof, we transform S into a nite metric MS-model
and show that this model satises . Let

B =hW ;d;Xq;:i5c;iti;
wherefor all w;v 2 W , setvariables X, and constarts ¢,
d (w;v) = min(f g[ fa2 M :wR,vg); X; =b (Xi); ¢ =b(a):

As M is nite, d is well-de ned. Using (v){(vii), it is easyto seethat d is a
metric with rangeM[]. SoB is a nite metric spacemodel. It remainsto show
that B satises . Obsere rst that

(z)forallw2 W andt2t(), wehavew2tS i w2tB .
This is proved by induction on t. The basisof induction and the caseof Booleans
are clear. Solet t = (A 2s) for somea2 M. Then
w2 (A 3)° | ;8 (WR,v! v2sS)
, 2 8V (WR,v! v2sB)
, 3 8v(d(wv) al! v2s®)
, 4 W2 (A 3s)B :
Equivalences, ; and, 4 are ohvious;, » holds by the induction hypothesis; ( 3

is an immediate consequencef the de nition of d , and) 3 follows from (iii). The
caset = (A*? s) is consideredanalogously

We can now show that B . Let (c@) 2 ;. Then we have:
B c@, 1c2t® , ,b(©2t5 , 3 b(c;02t5 , 4
b2t |, sb]2t5", 6b(Q2tS, ;B12tB:, gB; c@:

Equivalences, 1 and , g are obvious; , , follows from (z); , 3 and, s hold
by de nition; , 4 follows from Lemma 4.9, , g from Lemma 4.7, and , 7 from
Lemma4.l.
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SinceB; , wehaveB 1. That B 2 is proved analogouslyusing (z ).
It remainsto show that B 3. Takeany (c;d)= afrom 3. We must prove
that d (c ;d ) = a. By Lemma4.7 (2),

a=minfb2 M : bf (QR[b' (d)g:

Soa= minfb2 M : b'(c);0 R, bf(d);0 g. By the de nition of b , we have
a=minfb2 M :b (c)R,b (d)g, which meansthat d (b (c);b (d)) = a.
We have proved the following:

Theorem 4.10. s satis ed in a metric MS-model
B =HW ;d ;X
suchthat jw j 2 250 andthe rangeof d is a subsetof M[] .

From Theorem 4.10and Lemma 4.3 (2), it followsthat ' is satis ed in the nite
model B , which completesthe proof of Theorem 4.2.

4.3 Decidability
The main result of this sectionis the following:

Theorem 4.11. (i) The satis ability problemfor MS* [Q* ]-formulas in the class
M of metric spacesis decidable.

decidablein NExpTime

Wewill rst concerrate on (i). Note that the nite model property of MS* [R*]
proved above is not enoughto establish the decidability of MS* [Q* ]: we still do
not know an e ectiv ely computable upper bound for the size of a nite model
satisfying a given formula ' . Indeed, the set M () dependsnot only on ', but
alsoon the initial model B satisfying' becauseof the possibleintro duction of new
parametersa 2 R by expressionsof the form (c;d) occurring in ' . Note however
that by Lemmas4.4 and 4.6, an upper bound for the sizeof B can be computed
e ectiv ely from the maximum of M (), the minimumofM () fOg,and' . Thus,
to obtain an e ectiv e upper bound, it su ces to start the construction with a model
satisfying' for which both the maximum of M () andthe minimumofM () fOg
are bounded. The next lemma shows how to obtain such a model. Let n- and m:
be the minimal and the maximal positive numbers occurring in ' , respectively; if
no such numbers exist, then put m- = n. = 1.

Lemma 4.12. Supmsethat an MS” [Q* ]-formula ' is satis ed in a metric MS-

model B = W;d;XB;:::;c8;::: . Denote by D the set of all expressionsof the
form (c;d) occurring in ' and assumethat D 6 ;. Then there is a metric d° on
W suchthat ' is satisedin B®= W;d%X8;:::;c;::: and

minfdqc®;d®)> 0: (c;d)2Dg n =2
maxfd(c®;d®): (c;d)2Dg 2m: :
Proof. Leta=n andb= m. . Set
a’= minfd(c®;d®)> 0: (c;d) 2 Dg;
°= maxfd(c®;d®): (c;d)2 Dg:
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We considerthe casewherea®< a=2 and 2b< K. The other casesare even easier
and left to the reader. De ne d° by taking for all v;w 2 W

E d(v; w) ifa d(v;w) bord(v;w)=0;
dqv;w) ;= b+ (bxt° b) (d(v;w) b) if d(v;w) > b;
" a+ (a=2(a a%) (d(v;w) a) if 0< d(v;w) < a:

One can easily compute that if d(v;w) > b then dqv;w) < d(v;w), and if 0 <
d(v;w) < a then d(v;w) > d(v;w). It is a routine exercisenow to show that
d®is a metric. Clearly, it satis es conditions (1) and (3). Let us seethat for all
u;v;w 2 W, we have

dou;w)  dqu;v) + dYv; w): (10)
We considerhere only two casesand leave the remaining onesto the reader.

Casel: d(u;w) > band 0 < d(u;v);d(v;w) < a. Then, aswas obsened above,
we have d(u; w) < d(u; w), d(u;v) < dY(u;v) and d(u;v) < dqu;v), which together
with hW; di satisfying the triangular inequality yields (10).

Case?2: d(u;w) > b, 0 < d(u;v) < a and d(v;w) > b. Note rst that we again
have dqu;v) > d(u; V), and in view of (2), d(u;v) d(u;w) d(v;w). It remains
to obsenethat 0< bk’ b) < 1and

dou;w)  dYv;w) = %) (d(u; W) d(v;w));
which yields dqu;v)  dq(u;w) dYv;w), i.e., (10).
To completethe proof, it remainsto obsenethat for every parameter a occurring
in',eweryrelaton inf=;<; ;> g ,andall x;y2 W, we have
dx;y) a i dixy) a

It follows that t® = tB° for every term t occurring in ', and so' is satis ed in
BC O

It follows that we can start the Itration with a model B for which we obtain
(by Lemmas4.4 and 4.6) the following upper bound for cl():

| jcl() jis boundedby I(* )P(™ =") where p is a polynomial function of degree2
not dependingon' and I(' ) is the length of ' .5

Summarizing the results obtained so far, we have

Theorem 4.13. There exists a quadmtic polynomial p such that every
MS* [Q* ]-formula ' which is satis able in a metric space model is satis able in
a metric space whosedomain is bounded by

f)=220"""

5This _is done as follows. First, by Lemma 4.12 and the de nition of , we obtain that
Am' *2 . 1. Further, we clearly have jM () j I(') and jt() j 4 I(' ), whence, by Lemma

-
44,jM[1j 1(') . Hence, by Lemma 4.6, we obtain jcI() j 2 *3 22 I(") I() @ *D
I(. ) +6 I(u )2 24 — I(- )2 242 +6.

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.



26 Oliver Kutz et al.

In cortrast to many standard satis abilit y problems even this result does not
directly imply the decidability of the satis abilit y problem for MS* [Q* [{form ulas,
becausethere are in nitely many (even uncountably many) di erent metric spaces
basedon a nite set. We now addressthis problem.

Fix aformula' andn f('). Put W = f1;:::;ng. Supposethat ' corntains

in'. Assumethat 0< a; < ap < < ap. Further, take variables x; , for every
i;j 2 W. Thesevariables are intended to “simulate' the distance d(i; j) betweeni
andj.

Let 14, I, and I3 be a partition of W W, and k a function from W W to
f0;1;:::;pg. There are only nitely many pairs E = (T; C) whose rst componert
is a structure

T= W;(XT:X2V();(c":c2C())
and the secondone is a set of “constraints' of the form

C= fxij = a) 1 (i5]) 2 119

[ fxj >ap:(i5j) 2129
[ Faxg) < Xij < a2 (1) 2 130

where XT  f1;:::;ng for every set variable X of ', ¢' 2 f1;:::;ng for every
constart c of ' . The constraints in C specify for every ordered pair of elemeris i; |
from W whether the distance betweeni and j is equalto someayj ), greater than
ap or strictly betweensomeayjjy and ay +1 . Pairs E of this type will be called
(n-)constraint systemsfor ' . Constraint systemsspecify a classof models based
on the domain W in sudch a way that it is possibleto determine from the system
the value of all those terms which contain parametersfrom P (' ) only. De ne the
extensionsF of a term s cortaining parametersfrom P (' ) only by induction:
| XE = XT for every set variable X of ' ;
|( syusp)E=sE\ sE;
I( :s)E=wW sF;
( E3)E=fi2W:9/2W (xj =a2C&j2sF)_(xj <a2C&j2sF)g;
I( E2s)E=fi2W:9j2W(a<x; 2C&j2sE g
The truth-relation E ', "' an MS[M ]-formula with parameters from P('), is
de ned as expected (we list only the interesting clauses):

| E (ci;e)=ai xj =az2 Cf0ri:CI and j :CE;
| E (ciic)<ai xj <a2Cfori=c] andj = cl.

Say that E= (T;C) satises ' if E ' . Of course,if ' is satis able in a model of
sizen, then ' is satis ed in an n-constraint systemfor ' . The corversedoes not
hold, becauseit could be that there doesnot exist a metric d on W which conforms
to C, wherea metric d conforms to C if by setting x; = d(i; j), for all i;j 2 W, all
constraints in C are satis ed.

So, say that E = (T;C) is satis able if the constraints in C together with the
following set of equalities and inequalities has a solution in R*:

ACM Transactions on Computational Logic, Vol. V, No. N, Month 20YY.



Logics of metric spaces 27

| xi =0,foralli2W;
| xij = xji, foralli;j 2 W (symmetry);
| Xik + Xkj  Xj, foralli;j; k2 W (triangular inequality).

The following is now easily cheded:

Lemma 4.14. A formula' 2 MS* [Q*] is satis able in a metric space model of
sizen i there exists a satis able n-constraint systemfor ' which satises ' .

Lemma 4.15. It is decidable in polynomial time (n) whether an n-constraint
systemE for ' is satis able and satises ' .

Pr oof. Clearly, given a satis able n-constraint systemE for ' , it is decidable
in polynomial time whether ' is indeed satis ed in E.

Hence,it remainsto show that cheding satis abilit y of E can be donein polyno-
mial time. First, notice that the decidability of this problem follows from Tarski's
result on the decidability of the theory of real closed elds [Tarski 1951]. On the
other hand, the problem can be understood as a standard problem of linear pro-
gramming, where we can choosesomearbitrary objective function to be maximized.
In fact, we are only interestedin the question whether this systemof equalities and
inequalities hasa common solution, i.e., in the linear programming feasibility prob-
lem. Furthermore, since all parametersin the constraints are from Q, a solution
existsin Ri a solution existsin Q, becausethe set of solutions can be represered
as a (possibly unbounded) corvex polyhydron. Hencewe can restrict ourselvesto
searding for rational solutions. This problem has beenshown, e.g. in [Blum et al.
1998],to be solvable in polynomial time measuredin the number of variables, i.e.,
inn. O

Theorem4.11(i) followsfrom Theorem4.13and Lemmas4.14and 4.15. Theorem
4.11 (ii) follows from Theorem 4.13 and Lemmas 4.14 and 4.15, becausefor ' 2
MS* [f1;:::;qg] the number q is an upper bound for m- =n- . Now the decision

with n f (') and ched in polynomial time (in n) whether E is both satis able
and satises ' .

formulas in metric spacesis NExpTime -hard.

5. SATISFIABILITY IN WEAKER DISTANCE SPACES

Let us now considerthe satis abilit y problem in the classD of arbitrary distance
spacesand its subclassesDsynm and Dy . For D and Dsym we can prove decid-
ability even for the language FM2[Q*]. For Dy we will consider the languages

Theorem 5.1. The satis ability problemfor FM %[Q* ]-formulas in D and Dsym
is decidable. Moreover, both problemsare in NExpTime and in both casesany
satis able formula is satis able in a nite model.

Pr oof. The proofis basedon a simple reduction to the satis abilit y problem for
the two-variable fragment of rst-order logic. Recallthat atomic formulas (x;y) <
a and (x;y) = a can be regarded as binary predicates P<5 (X;y) and P=4(X;y).
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Denote by ' * the result of replacing all subformulasin ' of the form (x;y) < a
and (x;y) = aby P« (X;y) and P=5(X; y), respectively. Let

O0=ay< a1 < < an

be the list of rational numbersthat occur in ' , together with 0, and let  be the

set of the following formulas, for i  n:
N N N

8%,y P=a (X;y) ! tPa, ()N 1P (y) N P, (XY) ;

OAJ<I i6] noj>i

8X; Y Pea, (X y) ! P, (X;Y) 5
i<j n
8x;y: P<o(X;y);
8y P=o(X;y)$ x=y:
We claim that the set [ f' *gis satis able in a rst-order structure
A= WP, it PA i PR

i ' is satis able in a distance spacemodel.
The direction (( ) is clear. Sosupposethat A satises [ f' *g. De ne adistance

spacestructure
B = Wd;P{;:::; )
by taking, for a;b2 W,

dia;b)=a i A P=4(ab);
oy &t a . . . . . R
dah= =———1 A :Pq (ah"Pa,, (@bh":P-q(ab);

dlab)=2 ani A Py, (a;b™:P=y (a;b):

It isnot dicult to seethat B satises' . Hence,to decidewhether' is satis able
in a distance spacemodel, it suces to chek whether [ f' *gis satis able in a
rst-order structure. This provesthe decidability of satis abilit y in D.

For Dsym, we take the set sym which is

[ 8XY Paa;(X¥)$ Paa; (¥iX) 5 8XY P=a (X(y) $ P=a(y;X) i ng

It is readily chedked that ' is satis able in Dsym i sym [ f' * g is satis able.

The remaining claims follow immediately from the NExpTime -completenessof
the two-variable fragment of rst-order logicandits nite model property [Mortimer
1975; Furer 1984;Gradel et al. 1997]. O

Let us now considerthe satis abilit y problem in Dy .

Theorem 5.2. (i) The satis ability problem for MS” [Q* ]-formulas in Dy is
decidable.

(i) Any MS* [Q* ]-formula satis able in Dy, is satis able in a nite memter of
Dy .

Time .
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Pr oof. The proof is quite similar to that of Theorem 4.11. Steps1 and 2 of
the proof are virtually as before. We start with a formula ' that is satised in a
distance spacemodel B 2 Dy and, using thepgameterminology as in jsection 4.2,
again de ne the set and the model B; = W;d%X21::::;81:::: sud that
B: . The main dierence hereis that d°is now not necessarilysymmetric.

However, in steps3 and 4 two important modi cations arerequired: oneconcerns
the ltration, another the copying technique:

Step 3. The closurecl() oft() is dened in almost the sameway ason page
20; the only di erence is that the last condition is replacedwith the following one:

(59 if A2t2 T andb> a, forb2 M[], then A®t2 T.

The relational counterpart of B 4, i.e., the model
S(B1) = W;(Ra)azm ; (Ra)azm ; bi ;

will again be denotedby S. The lItration of B3 through = cl() is modied in
the following way.

De ne an equivalencerelation on W by takingu vifforallt2 wehave
u2tSi v2tS. Let[ul=fv2W:u vg Note againthat if (d@X9) 2 9
then [b(d)] = fb(d)g, sinceX ¢ 2. E

Construct a Itration S* = W';(RL)azm;(RE)azm ;" of S through by
taking
| Wi =f[ul:u2Wg;
| b'(0) = [b(c)];
| b (X)=f[u]:u2b(X)g;

Il ulRi[v]fora> 0i foralltermsA 2t2 , u2 (A 2t)S impliesv 2 tS;
I[ ulRL[V] fora=0i [u]= [v];
f . N . .
Il ulRz[v]i forall terms A>2t2 , u2 (A2t)S impliesv 2 tS.
Since is nite, W' is nite aswell. Note alsothat we have bf (X9) = fbf (d)g
whenewer (d@X %) 2 3 andthat uR,v implies [u]R’,[v], and uRzv implies [u]R’[v].

Lemma 5.3. (1) For everyt 2 andeveryu2 W, u2tS i [u]2tS .

(2) For every( (c;d) = a)2 3, a= minfb2 M : b (QR[ b (d)g.

(3) ST satis es (i), (iii){(vi) and (viii) from Section 4.1.

Pr oof. (1) is proved by an easyinduction; the proof of (2) is the sameasin
Lemma4.7.

To prove (3), we have to ched conditions (i), (iii){(vi) and (viii). The rst one,
i.e, RE[ R; =W" W isprovedasin Lemma4.7.
(iii): if [UIRG[V] anda bthen [u]R{[v]. Let [u]R%[v] and a < bfor someb2 M.
Supposeu 2 (A °t)S. By the denition of , A 2 2 . Thus, sincea < b,
u2 (A 2t)S. Then [u]R.[v] implies v 2 tS, and [u]R} [v] follows.
LN f f . .
(iv): if [ulRz[v] anda bthen [u]RB[v]. The proof is similar to that of (iii).
(v): [ulRL[V]i [u]= [v] holds by the de nition of R.
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(vi): if [u]R%[v] and [VIR! [w], then [u]R’, [w], for (a+ b) 2 M. Supposeu 2
(A 2*Pt)S Then A 2A Pt 2 andu 2 (A 2A Pt)S. Sov 2 (A Pt)S, whence
w2 tS,

(viii): if [u]Rf[v] and [u]R;Tb[W] then [V]RfB[W], for (a+ b)2 M. Let v2 (A1)S
and At 2 . Thenwehave: A 2: A®®t2 andu2 (: A 2: A®t)S | for other-
wise (since is closedunder subterms) u 2 (A 2: A*®t)S together with [u]R{ [v]
would imply v 2 (: A>®t)S | which is a cortradiction. Suppose that UR;5x for
somepoint x 2 W. Sinceu 2 (: A 2: A>*1)S | there is a point y 2 W sud that
URay andy 2 (A*t)S. As S satis es (viii), it follows that yRpx, and sox 2 tS.
Henceu 2 (A>(@*Dt)S 'which impliesw 2 tS. O

Step 4. We are now again facing the problem that ST may not satisfy condition
(ii) which is required for the construction of the model B . To avoid this prob-
lematic case|the situation where for somepoints [u], [v] in W' and a2 M both
[ulR{[v] and [u]R;[v] hold|lw e modify the copying technique in the following way.
The problematic points form the set

DWM)=fv2w':9a2Mou2 W’ (URLv & uRLv)g:

Let
W = fhv;ii :v2D(W'); i2f0;1;299[ fhu;0i :u2 Wi DW)g:
Sofor eah v 2 D(W') we have now three copieshv; 0i, hv; 1i and hv; 2i. De ne an
assignmem b in W by taking
b ()= b'(0);0 ;
b (X)=fhu;ii 2W :u2 b (X)g:
Finally, we de ne accessibility relations R, and R as follows:
[If a> 0,then hu;ii Ry hv;ji i either

| uRfvand: uR;v, or

| uRfvandj=0,or

| hu;ii = hv;ji (then alsouRfv).

[If a= 0,then hu;ii Ryhv;ji i hujii = hv;ji.
| R4 is dened asthe complemert of R, i.e.,
hu;ii Rghv;ji i Dhuii Ry hv;ji:

Lemma 5.4. The relational model S = W ;(R.)azm ;(Rg)azm ;b i satis es
conditions (i) {(vi) of M -standard models.

Proof. That S satises (i), (i), and (v) follows immediately from the de ni-
tions of R, and R5. Let us ched the remaining conditions.

(iii) Suppose hu;ii Ry hv;ji and a < b, for b 2 M. If hu;ii = hv;ji, then
hu;ii Ry hv;ji follows immediately from the de nition. So assumetu;ii 6 hv;ji.
By de nition we have uR!v, and since S’ satis es (iii), uRLv holds as well. If
: uRva, then clearly hu;ii Ry hv;ji. So supposeuRva. SinceS' satis es (iv), we
then have uR;v, whencej = 0 and sohu;ii R, hv;ji.
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(iv) Supposehu;ii R hv;ji and a > b, for b2 M. Assume: hu;ii RBh/;ji.
By (i), we have hu;ii Ry hv;ji, whenceby (iv), hu;ii Ryhv;ji. Now (ii) implies
: huyii Ryhv;ji, which is a contradiction. Hencehu;ii e hv;ji.

(vi) Supposehu;ii Ryhv;ji and hv;ji R, hw;ki, for a;b;a+ b2 M. We have
to show that hu;ii R, ,hw;ki. First, if hu;ii = hv;ji or hv;ji = hw;ki, then
hu;ii R, , hw; ki followsimmediately from (jii), sincea;b a+b. Sowemay assume
that hu;ii 6 hv;ji andhv;ji 6 hw;ki. Then by de nition, uRfv and VRLW, whence
uR;1+ pW, becauseS' satis es (vi). If : UR;J,—bW’ then hu;ii R, , hw; ki follows from
the de nition. So assumeuR;TbW holds in S* aswell. From uRfv and (viii) we

obtain vaEW, and sok = 0. But then again, hu;ii R,, ,hw;ki follows from the
de nition. ~ [

Lemma 5.5. For all hu;ii 2 W ,i2f0;1;2gandallt2 , we have
i 265 0 u2tS':

Pr oof. The proof is by induction on t. The basis of induction follows from
the de nition and the caseof Booleansis trivial. The casesof t = (A 2s) and
t = (A>@ s) are consequencesf the following claims.

Claim 1: If uRfv and hu;ii 2 W , then there is j sud that hu;ii R, hv;ji.
Indeed, if a > 0, we put j = 0, and hu;ii R, hv;ji follows from the de nition. If
a= 0,thenu=v; sowecantakei = j.

Claim 2: If hu;ii R, hv;ji, then uR{v. This follows immediately from the de ni-
tion of R,.

Claim 3: If ungv and hu;ii 2 W , then there existsj sud that u;ii R hv;ji.
Fix someungv and hu;ii 2 W . Suppose rst that a= 0. If : uRBv we then have

u 6 v, since RB satis es (v), and so we can choosej = 0. If uRBv then v has
been copied, so we can choosej = i + 1(mod 2) and hu;ii 6 hv;ji, from which
hu; ii Rz hv; ji.

Supposenow that a > 0. Considertwo cases.

Casel: uRfv. Then v hasbeencopied,i.e., W cortains hv;0i, hv; 1i and hv;2i.
Then put j 6 0;i which is always possible, becausewe have three copies of v.
But then all three de ning properties of hu;ii R, hv;ji are violated, which means
hu;ii Rghv;ji.

Case2: : uRfv. Then u6 v. Sowe canput j = 0, and again all three de ning
properties are violated.

Claim 4: If hu;ii Rzhv;ji then uR;v. There are again two cases.

Casel: a> 0. Suppose: ungv. Then, sincethe rst de ning property of uR,v
is violated, we have : uR! v, contrary to (i). Therefore ungv.

Case2: a= 0. Then hu;ii 6 hv;ji. If u6 v, then: uRgv and henceuR%v as
required. If u= v andi 6 j, then u has beencopied. Sothere arew 2 W' and
b2 M suc that wRfu and WRfBu. Since the latter can be written as WRLTOU,

condition (viii) yields uRfau, asrequired.

Now, consider the induction step for t = (A 2s). Supposehu;ii 2 (A 2s)S
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and pick somev suc that uRfv. By Claim 1, there existsj 2 f0;1; 2g such that
hu;ii Ry hv;ji. Then hv;ji 2 s° and, by the induction hypotheses,it follows that
v 2 sS'. Henceu 2 (A 2s)S'. Conversely if u 2 (A 2s)S' and hv;ji is sud
that hu;ii R, hv;ji, then by Claim 2, uRfv and v 2 s$', and so by the induction
hypotheses,hv;ji 2 s° ,i.e., hu;ii 2 (A 2s)S .

The caseof t = (A>? s) follows analogouslyfrom Claims 3 and 4. O

Step 5. In the sameway asin Theorem 4.10, we can now transform S into a
nite distance spacemodel, which is possibly non-symmetric, and prove that this
model satises . This shows that MS” [Q*] hasthe nite model property with
respect to Dy .

To complete the proof, we can follow the lines of the proof of Theorem 4.11and
establish both the decidability and complexity claims for MS* -formulas in non-
symmetric distance spacesthus proving Theorem 5.2. Of course,in the de nition
of the satis abilit y of constraint systems, we now omit the symmetry condition
Xij = Xji-

6. CONCLUSION

In this paper, we have started an investigation into the expressiwe power and com-
putational properties of the rst-order languageFM %[M ] (with two individual vari-
ables) and the “'modal' language MS[M ] both interpreted in metric and “wealer'
distance spaces.We showed that these languageshave the sameexpressive power
over the classM of all metric spaces(in fact, evenover the classD sy, of symmetric
distance spaces). While both FM 2[Q* ]-satis abilit y and MS[Q* ]-satis abilit y are
decidable for the classof all (symmetric) distance spaces,even weaker languages
turn out to have an undecidablesatis abilit y problem for the classof metric spaces
and the classDy of distance spacessatisfying the triangular inequality. We also
discovered a natural fragment MS [M] of MS[M ] which hasthe nite model prop-
erty and is decidable(both for metric spacesand distance spaceswith the triangular

the satis abilit y problem is in NExpTime

The logics we consideredin this paper have promising applications in knowledge
represenation and reasoningby introducing a numerical, quantitativ e concept of
distanceinto the corvertional qualitative KR&R (seethe examplein Section1 and
[Kutz etal. 2002]). In this connectionwe would liketo attract the readers'attention
to the following interesting open problems:

(1) Comparethe expressie power of FM 2[M ] and MS[M ] over D and Dy, .

of distance spaces?

(3) Is the satis abilit y of M [Q* ]formulas in metric spacesdecidablein NExp-
Time ? What about other classesof distance spaces?

(4) We have consideredsatis abilit y in “abstract' metric and distance spaces.How-
ever, from the application point of view, it would be more interesting to analyze
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the computational behavior of our logicsin n-dimensional (especially, 2D) Eu-
clidean spaces?

(5) The presered decisionprocedurebasedon the nite model property doesnot
appear to be “practical.’" An important open problem is to develop tableau or
resolution basedalgorithms for MS! or its sublanguages.
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