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Abstract. We propose to use Grothendieck institutions based on 2-
categorical diagrams as a basis for heterogeneous specification. We prove
a number of results about colimits and (some weak variants of) exact-
ness. This framework can also be used for obtaining proof systems for
heterogeneous theories involving institution semi-morphisms.

1 Introduction

“There is a population explosion among the logical systems used in com-
puter science. Examples include first order logic, equational logic, Horn
clause logic, higher order logic, infinitary logic, dynamic logic, intuition-
istic logic, order-sorted logic, and temporal logic; moreover, there is a
tendency for each theorem prover to have its own idiosyncratic logical
system. We introduce the concept of institution to formalize the informal
notion of ’logical system’.” [10]

This famous quote from Joseph Goguen’s and Rod Burstall’s seminal paper
introducing institutions lead, in its consequences, also to the introduction of
Grothendieck institutions by Razvan Diaconescu [5], which provide the semantic
basis for heterogeneous specifications, i.e. the involvement of a multitude of
logical systems within a single specification.

While the properties of Grothendieck institutions and their interaction with
colimits, exactness, liberality, Craig interpolation etc. is well-studied now (cf. the
forthcoming book [4]), the present theory of Grothendieck institutions still does
not answer certain practical problems. During the development of the heteroge-
neous tool set (HETS) [15,17], a parsing, static analysis and proof management
tool for heterogeneous specifications, we have encountered the following prob-
lems:

— often there is a plethora of possible translations between two given institu-
tions, making choice difficult for the user;

— often premises for theorems about Grothendieck institutions do not hold for
some of the institution involved — however, failure of a premise just for one
institution usually destroys applicability of a theorem;

— also, the premises needed for institution (co)morphisms do not hold in all
cases;



— finally, this means that the applicability of theorem proving for structured
specifications [2] is limited for Grothendieck institutions, and hence for het-
erogeneous specifications.

We introduce two ideas that may help solving these problems: the use of in-
stitutional 2-cells, and the weakening of exactness properties to quasi-exactness.
We prove a number of properties of these and discuss examples. Proofs can be
found in the appendix.

2 Institutions

Let CAT be the category of categories and functors.!
Definition 1. An institution I = (Sign, Sen, Mod, |&) consists of

— a category Sign of signatures,

— a functor Sen: Sign — Set giving, for each signature X, the set of sentences
Sen(Y), and for each signature morphism o: X — X’ the sentence trans-
lation map Sen(c): Sen(X) — Sen(X’), where often Sen(c)(y) is written
as ().

— a functor Mod: (Sign)?? — CAT giving, for each signature X, the cate-
gory of models Mod(X), and for each signature morphism o: X' — X, the
reduct functor Mod(o): Mod(X’) — Mod(X), where often Mod(c)(M")
is written as M’|,,

— a satisfaction relation Ex C [Mod(X)| x Sen(X) for each X € |Sign|,

such that for each o: X — X’ in Sign the following satisfaction condition holds:

M s o(p) & Ms s
for each M’ € [Mod(X’)| and ¢ € Sen(X). 0

Institutions can alternatively, and more succinctly, be characterized as func-
tors into a certain category of “twisted relations” [10], called “rooms” in [9]:
An institution room (S, M, |=) consists of

— aset of S of sentences,
— a category M of models, and
— a satisfaction relation = C |M| x S.

Rooms are connected via corridors (which model change of notation within
one logic, as well as translations between logics).
An institution corridor (o, 8): (S1, M1, 1) — (S2, M2, |=2) consists of

— a sentence translation function a: S —Ss, and
— a model reduction functor 3: My — My, such that

! Strictly speaking, CAT is not a category but only a so-called quasicategory, which
is a category that lives in a higher set-theoretic universe [11].



Ms =2 a(p1) & B(M2) 1 ¢1

holds for each Ms € |M3| and each 1 € Sy (satisfaction condition).
Now, an institution can equivalently be defined to be just a functor I: Sign —
InsRoom (where Sign is the category of signatures).

Example 2. The institution FOL~ of many-sorted first-order logic with equal-
ity. Signatures are many-sorted first-order signatures, i.e. many-sorted algebraic
signatures enriched with predicate symbols with arities. Signature morphisms
map signature symbols in a coherent way. Models are many-sorted first-order
structures, and model morphisms are standard algebra homomorphisms that
preserve the holding of predicates. Model (morphism) reduction is done by re-
naming model (morphism) components. Sentences are first-order formulas, and
sentence translation means replacement of the translated symbols. Satisfaction
is the usual satisfaction of a first-order sentence in a first-order structure. ad

Example 3. The institution Eq~ of equational logic is the restriction of FOL=
to signatures without predicates, and (universally quantified) equations as the
only sentences. a

Example 4. The institution PFOL™ of partial first-order logic with equality.
Signatures are many-sorted first-order signatures enriched by partial function
symbols. Models are many-sorted partial first-order structures. Sentences are
first-order formulas containing existential equations, strong equations, defined-
ness statements and predicate applications as atomic formulas. Satisfaction is
defined using total valuations of variables, while valuation of terms is partial
due to the existence of partial functions. An existential equation holds if both
sides are defined and equal, whereas a strong equation also holds if both sides
are undefined. A definedness statement holds if the term is defined. A predicate
application holds if the terms contained in it are defined, and the correspond-
ing tuple of values is in the interpretation of the predicate. This is extended to
first-order formulas as usual. Moreover, signature morphisms, model reductions
and sentence translations are defined like in FOL=. O

Example 5. The CASL institution extends PFOL~ with subsorting and induc-
tion (for datatypes), see [14,3] for details. CASL has, among others, a modal
logic extension MODALCASL [15] and a coalgebraic extension COCASL [18]. O

Example 6. There is an institution PLNG of a programming language [21]. Tt
is built over an algebra of built-in data types and operations of a programming
language. Signatures are given as function (functional procedure) headings; sen-
tences are function bodies; and models are maps that for each function symbol,
assign a computation (either diverging, or yielding a result) to any sequence of
actual parameters. A model satisfies a sentence iff it assigns to each sequence
of parameters the computation of the function body as given by the sentence.
Hence, sentences determine particular functions in the model uniquely. Finally,
signature morphisms, model reductions and sentence translations are defined
similarly to those in FOL=. a



Institution morphisms [10, 7] relate two given institutions. A typical situation
is that an institution morphism expresses the fact that a “larger” institution is
built upon a “smaller” institution by projecting the “larger” institution onto
the “smaller” one. Dually, institution comorphisms [7] typically express that an
institution is included, or encoded into another one.

Using the notation of institutions as functors, given institutions I;: Sign; —
InsRoom and I: Sign, — InsRoom, an institution morphism (¥, u): Iy — I
consists of a functor ¥: Sign, — Sign, and a natural transformation p: Iyo¥ —
I. (Alternatively, we split 4 into two natural transformations, denoted by « and
B). By contrast, an institution comorphism (P, p): Iy — I> consists of a functor
@: Sign; — Sign, and a natural transformation p: Iy — Iy o ¥.

Together with obvious identities and composition, this gives us the cate-
gory Ins (Colns) of institutions and institution (co)morphisms. An institution
semi-(co)morphism is like an institution (co)morphism, but without the sentence
translation component (and hence also without the satisfaction condition).

Example 7. There is an institution morphism going from first-order logic with
equality to equational logic. A first-order signature is translated to an algebraic
signature by just forgetting the set of predicate symbols; similarly, a first-order
model is turned into an algebra by forgetting the predicates. Sentence translation
is just inclusion of equations into first-order sentences. O

Example 8. There is an institution semi-morphism toCASL from PLNG to CASL
[21]. Tt extracts an algebraic signature with partial operations out of a PLNG-
signature by adding the signature of built-in data types and operations of the
programming language. For any function declared, any PLNG-model determines
its computations on given arguments, from which we can extract a partial func-
tion that maps any sequence of arguments to the result of the computation (if
any). These are used to expand the built-in algebra of data types and opera-
tions of the programming language with an interpretation for the extra function
names in the signature obtained. a

Example 9. There is an institution comorphism going from equational logic to
first-order logic with equality. An algebraic signature is translated to a first-
order signature by just taking the set of predicate symbols to be empty. Sentence
translation is just inclusion of equations into first-order sentences. A first-order
model with empty set of predicates is translated by just considering it as an
algebra. a

Example 10. Similarly, there are obvious inclusion comorphisms from CASL to
MobpAaLCASL and CoCASL, see [15]. O

Example 11. Define an institution comorphism going from partial first-order
logic with equality to first-order logic with equality as follows: A partial first-
order signature is translated to a total one by encoding each partial function
symbol as a total one, plus a (new) unary predicate D (“definedness”) and a
(new) function symbol L (“undefined”) for each sort (this means that L and



D are heavily overloaded). Furthermore, we add axioms? stating that D does
not hold on L, and that (encoded) total functions preserve (“totality”) and re-
flect (“strictness”) D, while partial functions only reflect D (and the holding of
predicates implies D to hold on the arguments). Sentence translation is done by
replacing all partial function symbols by the total functions symbols encoding
them, replacing strong equations ¢ = u by (D(t) V D(u)) = t = u, existence
equations by conjunctions of the equation and the definedness (using D) of one
of the sides of the equation, replacing definedness with D, and leaving predicate
symbols as they are. For a given total model of the translated signature, we
just take as carriers of the partial model the interpretations of the definedness
predicates in the total model, while the total functions are restricted to these
new carriers, yielding partial functions. O

T
CcASL2:
CASLZCSpPCASL : CASL -> CSpCASL.

CASLZHASCASL : CASL -» HasCASL

|CASL2IsabelleHOL : CASL -> Isabelle

| CASLZModal : CASL -> Modal

|CASLZPCFOL : CASL -» CASL

PCFOLZFOL : CASL -> CASL

CASL2COCASL; CoCASL2IsabellsHOL : CASL -» Isabelle
CASL2CspCASL;CspCASLZModal : CASL -> Modal
CASL2HasCASL;Has CASLZHasCASL : CASL -> HasCASL
CASL2HasCASL;Has CASL2 Haskell : CASL -» Haskell
CASLZModal;Modalz CASL : CASL -> CASL

| CASLZPCFOLICASLZCOCASL 1 CASL -» COCASL i

;CASLZModal : CASL -> Modal
CASLZPCFOL;PCFOLZFOL : CASL -» CASL
PCFOLZFOL;CASL2COCASL : CASL -> COCASL
|PCFOLZFOL;CASL2CspCASL : CASL -» CSpCASL
PCFOLZFOL;CASLZHasCASL : CASL -» HasCASL
PCFOLZFOL;CASL2IsabellsHOL : CASL -» Isabelle
PCFOLZFOL;CASL2Modal : CASL -» Modal
PCFOLZFOL;CASLZPCFOL : CASL -» CASL
CASL2Csp CASL;CspCASL2Modal;Modal2CASL : CASL -> CASL
CASLZHasCASL;Has CASL2HasCASL;Has CASLZ Haskell : CASL -» Haskell
CASL2HasCASL;Has CASL2 Haskell;HaskellzIsabelleHOLCF : CASL -» Isabelle
CASL2Modal;Modal2 CASL;CASL2 CoCASL : CASL -> CoCASL
CASLZMocl;Modal2 CASL;CASL2 CSPCASL : CASL -» CspCASL
CASL2Motial;Modal2 CASL; CASL2HasCASL : CASL -> HasCASL
| cASL2ZMotal;Modalz CASL; CASLZPCFOL : CASL -» CASL
| CASLZPCFOL;CASIZCOCASLICOCASLZIsabeliBHOL : CASL -» Isabelle
CASL2PCFOL;CASL2CSpCASL;CspCASL2Modal : CASL -> Modal
CASLZPCFOL;CASLZHas CASL;HasCASLZHas CASL : CASL -> HasCASL
| CASL2PCFOL;CASL2ZHas CASL; HasCASLZHaskell : CASL -> Haskell
'SLZModal;ModalZCASL : CASL -» CASL
|CASLZPCFOL;PCFOL2FOL;CASLZCOCASL : CASL -» COCASL
CASL2PCFOL;PCFOL2FOL;CASL2CSpCASL : CASL -> CspCASL
CASLZPCFOL;PCFOLZFOL;CASLZHAs CASL : CASL -> HasCASL
|CASLZPCFOL;PCFOL2FOL;CASLZIsabelleHOL : CASL -» Isabelle
| CASLZPCFOL;PCFOLZFOL;CASLZModal : CASL -> Modal
PCFOLZFOL;CASL2COCASL; CoCASL2IsabelleHOL : CASL -» Isahelle
PCFOLZFOL;CASL2CspCASL;CspCASLZModal : CASL -> Modal
|PCFOLZFOL;CASLZHas CASL;Has CASLZHasCASL : CASL -> HasCASL
|PCFOLZFOL;CASL2HasCASL;Has CASL2 Haskell : CASL -» Haskell
PCFOLZFOL;CASLZMotial;Modalz CASL : CASL -> CASL
PCFOLZFOL;CASL2PCFOLCASL2COCASL : CASL -» COCASL
| PCFOLZFOL;CASL2PCFOL;CASLZCSpCASL : CASL -> CspCASL
|PCFOLZFOL;CASLZPCFOL;CASLZHAs CASL : CASL -> HasCASL
PCFOLZFOL;CASL2PCFOL;CASLZModal : CASL -> Modal
CASLZCSpCASL;CSpCASLZ Modal;Modalz CASL; CASLZCOCASL : CASL -> COCASL
CASL2CSpCASL;CSpCASL2Modal;Modal2 CASL; CASLZHS CASL : CASL -» HasCASL
| CASL2Csp CASL;CspCASL2ZModal;Modal2 CASL; CASL2Modal : CASL -> Modal

Fig. 1. Dozens of translation possibilities for a CASL theory in HETS (from a logic
graph without comorphism modifications; using modifications, the number of possible
translations can be greatly reduced).

2 Hence, strictly speaking, this comorphism is a so-called simple theoroidal one, see
[19] for details.



3 Institution (Co)Morphism Modifications

A typical experience with using the heterogeneous tool set [15,17] is the follow-
ing: for some specification, you want to prove a theorem, and hence want to see
a list of its possible translations (along (co)comorphisms) into tool-supported
institutions. Now even with a small diagram of institutions, the list can become
quite large, because also composites should be shown (see Fig. 1 for a menu of
such translations). Now such lists generally bear a lot of redundancy, since two
different translation paths, though differing as (co)morphisms, lead to essentially
same results, as the following example shows:

Example 12. There are two ways to go from equational logic to first-order logic:
one is the obvious subinstitution comorphism p; from Example 9, the other one
is the composition ps of the obvious subinstitution comorphism from equational
logic to partial first-order logic composed with the encoding of partial first-order
logic into first-order logic from Example 11.2 These comorphisms are different: po
adds some (superfluous) coding of partiality. Yet, for e.g. the purpose of re-using
proof tools, p; and ps are essentially the same.

In this context, the notion of modification helps.

In order to ensure that the difference between two translations really is
inessential, a crucial property of modifications is that they do not lead to identi-
fications of different sentence or model translation maps. Hence, we strengthen
the original notion from [5] to discrete modifications:

Definition 13. Given institution morphisms (¥, u): [y — Iy and (&', p'): [y —
I, a discrete institution morphism modification 0: (¥, pn) — (', 1) is just a
natural transformation 0:¥ — ¥’ such that p = p' o (I - 0). Similarly, given
institution comorphisms (@, p): Iy — I and (@', p'): I} — I, a discrete insti-
tution comorphism modification 6: (P, p) — (', p’) is a natural transformation
0: & — @' such that (Iy-0)op=p.

Together with obvious identities and compositions, modifications can serve
as 2-cells, leading to 2-categories Ins and Colns. 0O

In [5, 4], a weaker notion of institution morphism modification has been intro-
duced, involving an additional natural transformation on the side of the models.
We have not found this extra generality of practical use and hence work with the
above stronger notion of discrete modification. However, since we will not use
any non-discrete modification, we will omit the qualification of being discrete
henceforth.

3 Actually, since the latter is a simple theoroidal comorphism, we should take both to
end in FOL'", the institution of FOL-theories.



Example 14. Consider the comorphisms from Example 12.

FOL

Eq

/2

PFOL

The comorphism modification 6: py — p2 is just the pointwise inclusion of an
algebraic signature viewed as first-order signature into the theory coding a partial
variant of that signature. O

Modifications also interplay with amalgamation:

Definition 15. Let p = (®,,8): 1 — Iz, p1 = (P1,01,01): 11 — J and
p2 = (P2, 2, f2): I — J be three comorphisms. A lax triangle

I

I
of institution comorphisms and modifications is called (weakly) amalgamable, if

3
Mod () <" Mod” (&, ()
Tﬁz TModJ(OE)
I (ﬁZ)Z J
Mod’ (X) <—= Mod” (#(X))

is a (weak) pullback for each signature X € |Sign’|. O

4 Colimits in Hom-Categories

As a first result about the 2-categorical structure of Colns, we examine colimits
in the Hom-categories, which play a role for some results about the Grothendieck
construction (see Prop. 22 below):

Proposition 16. Given two institutions I and J, if J has pushouts of signa-
tures, then the Hom-category Colns(Z, J) has pushouts as well. This generalizes
to arbitrary non-empty colimits of connected diagrams. O



Note that initial objects in Hom-categories Colns(/,.J) generally do not
exist: an initial comorphism from I to J would have to translate I-sentences to
J-sentences over the initial signature, thereby losing any specific reference to the
signature, which generally destroys the satisfaction condition.

The dual situation is better for initial objects:

Proposition 17. Given two institutions I and J, if J has an initial signature
with empty set of sentences and terminal model category, then the Hom-category
Ins(1,J) has an initial object. O

However, pushouts in Ins(I, J) seem to exist only under rather strong addi-
tional assumptions.
We hence prefer to work with comorphisms in the sequel.

5 Comorphism-Based Grothendieck Institutions

Grothendieck institutions have been introduced by Diaconescu [5] as a foun-
dation for heterogeneous specification. The basic data for comorphism-based
heterogeneous specification is a graph of institutions, comorphisms and modifi-
cations. Remember from Sect. 2 that the modifications are needed because we
want to express that certain compositions of comorphisms are the same. This
means that we need to specify both compositions and modifications. We hence
arrive at the following:

Definition 18. Given an index 2-category Ind, a 2-indexed coinstitution is a
2-functor Z: Ind* — Colns? into the 2-category of institutions, institution co-
morphisms and institution comorphism modifications. O

A 2-indexed coinstitution can be flattened, using the so-called Grothendieck
construction. The basic idea here is that all signatures of all institutions are put
side by side, and a signature morphism in this large realm of signatures consists
of an intra-logic signature morphism plus an inter-logic translation (along some
logic comorphism). The other components (sentences, models, satisfaction) are
then defined in a straightforward way.

The Grothendieck construction for indexed institutions has been described
in [5]; we develop its dual here [13]. In an indexed coinstitution Z, we use the
notation Z' = (Sign’,Sen’, Mod’, %) for Z(i), (%, p?) for the comorphism
Z(d), and Z* for the modification Z(u).

Definition 19. Given a 2-indexed coinstitution Z: Ind* — Colns, define the
Grothendieck institution I# as follows:

— signatures in Z# are pairs (i, X)), where i € |Ind| and X a signature in Z°,

— signature morphisms (d, 0): (i, ¥1) — (j, X2) consist of a morphism d: j —
i € Ind and a signature morphism o: ®%(%;) — X in 77,

— composition is given by (da,02) o (d1,01) = (dy o da, 09 0 P92 (ay)),

4 Ind* is the 2-categorical dual of Ind, where both 1-cells and 2-cells are reversed.



— I#(i, X) = I4(Y), and % (d,0) = T'(%) izj(dsd(zl))% TI (%) .

O

That is, the room Z# (i, X)) (consisting of sentences, models and satisfaction)
for a Grothendieck signature (i, X) is defined component-wise, while the corri-
dor for a Grothendieck signature morphism is obtained by composing the cor-
ridor given by the inter-institution comorphism with that given by the intra-
institution signature morphism. We also denote the Grothendieck institution by
(Sign#, Sen”, Mod?, 7).

While the comorphism based Grothendieck construction nearly satisfies all
of our needs, one problem remains. Sometimes, the Grothendieck construction
makes too many distinctions between signature morphisms (cf. Fig. 1). There-
fore, we use the institution comorphism modifications to obtain a congruence on
Grothendieck signature morphisms: the congruence is generated by

(d, 1% 0% (2) —d%(X)) = (d,id: (X)) — d4(X)) (1)

relating morphisms from (i, X) to (j, #4(X)), for X' € |Sign’|, d,d": j —i € Ind,
and v : d = d € Ind. We will later examine what is really added by the

congruence closure. But first, let us state the following crucial property:

Proposition 20. = is contained in the kernel of Z# (considered as a functor).
O

Let ¢%: Sign™ HSign#/E be the quotient functor induced by = (see [12]
for the definition of quotient category). Note that it is the identity on objects.
We easily obtain that the functor Z# factors through the quotient category
Sign™/=:

Corollary 21. Z#: Sign# — InsRoom leads to a quotient Grothendieck in-
stitution Z# / =: Sign” /= — InsRoom. O

By abuse of notation, we denote Z# /= by (Sign™ /=, Sen”, Mod¥, |=#).

When considering e.g. the comorphism going from partial first-order logic
PFOL™ to first-order logic FOL=, and the composite comorphism going from
PFOL™ to CAsL and then to FOL™, we end up in different comorphisms, which
are however related by a comorphism modification. The above identification
process in the Grothendieck institution now tells us that it does not matter
which way we choose.

In some cases, the congruence = can be described succinctly:

Proposition 22. Assume that Ind* has cocones for diagrams of 2-cells of shape
e —— e <—— e that are mapped to pushouts of 2-cells in ColIns. Then the
congruence = defined above is explicitly given by

(di,00T') = (dg,0 0 I}?)

for X e |Sign’|, d,dy,dy:j —i € Ind, 0: $4( %) — %' € Sign’ and u; : d =
dl,’U/Q:d:dQEInd. O



Note that according to Prop. 16, under relatively mild assumptions, pushouts
of 2-cells in Colns exist. Hence, the assumption of Prop. 22 that Ind* has
cocones for diagrams of 2-cells of shape ® ——> ¢ <——= e that are mapped to
pushouts of 2-cells in Colns is quite realistic. In particular, it is possible to add

suitable cocones to Hom-categories in Ind* and interpret these as pushouts in
Colns.

6 Amalgamation and Exactness

The amalgamation property (called ‘exactness’ in [6]) is a major technical as-
sumption in the study of specification semantics [20] and is important in many
respects. It allows the computation of normal forms for specifications [1, 2], and
it is a prerequisite for good behaviour w.r.t. parameterization, conservative ex-
tensions [6] and proof systems [16].

Definition 23. A cocone for a diagram in Sign is called (weakly) amalgamable
if it is mapped to a (weak) limit under Mod. I (or Mod) admits (finite) (weak)
amalgamation if (finite) colimit cocones are (weakly) amalgamable, i.e. if Mod
maps (finite) colimits to (weak) limits. This property is also called (weak) ex-
actness, while (weak) semi-exactness is its restriction to pushout diagrams. O

More generally, given a diagram D: J — Sign’, a family of models (Mj) e
is called D-consistent if My|pwsy = M; for each 6:j — k € J. A cocone
(X, (1) els)) over the diagram in D:J — Sign’ is called weakly amalgamable
if for each D-consistent family of models (Mj});¢|s|, there is a X-model M with
M|, = M; (j € |J|). If this model is unique, the cocone is called amalgamable.

Proposition 24. An institution admits (weak) amalgamation iff each colimit-
ing cocone in the category of signatures is (weakly) amalgamable. ad

A further weakening just requires the existence of weakly amalgamable co-
cones:

Definition 25. Call an institution I quasi-ezact if for each diagram D:J —
Sign’, there is some weakly amalgamable cocone over D. Quasi-semi-exactness
is the restriction of this notion to diagrams of shape e <—— e —— o .

The importance of this definition lies in the fact that it

1. interacts quite nicely with heterogeneous specification (the property holds
for Grothendieck institutions under very mild and practically feasible as-
sumptions), and it

2. is a prerequisite for the (soundness and completeness of the) proof calculus
of development graphs [15, 16].

The theory of amalgamation and exactness in Grothendieck institutions for
indexed institutions has been developed by Diaconescu [5]. Actually, the corre-
sponding theory for indexed coinstitutions turns out to be much simpler [13].



Theorem 26. Let 7: Ind°® — Colns be an indexed coinstitution and K be
some small category such that

1. Ind is K-complete,

2. ¢? is K-cocontinuous for each d:i —j € Ind, and

3. the indexed category of signatures of Z is locally K-cocomplete (the latter
meaning that Sign’ is K-cocomplete for each i € |[Ind|).

Then the signature category Sign? of the Grothendieck institution has K-
colimits. 0

We cannot expect that this result directly carriers over to the quotient
Grothendieck institution, since quotients of categories generally do not inter-
act well with colimits. However, we can say something provided that we work
with a quotient of the index category Ind:

Proposition and Definition 27 Given a 2-category Ind, the relation of be-
ing in the same connected component of a Hom-category defines a congruence
= on the objects of the Hom-categories, i.e. the morphisms of Ind. Ind/= is the
corresponding quotient 1-category.

O

Lemma 28. Given a 2-indexed coinstitution Z: Ind* — Colns, if (d3,01)
(d1,0%) in Sign™, then d; = ds.

ol

Proposition 29. Assume that Ind* has cocones for diagrams of 2-cells of shape
e —— e <—— e that are mapped to pushouts of 2-cells in ColIns. Then the
congruence = in Ind defined above is explicitly given by dy:i—j = do:i— 7
iff there exist d:i—j € Ind and uy:d—dy,us: d—ds € Ind. O

Theorem 30. Let Z: Ind* — Colns be a 2-indexed coinstitution such that

1. Ind/= is K-complete for some small category K,

2. each connected component (considered as a subcategory) of a Hom-category
Ind(i,j) has a distinguished canonical weakly terminal object, such that
these canonical objects are stable under composition,

3. (d,01) = (d,02) in Sign™ implies oy = o9,

4. ¢% is K-cocontinuous for each d:i—j € Ind, and

5. the indexed category of signatures of 7 is locally K-cocomplete.

Then the signature category Sign™ / = of the quotient Grothendieck institution
has K-colimits. (Note that assumptions 2 and 3 are vacuous in case of discrete
Hom-categories; we then get Theorem 26 as a special case.) a

By contravariance of Z, assumption 2 of the above proposition means that if
institution comorphisms are linked by modifications, there is always a “smallest”
comorphism that can be embedded into the other ones. This is quite realistic
in practice. However, it is not so realistic to assume that these smallest co-
morphisms are stable under composition. For example, the composition of the
smallest embedding of FOL™ into CASL with the smallest embedding of CASL



into second-order logic will give not given the smallest embedding of FOL™ into
second-order logic, but rather a more complex one.

Assumption 3 basically means that the congruence does not identify signa-
ture morphisms within one institution, i.e. that each signature category Sign®
is faithfully embedded into Sign# /=. This assumption is a reasonable and de-
sirable property in practice. We record this explicity:

Proposition 31. emb’: Sign’ — Sign#/ = is an embedding preserving colim-
its under the assumptions of Theorem 30. g

Let us now come to exactness. We extend the notion of semi-exactness to
comorphisms and to the indexed case. An institution comorphism (P, «, 3) is
called (weakly) exact, if the naturality squares for 8 are (weak) pullbacks. An
2-indexed coinstitution Z: Ind* — Colns is called (weakly) locally semi-exact, if
each institution I* is (weakly) semi-exact (i € [Ind|). Assuming that equivalence
classes of 2-cells have canonical weakly terminal objects, Z is called (weakly)
semi-exact if for each pullback in Ind/=

i<
[dZ]T [euT
2=k
the square
dy
Mod' (%) - Mod’! (¢% (X))

dQT elT
P x
B

Mod?(#(2)) < Mod" (1 (#1(5))) = Mod" (@ (&% ()))

is a (weak) pullback for each signature ¥ in Sign’, where canonical weakly
terminal representatives are used.®

Theorem 32. Assume that the 2-indexed coinstitution Z: Ind* — Colns ful-
fills the assumptions of Theorem 30. Then the quotient Grothendieck institution
I# /= is (weakly) semi-exact if and only if

1. T is (weakly) locally semi-exact,

2. 7T is (weakly) semi-exact, and

3. for all canonical weakly terminal d:i — j € Ind, in Z¢ is (weakly) exact.
O

® It might be useful to weaken these notions in the way such that model morphisms
are ignored.



Theorems 26, 30 and 32 already provide a good theoretical basis for hetero-
geneous specification. However, in some cases, these theorems are not general
enough: Given a diagram J — Ind, its limit must be the index of some insti-
tution that can serve to encode (via comorphisms) all the institutions indexed
by the diagram. While the existence of such an institution may not be a prob-
lem (e.g. higher-order logic often serves as such a “universal” logic for coding
other logics), the uniqueness condition imposed by the limit property is more
problematic. This means that any two such “universal” institutions must have
isomorphic indices and hence be isomorphic themselves. This might work well
is some circumstances, but may not desirable in others: after all, a number of
non-isomorphic logics, such as classical higher-order logic, the calculus of con-
structions and rewriting logic have been proposed as such a “universal” logic.®

A related problem” is that the assumptions of Theorem 32 are too strong
to be met for all practical examples. E.g. the CASL institution is not weakly
semi-exact, and its encoding into HOL™ [14] is neither exact, nor does it have
a cocontinuous signature translation.

We hence now generalize the previous results by replacing weak exactness
with quasi-exactness, i.e. amalgamable colimits with weakly amalgamable co-
cones, and thereby dropping the uniqueness requirement. Hence, several non-
isomorphic “universal” institutions may coexist peacefully with our approach,
and also non-exact institutions and comorphisms may be included in the indexed
coinstitution serving as basis for heterogeneous specification.

We first extend Def. 25 to indexed coinstitutions:

Definition 33. An indexed coinstitution Z: Ind°? — Colns is called locally
quasi-exact, if each institution Z* is quasi-exact (i € |Ind|). It is called quasi-
ezact, if for each diagram D:J — Ind, there is some cone (I, (d;);e|s) over
D whose image under 7 is weakly amalgamable. Quasi-semi-exactness is the
restriction of these notions to diagrams of shape ¢ <—— o —— o . ad

However, for the index level, even quasi-exactness may be too strong. Con-
sider the diagram

CAsL

N

MobpALCASL CoCAsL

How do we obtain a weakly amalgamable cocone? A simple way is to use
the embedding of MODALCASL into CASL and compose it with the inclusion of
CAsL into CoCASL:

6 This problem can possibly be circumvented by formally adjoining limits to the index
category, which are then interpreted using Grothendieck institutions over subdia-
grams. However, this would add considerable complexity to the construction.

" This problem already has been noted by Diaconescu [5] for his more special version
of Theorem 32; see [13] why we consider it to be more special.



CAsL

N

MobALCASL CoCAsL

T~

CoCAsL

but the resulting square does not even commute.® The reason is that on the way
from CASL to CoCaAsL via MODALCASL, MODALCASL adds an implicit set of
worlds, which is made explicit by the embedding of MODALCASL into CAsL.® To
obtain a commuting square, we would need to have a comorphism from CoCASL
to itself which adds an explicit set of worlds. However, this solution is rather
inelegant, since it means that any (present of future) extension of CASL without
possible world semantics (e.g. for HASCASL), we need a similar comorphism.

We hence prefer to split the square into two lax triangles:

CAsL

|

MODALCASL CoCAsL

T~

CoCAsL

and indeed, the square is weakly amalgamable in the following sense:

Definition 34. Given a 2-indexed coinstitution Z: Ind* — Colns, a square
consisting of two lax triangles of index morphisms

d2 dl
j2 A 2L 5
Xd /
k

8 Of course, we could also embed everything into HOL, which would not cause any
relevant change to the subsequent discussion.

9 See [15] for the reason why the set of worlds cannot be omitted even for models of
signatures without modalities.



is called (weakly) amalgamable, if the following diagram is a (weak) pullback

Mod' (X)) & Mod’! (¢41(5))
8% Tﬁ;
BE Mod* (¢(%)) Mll\)/lodk (@1 (@11 (X)))
TMOd’“(Z}Q) ]
Mod’?($%%(%)) O Mod" (#°%($%2(X)))) < .

where the lower right square is a pullback. That is, each pair consisting of a
@%2(%)- and a ¥ (X)-model with the same Y-reduct is (weakly) amalgamable
to a pair consisting of a ®°2(®92(X)))- and a @°! (¢9! (X))-model having the same
¢4 (X)-reduct.

. d do .. .
T is called laz-quasi-ezact, if each for pair of arrows jl —— j <—— j2 in

Ind, there is some square
i
Jj1 = | <= j2

\k

consisting of a weakly amalgamable square of lax triangles, such that additionally
T* is quasi-semi-exact. a

Note that this property is different from (and indeed, incomparable to) amal-
gamability of the individual lax triangles:

Definition 35. Given a 2-indexed coinstitution Z: Ind* — Colns, a lax trian-
gle of index morphisms
i

>
e

k

is called (weakly) amalgamable, if Z maps it to a (weakly) amalgamable lax
triangle in the sense of Definition 15. a

Theorem 36. For a 2-indexed coinstitution Z: Ind* — Colns, assume that



— 7 is lax-quasi-exact, and
— all institution comorphisms in 7 are weakly exact.

Then I# /= is quasi-semi-exact. O

Call a diagram acyclic (connected) if the graph underlying its index category
is acyclic (connected) when the identity arrows are deleted.

Corollary 37. Let T satisfy the assumptions of Theorem 36. Then Z# /= ad-
mits weak amalgamation of finite acyclic connected diagrams. a

As stated above, the importance of these results lies in the fact that quasi-
(semi-)exactness is a prerequisite for the (soundness and completeness of the)
proof calculus of development graphs [15, 16]. Due to lack of space, we cannot go
into the details here. Instead, we provide a simple application of a typical situa-

tion of a view (or a refinement) involving hiding, illustrating a simple application
of the rule Theorem-Hide-Shift from the calculus of [15, 16].

Proposition 38. In an institution, let a span of theories
(X1,¥) (X2, W¥s)
be given. Then the refinement statement
Mod (o)~ (Mod(c)(|[Mod(Xs, %)])) € [Mod(Xy, #)]
follows from (and, hence can be reduced to) the statement

Mod(X3, 62(¥2)) € Mod(Xs, 61 (¥1))

provided that
X
X X
& 7
23

is a weakly amalgamable square. a



7 From Specifications to Programs

Consider a specification SortSpec of sorting written in CASL (let it have signature
Ys), and a sorting program SortProg written in PLNG (let it have signature
X'p). We can use the institution semi-morphism toCASL: PLNG — CASL from
example 8 to express that SortProg is an implementation of SortSpec. Let (&, 3)
be toCASL decomposed in its signature and model translation component. Then
the property that we need to express is

By, (ModP LN (SortProg)) C ModCASL(SortSpec)

assuming that (X p) = X (if needed, we can ensure this property by massaging
the CASL specification appropriately).

Now the question arises how to prove this property. It would be easy if
toCASL could be extended to an institution morphism; however, there is no
hope to translate CASL formulas into programs. However, we can split the semi-
morphism toCASL = (&, 3) into a span of comorphisms

PLNG LoCASL CASLo @  toCASLT CASL
as follows:
SignPLNG id SignPLNG @ SignCASL
SenPLNG incl 0 incl SenCASL o &

B

ModPNG P MOdCASL o §OP id

Mod¢45L o gor

Here, the “middle” institution CASLo@® is the institution with signature category
inherited from PLNG, no sentences, and models inherited from CASL via ®.
Our refinement statement can now be reformulated in terms of comorphisms:

(ﬁg’fAS“ )71 (ﬁg’fASL’ (ModPLNG(SOTthg))) - ModCASL (SortSpec)

We can regard this in a suitable Grothendieck institution; then it has ex-
actly the form of the statement in Prop. 38. We hence can reformulate the
statement, provided that we have quasi-semi-exactness. By Theorem 36, we
need lax-quasi-exactness of the indexed coinstitution. The essential ingredi-
ent to find a square of two weakly amalgamable lax triangles for the span

- +
PLNG <C450 Casp o — 29450 gL . But this can e.g. be given

by coding of both CASL and PLNG into a common logic such as higher order
logic (indexing institutions and comorphisms by themselves):

HOL
PLNGW WZHOL
id 0
PLNG — <— (CAsL

toCk %L*

CASLo &



By Theorem 36, this lead to a weakly amalgamable square in the Grothendieck
institution:

(CasLo @, %)

(toCASL™ id) (toCASL™ id)

(PLNG, Xp) (CasL, Xg)

(PLNG2HOL.; W 0s5)

(HOL, PLNG2HOL(Xp))

By Prop. 38, our refinement statement can now be reformulated as follows:

Mod“OL(PLNG2HOL(SortProg)) € Mod”9L (9(CASL2HOL(SortSpec)))
which is amount to proving, in HOL,
PLNG2HOL(SortProg) b §(CASL2HOL(SortSpec)).

An implementation of this machinery for the case PLNG=Haskell is under
way, to become part of the Heterogeneous Tool Set HETS [15,17].
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A Proofs of the Theorems

Proof of Prop. 16. Given comorphisms (®;,p;): I — J (i = 1,2,3) and a span
of modifications

(@1, p1)

(P2, p2) (@3, p3)



construct the signature component ¢(X) of the resulting comorphism as the
pushout

Py (X))

s N
Py(X) P3(X)
(92)2  N 2 ,'(91)2
()

By the universal property of the pushout, this extends to a functor @: Sign’! —
SignJ such that 6;: ®3— @ and 6y: P53 — @ become natural transformations.

2

JO@Q%JO¢1H—JO¢3

S

We can then define room component of the pushout comorphism p: I — Jo® to
be J 050 py = J -0 0 ps, and the cocone consisting of 81: (Ps3, p3) = (P, p) and
O2: (Do, p2) = (P, p) is easily seen to satisfy the universal property of a pushout.

The proof for coproducts, coequalizers or arbitrary non-empty colimits of
connected diagrams is very similar. O

Proof of Prop. 17: The initial institution morphism (@, u): I — J is defined
by letting ®(X) be the initial signature, and py consist of the empty map of
sentences and the unique functor into the terminal model category. a

Proof of Prop. 20: By the definition of comorphism modification, (Z7 - Z%) o
p? = p%. But this just means that equivalent signature morphisms induce the

same corridors. O

Proof of Prop. 22: It is easy to see that the above relation is contain in
the relation generated by (1): just apply (1) twice. It remains to show that the
above relation is a congruence. Reflexivity and symmetry are clear. Concerning
transitivity, assume that

(di,010T%!) = (d3, 01 0Z5?) = (d3, 02 0 Z5?) = (ds5, 02 0 I3 ),



the first relation being witnessed by uy : do = d1,us : do = d3, and the second
by by usz : dg = d3,uy : dy = ds. Take the pullback in Ind(j,4) of the two spans

d 1 d3 d5
d2 d4

d
By the construction of pushouts of 2-cells in Colns (see Prop.16), the middle
square in

P () @i () @is ()
IZI IZZ Z;s Z;“
% (3) % (X))
7% 7y
(%)
v
El

is a pushout, and the mediating morphism o leads to the desired form
(di,010Z8) = (d1,0 0 TH*") = (d5,0 0 Tg*") = (d5, 02 0 TH).
Concerning composition, assume that
(di,00T%') = (da,0 0 I§?)
via uy :d = dy,us : d = dsy, and
(e1,70I%) = (ea,T0TI33)

via vy : e = e1,V3 : € = eg. Then for k=1, 2,

(er,00I5¥) o (dy, 7o Iy)

= (di, o ey, a o I“’“ o @k (1) o Pk (I3%)) (def. Grothendieck composition)
= (dpoeg,00 @ek( ) o @k (Iyk) o Tk, (2/)> (naturality of Z%#)

= (di, o eg, 0 0 P (1) 0 Lyk™*) (functoriality of T)



which shows that we arrive at the desired form. O
Proof of Thm. 26: Apply Theorem 1 of [22] with C; = Sign’ and C,,, = &™.

Note that Sign™ is then Flat(CP)°P, O
Proof of Lemma 28: Easy induction over the definition of (dy,01) = (da2, 02).

O

Proof of Prop. 29: Analogous to the proof of Prop. 22. ]

Proof of Thm. 30: The proof idea follows that of Theorem 1 in [22], the
necessary modifications being caused by the congruences. By assumption 2, we
can always choose representatives d € Ind of congruences classes [d] € Ind/ =
in such a way that d is a canonical weakly terminal object. Similarly, we can
always choose representatives (d, o) of congruence classes [(d,o)] in Sign® /=
in such a way that d is the canonical weakly terminal object in its connected
component: given an arbitrary (d,o: #¢(X) — X’) in Sign”, let w:d=>1¢ be a
2-cell into the canonical weakly terminal object. Then (¢,0 o Z%) is equivalent
to (d, o).

Given a diagram D: K — Sign#/ =, we introduce the notation (ix, X)) for
D(k) (k € |K|) and [(dm,om)]: (ik, Zk) — (igr, X)) for D(m) (m:k — k' €
K). Let D: K — Ind/ = be the projection of D to the first component; by
Lemma 28 this is a well-defined diagram in Ind/=. By assumption 1, D has a
limit ([mk] 7 Hik)kelKl'

Let the diagram G: K — Sign® be defined by

G(k) = @™+ (Xy) (k € |K])
G(m) = 9" (o) (m:k'—k € K)

Note that my, is chosen to be canonical weakly terminal in [my]. By assumption 5,
G has a colimit (ox:G(k) — X)pe k|- We show that ([(my,or)]: (ix, ) —
(i, X)) ke k| is a colimit of D.

Since equality implies congruence, ([(m,0%)])re|k| is a cocone of D. Let
([(ng, O%)]: (ik, Tk) — (i, X)) re x| be another cocone. By Lemma 28, ([ng]: 4" —
ix)ke| k| is @ cocone for D. Hence there is a unique [d]: 3" — i with [mg] o [d] =
[nk]. Since we choose representatives canonically in a way closed under compo-
sition, my o d = ny.

By assumption 4, (®%(0}))ke| x| is a colimit of & o G. Note that the source
of (o) is UG (k)) = &4(P™* (X)) = &™*(X%). By the cocone property of
([(nk,ek)])keuq, (nk,ek) = (dm o Ny, O o @"k’(am)) for m:k— k' € K. By
the assumption of weakly terminal canonical representatives, ny = d,, o ng. By
assumption 3, Oy = O 0™+’ (0, ). This shows that (O: ™ (L) — L) e k| is a
cocone for %o G. Hence, there is a unique 7: #¢(X) — X’ with 70 ®%(0y,) = 0.
Then [(d,7)]: (i, X) — (', X’) is a unique morphism in Sign™/ = such that
[(d,7)] © (i, 73)] = [, 6] 0

Proof of Prop. 31: Clearly, emb? is injective on objects. Faithfulness follows
from assumption 3. Preservation of colimits can be seen by inspecting the con-
struction of the proof of Theorem 30: if the indices are all ¢, then the colimit is
just that in Sign’. O



Proof of Thm. 32: “Only if”, 1: Following Prop. 2 in [5], it is easy to see that
for each i € |Ind|, the model functor Mod"® is the restriction Mod® (4, _) of the
model functor of the Grothendieck institution to the subcategory Sign’ of the
Grothendieck signature category Sign? /=.

(Sign‘)P e (Sign™ /=)ep

Mod*
Mod#

CAT

By Prop. 31, the canonical injection emb’: Sign’ — Sign# preserves colimits,
hence Mod’ takes pushouts to (weak) pullbacks because Mod™ does so.
“Only if”, 2: Given a pullback in Ind/=

)
[dz]T
72

choose dy,dz, e1, ez canonically. By the construction of colimits in Theorem 30,
for any signature X' in Sign®,

[el]T
62]

[d1] il
[
~—k

[(dy,id)]

(i, X) (41,04 (2))

l[(dwd)] l[(elyid)]

(j2, % (£)) —— L (b, ger (@ (5))) = (k, D% (8% ()

is a pushout in Sign# / = and is therefore mapped to a (weak) pullback by the
model functor. This gives exactly the desired property.

“Only if”, 3: Let d: j — ¢ by canonical and o: ¥; — Y5 a signature mor-
phism in Sign’. By the construction of colimits in Theorem 30,

[(id,0)]

(i, 1) (i, 25)

l[(d,id)] l[(dyid)]

. (420D
(7, 24(2)) ———= (4, 2%(22))

is a pushout in Sign® /= and is therefore mapped to a (weak) pullback by the
model functor. Again, this gives exactly the desired property.



“If”: Consider an arbitrary pushout in Sign? /=
) [(d1,01)] )

(i, ¥o) ———— (j1, &)

l[(dzvﬁz)]

(2, 22)

l[(elﬁl)]

ez,
[(e2,62)] (k, X")

and assume that representatives are chosen canonically. By the construction of
colimits in Theorem 30, the above pushout can be expressed as the following
composition of four pushout squares:

[(d1,id)] [(id;01)]

(4, %) (j1, P4 (X)) (J1, X1)
l[(dwd)] l[(el yid)] l [(e1,id)]
(s (50)) 27 (e, 001 (@ (5)) = (b, @2 (0% (55)) ) Uk, 92 (51)
l[(idﬁz)] l[(id@e%z)] l[(idﬁl)]

(ja» £2) LD (ke () (k, 5)

Now the model functor of the quotient Grothendieck institution maps the upper
left pushout to a (weak) pullback because the 2-indexed coinstitution is (weakly)
semi-exact, maps the lower right pushout to a (weak) pullback because the 2-
indexed coinstitution is (weakly) locally semi-exact, and maps the remaining
two squares to (weak) pullbacks because the comorphisms for canonical index
morphisms are (weakly) exact. Since (weak) pullback squares compose, the result
follows. a

Proof of Thm. 36:

d1,01 . d2,02 . . .
Let a diagram (ji,21) (o) (i, X) (d2:02) (j2, ¥o) in Sign®
be given. Let
d2 d1
72 22 | M g1



be a weakly amalgamable square of two lax triangles with Z* quasi-semi-
exact. By the latter property, there are 61, 65 such that

ul
ZZ @5101

(L) ——— 0N (S (X)) —— 1 (X1)

\L I%AZ

4562 (de2(2)) 0,
%0y
02 v
() >3

is a weakly amalgamable square, which leads to weak amalgamability of the
lower right square in

(i, %) — (1,89 () T (1, 3)
\ Jcaao i@,id)
(@2 (, 54(52)) — ) 1, e (@ (25 001 ()
l(idl%z)
(72,02 (5)) ~ 2Dk, @e2(2(3))) (id.00
(id,o2) \L(id,éﬁ(ag))
(12, Z2) — 2 (e, 0°2(53)) ) - (k3

The upper right and lower left squares are weakly amalgamable by weak
exactness of 7 and Z°2. The pair of the remaining two squares is jointly weakly
amalgamable since it is induced by a weakly amalgamable square of two lax
triangles (and note that squares in Sign# /= induced by lax triangles in Ind
commute by definition of =). Since weakly amalgamable squares can be pasted
together, we get a weakly amalgamable cocone for the original diagram. ad

Proof of Corollary 37: In the sequel, we will use terms like “connected”,
“maximal”, “lower bound” for small categories, when we really mean the pre-
order obtained from the category by collapsing the hom-sets into singletons. A
maximal element in a pre-order is an element which is equivalent to any element
above it.

Let D:J — Sign™ be a connected diagram and let Maz be the set of
maximal nodes in J. We successively construct new diagrams out of J. Take two
nodes in Maz that have a common lower bound (if two such nodes do not exist,
the diagram is not connected). By Theorem 36, there is a weak amalgamating
cocone for the sub-diagram consisting of the two maximal nodes and the lower
bound (together with the arrows from the lower bound into the maximal nodes).



Extend the diagram with the cocone. The diagram thus obtained now has a set
of maximal nodes whose size is decreased by one. By iterating this construction,
we get a diagram with one maximal node. The maximal node then is just the
tip of a weakly amalgamating cocone for the original diagram. ad

Proof of Prop. 38:

A model M; € [Mod(o1)~}(Mod(o2(Mod(X5,%,))))| is nothing but a pair
(M7, M) of models My € [Mod(X})|, M2 € [Mod (X2, ¥s)| with common reduct
to X. This pair can be amalgamated to a model M3 € |[Mod(X3)|. Since M3p, =
M, by the satisfaction condition, M3 =5, 62(¥2). By the assumption, also
Mg ':23 91(?1) But this means M1 = ]\43|91 ':21 Wl. O



