
Foundations of Heterogeneous Specification

Till Mossakowski

BISS, Dept. of Computer Science, University of Bremen

Abstract. We provide a semantic basis for heterogeneous specifications
that not only involve different logics, but also different kinds of transla-
tions between these. We show that Grothendieck institutions based on
spans of (co)morphisms can serve as a unifying framework providing a
simple but powerful semantics for heterogeneous specification.

1 Introduction

For the specification of large software systems, heterogeneous multi-logic speci-
fications are needed, since complex problems have different aspects that are best
specified in different logics. A combination of all the used logics would become
too complex in many cases. Moreover, using heterogeneous specifications, differ-
ent approaches being developed at different sites can be related, i.e. there is a
formal interoperability among languages and tools. In many cases, specialized
languages and tools have their strengths in particular aspects. Using hetero-
geneous specification, these strengths can be combined with comparably small
effort.

The most prominent approach to heterogeneous specification is CafeOBJ
with its cube of eight logics and twelve projections (formalized as institution
morphisms) among them [13], and having a semantics based on Diaconescu’s
notion of Grothendieck institution [12]. However, this approach has a limita-
tion: only one type of translation between institution is used, namely institution
morphisms. Tarlecki [47] is more general, he introduces a whole bunch of hetero-
geneous constructs for different kinds of translations. However, only one kind of
translation can be used at a time. The goal of the present work is to overcome
these limitations while simultaneously staying as simple as possible.

2 Institutions and Their (Co)Morphisms

Following [21], we formalize logics as institutions.

Definition 1. An institution I = (SignI ,SenI ,ModI , |=I) consists of

– a category SignI of signatures,
– a functor SenI :SignI −→Set giving, for each signature Σ, the set of sen-

tences SenI(Σ), and for each signature morphism σ:Σ−→Σ′, the sentence
translation map SenI(σ):SenI(Σ)−→SenI(Σ′), where often SenI(σ)(ϕ) is
written as σ(ϕ),



– a functor ModI : (SignI)op −→CAT 1giving, for each signature Σ, the cat-
egory of models ModI(Σ), and for each signature morphism σ:Σ−→Σ′, the
reduct functor ModI(σ):ModI(Σ′)−→ModI(Σ), where often ModI(σ)(M ′)
is written as M ′|σ (the σ-reduct of M ′),

– a satisfaction relation |=I
Σ ⊆ |ModI(Σ)| × SenI(Σ) for each Σ ∈ SignI ,

such that for each σ:Σ−→Σ′ in SignI the following satisfaction condition holds:

M ′ |=I
Σ′ σ(ϕ) ⇔ M ′|σ |=I

Σ ϕ

for each M ′ ∈ ModI(Σ′) and ϕ ∈ SenI(Σ). ut

The notion of institutions gains much of its importance by the fact that
several languages for modularizing specifications have been developed in a com-
pletely institution independent way [42, 16, 14, 22, 15, 34], one of which also has
been extended to the heterogeneous case [47]. Most of their constructs can be
translated into the formalism of development graphs introduced below, which
hence can be seen as a core formalism for structured and heterogeneous theorem
proving. For the language Casl, such a translation has been laid out explicitly
in [4].

Definition 2. Given an arbitrary but fixed institution I, a development graph
over I is an acyclic directed graph S = 〈N ,L〉.

N is a set of nodes. Each node N ∈ N is a tuple (ΣN , ΓN ) such that
ΣN ∈ SignI is a signature and ΓN ⊆ SenI(ΣN ) is the set of local axioms of N .

L is a set of directed links, so-called definition links, between elements of N .
Each definition link from a node M to a node N is either

– global (denoted M
σ // N ), annotated with a signature morphism σ :

ΣM → ΣN ∈ SignI , or
– hiding (denoted M

σ

h
// N ), annotated with a signature morphism σ :

ΣN → ΣM ∈ SignI going against the direction of the link. Typically, σ will
be an inclusion, and the symbols of ΣM not in ΣN will be hidden.

What is the meaning of such development graphs? Development graphs with-
out hiding have a theory-level semantics, see [4]. For development graphs with
hiding, a model-level semantics seems to be more appropriate:

Definition 3. Given a node N ∈ N , its associated class ModS(N)2 of models
(or N -models for short) consists of those ΣN -models n for which

– n satisfies the local axioms ΓN ,
– for each K

σ // N ∈ S, n|σ is a K-model, and

– for each K
σ

h
// N ∈ S, n has a σ-expansion k (i.e. k|σ = n) which is a

K-model.
1 CAT be the (quasi-)category of categories and functors.
2 ModS is not to be confused with the model functor Mod of the institution.



Complementary to definition and hiding links, which define the theories of
related nodes, we introduce the notion of a theorem link with the help of which we
are able to postulate relations between different theories. Global theorem links3

(denoted by N
σ //___ M , where σ:ΣN −→ΣM ) are the central data structure

to represent proof obligations arising in formal developments.

Definition 4. Let S be a development graph. S implies a global theorem link

N
σ //___ M (denoted S |= N

σ //___ M ), iff for all m ∈ ModS(M), m|σ ∈
ModS(N).

We now come to the task of relating different institutions. Institution mor-
phisms [21] relate two given institutions. A typical situation is that an institution
morphism expresses the fact that a “larger” institution is built upon a “smaller”
institution by projecting the “larger” institution onto the “smaller” one.

Given institutions I and J , an institution morphism [21] µ = (Φ,α, β): I−→J
consists of

– a functor Φ:SignI −→SignJ ,
– a natural transformation α:SenJ ◦ Φ−→SenI and
– a natural transformation β:ModI −→ModJ ◦ Φop,

such that the following satisfaction condition is satisfied for all Σ ∈ SignI ,
M ∈ ModI(Σ) and ϕ′ ∈ SenJ(Φ(Σ)):

M |=I
Σ αΣ(ϕ′) ⇔ βΣ(M) |=J

Φ(Σ) ϕ′

The notion of institution morphism can be varied in several ways by changing
the directions of the arrows or even, in the case of semi-morphisms, omitting the
arrows [20, 46]:

morphism comorphism
Sign // // Sign′

Sen oo // Sen′ ◦ Φ
Mod // oo Mod′ ◦ Φ

forward morphism forward comorphism
Sign // // Sign′

Sen // oo Sen′ ◦ Φ
Mod // oo Mod′ ◦ Φ

semi morphism semi comorphism
Sign // // Sign′

Sen Sen′ ◦ Φ
Mod // oo Mod′ ◦ Φ

The respective satisfaction conditions are quite obvious (note that for semi-
(co)morphisms, none is required).

3 There are also local and hiding theorem links, which are omitted here for simplicity.



Finally, each type of morphism also comes in a simple theoroidal variant [20],
meaning that signatures may be mapped to theories. Following [26], the category
Th of theories has as objects theories, i.e. signatures plus sets of axioms. A theory
morphism is a signature morphism mapping axioms to logical consequences. Let
Sig :Th−→ Sign be the functor forgetting axioms, and ι:Sign−→Th denote
the obvious inclusion, which is a right inverse to Sig .

Again following [26], a theoroidal comorphism µ = (Φ,α, β): I −→ J is said
to be a subinstitution comorphism (and I is said to be a subinstitution of J) if
Φ is an embedding of categories, α is a pointwise injection, and β is a natural
isomorphism.

In the literature, a whole bunch of different types of translations has been
used. The following table partitions them by some informal classification scheme
(a “th” stands for the simple theoroidal case, “semi” denotes semi-morphisms,
and an “x” stand for folklore knowledge or trivialities):

(semi)
morphism

(theoroidal)
comorphism

(theoroidal)
forward
morphism

forward
comor-
phism

Inclusion [41] [2, 26] x x

Coding ([41, 1])4
th [3, 8, 9, 24]
[25–28, 31, 33, 45]

th [5, 48],
([39, 40, 44])5

Projection [2, 41, 13]
Feature interaction [30] th
Implementation semi [43, 46, 41] x [48]

3 Heterogeneous Specification

One typical scenario (cf. e.g. [19, 18]) of heterogeneity arises in the specification
of reactive systems: some equational or first-order logic is used to specify the
data (here, lists over arbitrary elements), some process algebra (here, CSP) is
used to describe the system (here, a buffer implemented as a list), and some
temporal logic is used to state fairness or eventuality properties that go beyond
the expressiveness of the process algebra (here, we express the fairness property
that the buffer cannot read infinitely often without writing). A corresponding
heterogeneous specification (using the structuring constructs of Casl) is given
in Fig. 1, the corresponding development graph in Fig. 2. Here, (List, Ax) is a
specification of lists, Buf is the buffer process, List′ is the signature resulting
from the translation to CFOL=-Ltl, and Fair is the fairness axiom.

Actually, one should add that the process Buf does not meet the fairness
constraint, since it can read infinitely often without ever writing. However, a
4 It is not entirely clear whether these should be really called encodings, since —

unlike the other codings in this row— it is not clear that they are suitable for re-use
of theorem provers.

5 Salibra and Scollo introduce a relaxed kind of forward morphism mapping models
to sets of models.



logic CSP-CFOL=

spec Buffer =
data List
channels read ,write : Elem
process let Buf (l : List [Elem]) =

read?x → Buf (cons(x ,nil))
� if l = nil then STOP

else write!last(l) → Buf (rest(l))
in Buf (nil)

with logic → CFOL=-LTL
then %implies

∀x : ds . in any case(x , always eventually label cond(y . fst(y) = write))
%% Roughly corresponds to AGF fst(label) = write in CTL*

end

Fig. 1. A sample heterogeneous specification.

simplistic buffer such as

Copy = read?x → write!x → Copy

satisfies the fairness constraint, and so does a buffer using bounded lists.

(List, Ax) ∈ CFOL= pr // (List, {Buf}) ∈ Csp-CFOL=

toLTL

���
�
�

(List′, {Fair}) ∈ CFOL=-Ltl

Fig. 2. An informal sample heterogeneous development graph

We now briefly introduce several institutions involved:

FOL= is many-sorted first-order logic with equality. Signatures consist of a set
of sorts, a set of function symbols and a set of predicate symbols (each
symbol coming with a string of argument sorts and, for function symbols,
a result sort). Signature morphisms map the three components in a com-
patible way. Models are first order structures, and sentences are the usual
first-order sentences built from equations, predicate applications and logical
connectives and quantifiers ∀, ∃. Sentence translations and model reducts are
quite straightforward. Satisfaction is defined inductively in the usual way. A
detailed description of this institution can be found in [21].

CFOL= adds new sentences, namely sort generation generation constraints, to
FOL=. These express that a particular set of sorts is generated by terms
built from a particular set of operations (and possibly variables valued with



values from other sorts). This allows specifying inductive datatypes like lists.
Details can be found in the semantics of Casl [11, 31]. Actually, CFOL= is
a subinstitution of Casl. Casl additionally admits the use of subsorts and
partiality, but we omit these here for simplicity.

Csp-CFOL= (actually a subinstitution of Csp-Casl [36, 37]) combines CFOL=

with the process algebra CSP . Signatures and signature morphisms are those
from CFOL=, but restricted to signature morphisms that are injective on
sorts.
There are several notions of model for Csp-CFOL=. We here choose the
most informative one, based on labeled transition systems (LTS) [38]. Thus,
models are CFOL=-models, possibly equipped with an LTS being labeled
in the disjoint union of all carriers. On the CFOL=-part, reducts are as in
CFOL=. If a model is not equipped with an LTS, neither is its reduct. If a
model is equipped with an LTS, and the LTS is labeled only with labels from
carriers of the CFOL=-reduct, it is quite straightforward to construe the
LTS as an LTS for the CFOL=-reduct (injectivity of signature morphisms
on sorts ensures that carrier sets are not doubled). Otherwise, the LTS is
deleted.
Sentences are either CFOL= sentences, or CSP process terms [23, 38] in-
volving CFOL=-terms in place of alphabet letters. Sentence translation is
straightforward.
Satisfaction for CFOL= sentences is as in CFOL=. A CSP process term
P is evaluated using the CFOL=-part a model M , leading to an LTS L
with labels in the disjoint union of all carriers. Now M satisfies P iff M is
equipped with L. Details can be found in [36, 37].

CFOL=-Ltl (actually a subinstitution of Casl-Ltl [35]) combines CFOL=

with the computation tree logic CTL* [17]6.
Signatures are CFOL=-signatures with
– a distinguished set DS of dynamic sorts,
– an injective assignment of label sorts Label ds (outside DS) to dynamic

sorts ds, such that
– there exists a transition predicate −→ : ds×Label ds× ds for each

dynamic sort ds.
Signature morphisms are CFOL=-signature morphisms preserving the ex-
tra structure on the nose (the latter is also called the dynamic part of the
signature).
Models and model reducts are inherited from CFOL=. The presence of the
transition predicates means that each dynamic sort is interpreted as an LTS.
Sentences are either first-order sentences, or CTL* formulae anchored by the
elements of dynamic sorts. Satisfaction is that of CTL*. Details can be found
in [35].

We will use the notation SignCFOL=
etc. to denote the individual compo-

nents of these institutions.
6 Actually, the “LTL” in Casl-Ltl is a bit misleading. It does not stand for linear

temporal logic, as one might expect, but for labeled transition logic.



Among these institutions, we now introduce some morphisms and comor-
phisms (cf. Fig. 3):

Csp-CFOL=

morphism: pr

sshhhhhhhhhhhhhhhhhhh

comorphism: toLTL

��

CFOL=

morphism: embed ++VVVVVVVVVVVVVVVVVVV

CFOL=-Ltl

Fig. 3. A (non-commutative) diagram of institutions an (co)morphisms.

– A morphism pr:Csp-CFOL= −→ CFOL=. At the signature and sentence
level, it is the obvious inclusion. For models, just the LTS (if present) is
forgotten.

– A theoroidal semi-comorphism toLTL:Csp-CFOL= −→ CFOL=-Ltl. A
signature is extended by a dynamic sort ds, a label sort Label ds and a
transition predicate, and injection operations inj: s−→Labelds for each sort
s. These are axiomatized to be injective and to jointly generate Label ds.
Signature morphisms are just extended to map the extra structure on the
nose in the obvious way. (Actually, the translation of signature morphisms
is only defined for identity signature morphisms; hence we have a partial
semi-comorphism only. We will not formalize this here, since Section 6 offers
a simple solution.)
A CFOL=-Ltl-model is translated to a Csp-CFOL=-model by forgetting
the interpretation of the dynamic part to get a CFOL=-model, and equip-
ping it with the LTS determined by the interpretation of the transition re-
lation.

– A comorphism embed:CFOL= −→ CFOL=-Ltl. This is just the obvious
subinstitution comorphism.

This shows that practical examples may involve several types of translation
between institutions. One might argue that one could try to modify the above
introduced institutions in such a way that only one type of translation would be
needed. However, the institutions are taken from the literature7, and it would
require research effort (and in some cases tool development) in order to change
them.
7 In the case of Csp-CFOL=, the present author has worked on the formalization as

an institution [37], but not on the design [36]. There seems to be no alternative for-
mulation of Csp-CFOL= as an institution simplifying the above picture. Moreover,
the problems to be solved when formalizing the quite popular language LOTOS [7]
as an institution should be similar to those of Csp-CFOL=.



4 The Bi-Grothendieck Institution

How can we give a precise meaning to the development graph involving several
kinds of translations between institutions in Fig. 2?

Tarlecki’s [47] approach to heterogeneous specification is to introduce a new
heterogeneous language construct for each of the various kinds of translations
between institutions. This would correspond to adding new types of definition,
hiding and theorem links for each of the translation kinds. However, it is unclear
how several kinds of translations will interact, e.g. with respect to amalgamation
and interpolation properties, which are important for structured proof systems
[6, 32].

Even if one does not use heterogeneous specifications simultaneously involv-
ing different kinds of translations, a unifying framework is highly desirable in
order not to have to switch to a different tool when considering a heterogeneous
specification with a different type of translation.

A good way to deal with these problems is to flatten the graph of institutions
and translations, as it is done with Diaconescu’s Grothendieck institution [12].
We here recall the Grothendieck institution for the comorphism-based case [29]:

Definition 5. An indexed coinstitution is a functor I: Indop−→CoIns into the
category CoIns of institutions and institution comorphisms8. A discrete indexed
coinstitution is one with Ind discrete. ut

The basic idea of the Grothendieck institution is that all signatures of all
institutions are put side by side, and a signature morphism in this large realm
of signatures consists of an intra-institution signature morphism plus an inter-
institution translation (along some institution comorphism). The other compo-
nents are then defined in a straightforward way.

Definition 6. Given an indexed coinstitution I: Indop −→ CoIns, define the
Grothendieck institution I# as follows:

– signatures in I# are pairs (Σ, i), where i ∈ |Ind| and Σ a signature in the
institution I(i),

– signature morphisms (σ, e): (Σ1, i)−→(Σ2, j) consist of a morphism e: j−→
i ∈ Ind and a signature morphism σ:ΦI(e)(Σ1)−→Σ2 (here, I(e): I(i)−→
I(j) is the institution comorphism corresponding to the arrow e: j −→ i in
the indexed coinstitution, and ΦI(e) is its signature translation component),

– the (Σ, i)-sentences are the Σ-sentences in I(i), and sentence translation
along (σ, e) is the composition of sentence translation along σ with sentence
translation along I(e),

– the (Σ, i)-models are the Σ-models in I(i), and model reduction along (σ, e)
is the composition of model translation along I(e) with model reduction
along σ, and

8 Indeed, the name is justified by the fact that the category of institutions and insti-
tution comorphisms is isomorphic to the category of coinstitutions and coinstitution
morphisms. A coinstitution is an institution with model translations covariant to
signature morphisms, while sentence translations are contravariant.



– satisfaction w.r.t. (Σ, i) is satisfaction w.r.t. Σ in I(i). ut

A Grothendieck institution for an indexed institution I: Indop−→Ins can be
defined similarly [12], it will also be denoted by I#. By contrast, the Grothendieck
construction does not obviously generalize to diagrams consisting of forward or
semi (co)morphisms, because of the lacking (contravariance between model and)
sentence translation. Let us therefore for a moment concentrate on morphisms
and comorphisms only.

We consider heterogeneous specification over a set of institutions, a set of
morphisms and a set of comorphisms. This is formalized as an indexed institu-
tion Im (collecting the morphisms) together with an indexed coinstitution Ic

(collecting the comorphisms), both with the same underlying set of institutions,
regarded as a discrete indexed institution I0.

Definition 7. Let (Im, Ic, I0), with Im an indexed institution, Ic an indexed
coinstitution and I0 a discrete indexed institution be given, such that |Indm| =
|Indc| = |Ind0|, and Im, Ic and I0 agree on these.

Then we form the Grothendieck institutions I#
0 , I#

m and I#
c . Since I#

0 ob-
viously is included in I#

m and I#
c via a (co)morphism, we can take the pushout

I#
0

//

��

I#
m

��
I#

c
// J

in the category of institutions and institution morphisms (or comorphisms, this
would make no difference here). The pushout in either category exists by results
of [20]. By abuse of notation, we will denote the pushout J by (Im, Ic)#. It will
be called the Bi-Grothendieck institution.

The heterogeneous development graph in Fig. 2 can now formally be under-
stood as a development graph over the Bi-Grothendieck institution.

5 Inducibility

The Bi-Grothendieck institution is quite complex, and it is not immediately clear
how to obtain e.g. proof support for it. It is therefore tempting to try to reduce
the complexity of this construction by mapping morphisms to comorphisms or
vice versa. This can be done by weakening the adjunction between morphisms
and comorphisms introduced in [2]:

Definition 8. Given an institution comorphism ρ = (Φ,α, β): I−→J , a functor
Ψ :SignJ −→SignI and a natural transformation ε:Φ ◦ Ψ −→ Id, we say that ρ
ε-induces the institution morphism µ = (Ψ, ᾱ, β̄): J−→I given by

ᾱ = (SenJ · ε) ◦ (α · Ψ)
β̄ = (β · Ψop) ◦ (ModJ · εop)



A morphism that is ε-induced by some comorphism is called inducible.
Dually, given an institution morphism µ = (Ψ, ᾱ, β̄): J −→ I, a functor

Φ:SignI −→SignJ and a natural transformation η: Id−→Ψ ◦ Φ, we say that µ
η-induces the institution comorphism ρ = (Φ,α, β): I−→J given by

α = (ᾱ · Φ) ◦ (SenI · η)
β = (ModI · ηop) ◦ (ᾱ · Φ)

A comorphism that is η-induced by some morphism is called inducible. Moreover,
it is straightforward to extend inducibility to the simple theoroidal case. Here,

SignI Φ // SignJ has to be replaced with Sign Φ // ThJ
Sig // SignJ ,

leading to the equations

α = (ᾱ · Sig · Φ) ◦ (SenI · η)
β = (ModI · ηop) ◦ (β̄ · Sig · Φ)

Furthermore, inducibility also extend to semi-(co)morphisms. ut

With this, we can easily obtain the desired reduction:

Theorem 9. Let (Im, Ic, I0) as in Definition 7 be given.
If each morphism in Im is ε-induced by some comorphism in Ic, then there

is a retraction of (Im, Ic)# onto I#
c .

Dually, if each comorphism in Ic is η-induced by some morphism in Im, then
there is a retraction of (Im, Ic)# onto I#

m.

Proof. Consider the pushout construction in Definition 7. Clearly, I#
m, I#

c and
I#

0 all have the same object class. Moreover, since I0 is discrete, the signature
morphisms in I#

0 are basically those of the individual institutions. With this, it
is easy to see that the signature morphisms in (Im, Ic)# are paths of morphisms
coming from I#

m and I#
c in an alternating way.

The retraction of (Im, Ic)# onto I#
c (having the obvious inclusion as right

inverse) is therefore given by the identity for the objects, while for a path of
alternating morphisms, each morphism

( Σ1
σ // Ψd(Σ2) , i

d // j ): (Σ1, i)−→(Σ2, j)

from I#
m is replaced with

( Φe(Σ1)
Φe(σ) // Φe(Ψd(Σ2))

εΣ2 // Σ2 , j
e // i ),

where e is the index of the comorphism inducing Im(d), and ε the corresponding
natural transformation. Since all the resulting morphisms live in I#

c , they can
be composed to a single morphism.

The other statement follows by a dual argument.
ut



However, unfortunately there are practically relevant situations where this is
not applicable.

Proposition 10. Neither the morphism pr:Csp-CFOL=−→CFOL= nor the
theoroidal semi-comorphism toLTL:Csp-CFOL=−→CFOL=-Ltl is inducible.

Proof. Assume that pr = (Ψ, ᾱ, β̄):Csp-CFOL= −→ CFOL= is ε-induced by
a comorphism ρ = (Φ,α, β):CFOL= −→ Csp-CFOL=. Let Σ1 consist of a
sort s and Σ2 of sorts t and u (both seen as Csp-CFOL=-signatures). Let
σ:Ψ(Σ2)−→Ψ(Σ1) map both t and u to s (recall that Ψ is just an inclusion).
Now β̄Σ2 just forgets the optional LTS component, and hence is surjective. Since
β̄Σ2 = βΨ(Σ2) ◦ εΣ2 , βΨ(Σ2) is surjective as well. Since all signature morphisms
in Csp-CFOL= are injective (and carriers are assumed to be non-empty), the
corresponding reduct functors are easily seen to be surjective. Hence, the lower
right path in the naturality diagram for β

ModCsp-CFOL=
(Φ(Ψ(Σ1)))

βΨ(Σ1) //

|Φ(σ)

��

ModCFOL=
(Ψ(Σ1))

|σ

��
ModCsp-CFOL=

(Φ(Ψ(Σ2)))
βΨ(Σ2) // ModCFOL=

(Ψ(Σ2))

is surjective as well. Hence, also the upper left path must be surjective, and
hence its second component |σ. But |σ just doubles the carrier set, and this is
clearly not surjective.

The semi-comorphism toLTL is more precisely defined on the subinstitution
Csp-CFOL=-d consisting of identity signature morphisms only, i.e. toLTL =
(Φ, β):Csp-CFOL=-d−→CFOL=-Ltl. Assume that it is η-induced by a semi-
morphism µ = (Ψ, β̄):CFOL=-Ltl−→Csp-CFOL=-d. Since all signature mor-
phisms in Csp-CFOL=-d are identities, η is the identity as well. Hence, β̄ ·Φ = β,
and one easily obtains a contradiction to the β̄-naturality diagram for a signature
morphism σ:Φ(Σ1)−→ Φ(Σ2) in CFOL=-Ltl. This proof relies on the severe
restriction of the Csp-CFOL=-d signature morphisms; however, also a proof not
exploiting this is possible. ut

6 Spans of Comorphisms

The method of the previous section to use inducibility to reduce the complexity
of heterogeneous specifications involving different kinds of translations between
institutions works for some cases, but the counterexamples of Proposition 10
have shown that the method is not general enough.

A more general idea is to express all the different kinds of translations as
spans of morphisms or of comorphisms. The question is now whether to work



with morphisms or with comorphisms. Indeed, comorphisms interact with amal-
gamation properties in a much simpler way than morphisms do, see Proposi-
tions 3.5 and 3.6 of [29]. Amalgamation properties are important in many re-
spects, e.g. for heterogeneous theorem proving [29]. Therefore, we work with
spans of comorphisms. Nevertheless, the results presented below easily dualize
to spans of morphisms.

Each institution morphism µ: I−→J = I

Ψ //
αoo

β //

J can be translated

into a span I J ◦ Ψ
µ+

oo µ− // J of institution comorphisms as follows:

SignI idoo SignI Ψ // SignJ

SenI αoo SenJ ◦ Ψ
id // SenJ ◦ Ψ

ModI β // ModJ ◦ Ψ
idoo ModJ ◦ Ψ

Here, the “middle” institution J ◦ Ψ is the institution with signature category
inherited from I, but sentences and models inherited from J via Ψ .

This span construction can also be lifted to the indexed level: Given an
indexed institution Im and an indexed coinstitution Ic (both over the same
set of institutions in the sense of Definition 7), form an indexed coinstitution
Span(Im, Ic) as follows: the index category is obtained by freely adding pairs of
formal morphisms to the index category of Ic; more precisely, one pair (obtained
in a straightforward way) for each span of comorphisms corresponding to a
morphism in Im.

Unfortunately, we cannot expect that Theorem 9 carries over to the present
situation. But we have some weaker property that still is sufficiently strong for
practical needs:

Theorem 11. Given an indexed institution Im and an indexed coinstitution
Ic (both over the same set of institutions in the sense of Definition 7), then
each development graph over the Bi-Grothendieck institution (Im, Ic)# can be
translated into a development graph over the Grothendieck institution over the
span-based indexed coinstitution Span(Im, Ic)#, such that model categories are
preserved.

Proof. As in the proof of Theorem 9, we rely on the fact that signature mor-
phisms in the Bi-Grothendieck institution (Im, Ic)# are paths of morphisms
coming from I#

m and I#
c in an alternating way. A global definition link therefore

has the form

M
〈(σ1,e1),(σ2,d2),...,(σn,en)〉 // N ,

where the di are from Im and the ei are from Ic (with (σ1, e1), (σn, en) possibly
not present). The definition link now is replaced by a sequence of definition and



hiding links:

M
(σ1,e1)// M1

(σ2,id)// M2

(id,d−2 )

h
// M3

(id,d+
2 )// M4

// . . .(σn,en)// N

Here, d−2 and d+
2 are the indices for the span of comorphisms associated to

Im(d2), and M1, . . . ,M4 are new nodes with appropriate signatures and no local
axioms. Of course, the path could also start and/or end with a di instead of an ei,
but this won’t affect the general construction: each path element containing a di

leads to a sequence of a definition link, a hiding link, and again a definition link,
while path elements containing an ei are just kept. The construction for theorem
links is entirely analogous, except that only the last arrow in the sequence has
to be a theorem link — the other ones must be definition links.

Let us now come to hiding links. The construction is very similar, so we
restrict ourselves to the replacement of individual path elements of form (σi, di).
Such an element leads to

. . . // Mn

(id,d+
i )

h
// Mn+1

(id,d−i )// Mn+2
(σi,id)

h
// Mn+3

// . . .

In comparison to the construction above, here the arrows are reversed, and
definition and hiding links interchanged.

It is straightforward to see that the model class is left unchanged by these
translations.

ut

Consider now a semi morphism I

Ψ //

β //

J . It can be translated into

a span of comorphisms

Sign idoo SignI Ψ // SignJ

SenI incloo ∅ incl // SenJ ◦ Ψ

ModI β // ModJ ◦ Ψ
idoo ModJ ◦ Ψ

while a semi-comorphism I

Φ //

βoo

J is translated into a span of co-

morphisms

Sign idoo SignI Φ // SignJ

SenI incloo ∅ incl // SenJ ◦ Φ

ModI id // ModI βoo ModJ ◦ Φ



With this, we also can give a semantics to definition, hiding and theorem links
involving semi-(co)morphisms. Partial (semi-)comorphisms and a restricted class
of forward (co)morphisms can be covered as well.

Example 12. Extend the institutions and (co)morphisms introduced in Section 3
by the following ones:

– CFOL=-inj is the restriction of CFOL= to signature that are injective on
sorts.

– Csp-CFOL=-d-nosen is the restriction of Csp-CFOL= to the empty set of
sentences, for each signature, and to identity signature morphisms.

– The comorphism pr−:CFOL=-inj−→CFOL= is just the obvious subinsti-
tution inclusion.

– The comorphism pr+:CFOL=-inj−→Csp-CFOL= behaves very similar to
pr: At the signature level, it is the identity, at the sentence level, it is the
obvious inclusion. For models, just the LTS (if present) is forgotten.

When applying the construction of Theorem 11 to (a formalized variant of) the
development graph given in Fig. 2, we arrive at the development graph shown
in Fig. 4 (for simplicity, we index the involved institutions and comorphisms by
themselves here).

((List, CFOL=-inj), ∅)
(id,pr+)

**UUUUUUUUUUUUUUUUU

((List, CFOL=), Ax)

(id,pr−)

h

55jjjjjjjjjjjjjjj
((List,Csp-CFOL=), {Buf})

(id,toLTL−)

h

ttiiiiiiiiiiiiiiiii

((List,Csp-CFOL=-d-nosen, ∅)

(id,toLTL+)

**UUUUUUUUU

((List′, CFOL=-Ltl), {Fair})

Fig. 4. The sample heterogeneous development graph with spans of comorphisms.

7 Conclusion

We have presented an example heterogeneous specification involving different
kinds of translations between the involved institution. We have discussed several
ways of giving a semantics to such specifications. The most promising way has
turned out to use indexed coinstitutions and their Grothendieck construction



as a semantical foundation for heterogeneous specification, and express other
types of translation by spans of comorphisms. Of course, the dual view (followed
by CafeOBJ), which takes morphism-based Grothendieck institutions as foun-
dation [12], also can be combined with the span approach. However, as shown
in [29], the comorphism-based Grothendieck construction interacts more nicely
with amalgamation. Hence, we stick to comorphisms here.

Our approach also implies that we can exploit techniques such as heteroge-
neous borrowing [30] and the heterogeneous proof calculus [29], which are based
on comorphisms only, in a much wider context. Tool support for heterogeneous
specifications and development graphs is under development in form of the het-
erogeneous tool set (hets). The latter provides an abstract programming interface
for the implementable part of institutions and comorphisms. This will serve as
a basis for implementing heterogeneous analysis and proof tools that are based
on corresponding tools for the individual logics.
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