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Abstract. Petri nets and Algebraic High-Level Nets are well-known to
model parallel and concurrent systems. In this paper, we intro duce the
concept of Algebraic Higher-Order Nets, which allow to have dynamical
tokenslik e graphs or (ordinary low-level) Petri nets. For this purp ose,we
specify graphs and Petri nets in the higher-order algebraic speci�cation
language HasCasl such that graphs and Petri nets become �rst-class
citizens, i.e. members of algebras (rather than algebras themselves). As
an example, we model hospital therapeutic processesby a single higher-
order net. Individual care plans for each patient are tokens modeled by
low-level nets.

1 In tro duction

Petri nets are well establishedto support the modeling and simulation of parallel
and concurrent systemsand represent a well-known and widely usedformalism.
The combination of algebraicspeci�cation and Petri nets, called Algebraic High-
Level Nets [EPR94,PER95] give rise to a formal and well de�ned description of
the dynamic behaviour of concurrent and distributed systems.This formalism
is adequatein application domains where tokensare simple data elements, that
is, objects are modeled by basic sorts. In other application domains it is also
desirable to use higher-order objects as tokens like graphs, which hardly can
be realized by basic sorts. Furthermore, in the context of Petri nets there are
interesting applications to considerdynamical tokens,like Petri nets themselves
[Val98,Val00]. We proposethe concept of Algebraic Higher-Order Nets [Hof00]
to obtain higher-order objects as tokens. Roughly spoken Algebraic Higher-
Order Nets are Algebraic High-Level Nets, where the algebraic speci�cation is
an higher-order speci�cation.

The focus of the paper is on the high modeling capability given by Algebraic
Higher-Order Nets (AHO-nets). We present an extension of Petri nets includ-
ing the concept of the higher-order algebraic speci�cation languageHasCasl
[SM02]. We sketch the semantical model of higher-order processes[EHP+ 02],
while detailed de�nitions and resulting theoremsare out of scope of the paper.
Furthermore, we intro duce a speci�cation of graphs in HasCasl . But contrary



to the �rst-order algebraic approach [EHKP91], where a graph is consideredas
a two sorted algebra with two unary operations, a graph is related to a higher-
order type. Petri nets are bipartite graphs,thereforewe transfer the speci�cation
of graphs to Petri nets. The main result of this paper is the speci�cation of Petri
nets in HasCasl leading to AHO-nets with Petri nets as tokens. On the one
hand, thesehigher-order objects can be transported through the system.But on
the other hand, also the structure of objects can be changed during transition
�ring. This is a new approach in the area of Petri nets.

The paper is organized in the following way: After a general intro duction
and motivation we sketch the speci�cation of graphs. We give the speci�cation
of Petri nets and illustrate the main idea of AHO-nets with Petri nets as tokens.
We apply AHO-nets with Petri nets as tokensto hospital therapeutic processes,
which is a restricted version of an informal casestudy as proposedin [Han97].
We demonstrate that our approach is adequate in the application domain of
businessprocessesusing higher-order processesas a semantical model. Further
aspects concerning the data type part like the 
exible modi�cation of objects
are discussed.Finally, we point out the relevance of our construction in other
application domains like agent modeling.

2 Motiv ation and Related Work

AHO-nets are associated with the higher-order algebraic speci�cation language
HasCasl [SM02]. HasCasl -speci�cations are appropriate since they combine
the simplicit y of algebraic speci�cation with higher-order features; the latter
being neededfor graphs and Petri nets as �rst-class citizens. The formalism of
AHO-nets provides a two level modeling technique: Objects are consideredas
higher-order tokens, while the system re
ects the organizational structure and
describeshow objects are processed.

In the area of Petri nets, the modeling of higher-order tokens is a hot topic
of research. In [Val98,Val00] objects and systemsare de�ned as condition/ev ent
systems.So, a simple notion of Petri nets as tokensis achieved, such that most
principles of elementary net theory are respectedand extended(e.g. processesas
formal semantics). However, this approach enforcesthe useof the sameformalism
for both, the Petri net tokensand the overall net. By contrast, we distinguish be-
tweenthe object level and the systemlevel by using di�eren t formal frameworks.
Petri net tokensare encoded in an appropriately de�ned HasCasl -speci�cation,
which is used for the data type part of AHO-Nets. We specify operations for
changing the structure of Petri net tokens, while the system structure is left
unchanged.The advantage is a more 
exible modeling technique.

There are approachesthat combine object oriented modeling and Petri nets
(see [ADCR01] for an overview). Their de�nition of Petri nets comeswith a
de�nition of object classesusing an object oriented language, and tokens are
instancesof theseclasses.By contrast, we do not incorporate all the featuresof
object oriented modeling like inheritance and encapsulation as we concentrate



on such properties that can be expressedon the level of algebraic speci�cation
languages.

In Higher-Order Nets [Han97] interface places are used to integrate Petri
net tokens as resourcesinto the model. This approach is not formal but more
application oriented and leads to an adequate informal modeling technique of
businessprocesses.While the basic idea is somehow similar to the presented
approach, our work is more general in the sensethat Petri net tokens are not
restricted to special places.

Essentially , the idea of AHO-nets is to handle higher-order features in the
data type part, e.g. higher-order typesof graph and Petri net tokensconsisting
of one set and two functions. The main bene�t of our approach are speci�c
operations to changethe structure of graph and Petri net tokensand to simulate
the local behaviour of Petri net tokens.

We motivate our approach by some semi-formal examples. In Fig. 1, we
consider a speci�cation of graphs denoted by the type inscription Gr aph (see
Section 3). We use zoom lines to illustrate the general distinction between the
system level and the object level. The zoom enlargesthe higher-order object
graph that is a token in the respective systemmodel. The box in the lower part
of Fig. 1 is a closer view to a graph, an element of the graph carrier set in the
corresponding HasCasl -model. Obviously, there may be di�eren t objects for
the samesystem.

p: Graph p': Graph

graph
g g

system level

object level

transport

graph

Fig.1. Graphs as tokens

To demonstrate the semantics of the AHO-net in Fig. 1 we �rst assign the
token graph to the variable g denoted in the arc inscription of the transition
transport . Then, the follower marking is computed as follows: The token graph
is consumedfrom the place p. Subsequently , the token graph is added to the
place p0.

In general, the data type part of AHO-nets is not restricted to graphs. Ac-
cording to other application domains, objects can be speci�ed in quite di�eren t
ways. In Fig. 2, we usethe speci�cation of Petri nets (seeSection3) instead that
of graphs leading to the notion of AHO-nets with Petri nets as tokens.

Petri nets have their own �ring behaviour. Therefore,we can think about the
autonomous activit y of objects, i.e. the follower marking is computed on both



levels, the system level and the object level, respectively. We assume,that the
initial marking of the AHO-net in Fig. 2 consistsof the Petri net net1. In net1
the transition t1 is enabledsincethe current marking of net1 contains the token
star t. By the �ring of the transition follower marking, on the onehand, the Petri
net net1 is consumedfrom placep1. On the other hand, the marking of the Petri
net net1 is changedin the sensethat the follower marking is computed and the
resulting Petri net net10 is added to the place p2.

stop stop

follower
markingp1: System p2: System

net1
n[t >n

net1

start

t1

net1'

net1'

start

t1t2 t2

Fig.2. Petri nets as tokens

3 Speci�cation of Graphs and Petri Nets

We useHasCasl for the speci�cation of AHO-Nets. HasCasl has been intro-
ducedin [SM02] asa higher-order extensionof the �rst-order algebraicspeci�ca-
tion languageCasl [CAS99]. HasCasl is gearedtowards speci�cation of func-
tional programs, in particular in Haskell; in fact, HasCasl has an executable
subset that corresponds quite closely to a large subset of Haskell. Features of
HasCasl include partial and total higher-order types,subtypes,polymorphism,
type constructors, type classes,and general recursive functions.

We will work with a simpli�ed version of HasCasl -speci�cations. A
HasCasl -speci�cation SPEC = (S; � ; F; Ax ) consistsof a set S of basic types
and type constructors, a subsort relation � on these,a set F of constants (being
typed in higher-order typesover S, including predicate types), and a set Ax of
higher-order formulas.

Speci�cations of sets, partial maps and multisets can be found in [BH]. We
here just mention someimportant operations and predicates. For example, the
ternary predicate f :: s � ! t indicates, for f : S� > ?T, s : Set S and t : Set T
that f , when restricted to s, actually yields results in t. Here, the typesS and T
serveas"univ erses"in which setss and t live (as subsets).This will be important
when consideringgraphs and Petri nets as �rst-class citizens, i.e. as elements of
somealgebra carrier set (rather than as algebras,as it is often done).

Basedon the speci�cation of setsand partial maps, Fig. 3 speci�es directed
graphs, using a set of nodes and a set of arcs, the latter being implicitly given



by the domain of the sourceand target functions. We usethe ternary predicate
f :: s � ! t to ensurethat the codomain actually is contained in the set of nodes.
This yields a subtype of all tuples (n; source;tar get).

spec Graph = Set then
sort N ; E
t yp e Graph = f (n; source; target) : Set N � (E ! ?N ) � (E ! ?N ) �

dom source = dom target
^ source:: dom source � ! n
^ target:: dom target � ! ng

Fig. 3. Speci�cation of directed graphs in HasCasl

spec PetriNet = Set and Map then
sorts P ; T
t yp e Net = f (p; pre; post) : Set P � (T ! ?Set P ) � (T ! ?Set P )

� dom pre = dom post
^ pre:: dom pre ! p
^ post:: dom post ! pg

spec PetriSystem = Mul tiSet and PetriNet then
t yp e Marking = MultiSet P
t yp e System = f (n; m) : Net � Marking

� let (p; pre; post) = n
in 8x : P � x isIn m ) x isIn pg

ops marking : System ! Marking ;
net : System ! Net;

[ > : System� T ! ?System;

forall sys; sys1; sys2 : System; n : Net ; x; P ; m : Marking ; t : T
� net sys = let (n; m) = sys in n
� marking sys = let (n; m) = sys in m
� def sys[t> ,

(t isIn dom pre ^ 8x : P � x isIn pre(t ) ) x isIn marking (sys))
� def sys[t> ) sys[t> = (net(sys);

marking (sys) � setToMultiSet (pre(t )) + setToMultiSet (post(t )))
as System

Fig. 4. Speci�cation of petri nets and systems in HasCasl

Fig. 4 intro ducesa speci�cation of Petri nets. For simplicit y, we assumethat
there are no multi-arcs betweentransitions and places.Hence,it su�ces to use
two functions pre and post that map each transition into its pre- and post-
domain of places.Markings are just multisets of places,and a system is a net
with a marking (such that the marking actually is only using the placesof the



net). The �ring operation [ > is de�ned only if the pre domain of the transition
to be �red is contained in the current marking, and in this case,it just subtracts
the pre domain and adds the post domain to the current marking.

Fig. 5 now speci�es work
o w systems.These are systemsequipped with an
\start" and an \stop" place. The latter easily allow to paste together two work-

o w systemsby uniting them disjointly while identifying the stop place of the
�rst system with the start place of the secondone. We have to be a bit care-
ful when performing constructions such as disjoint union and identi�cation (i.e.
quotiening). When disjointly uniting two sets s1 and s2 both living in type S,
with the usual construction, we would end up with a disjoint union living in type
S � f 0; 1g. However, we want to end up in S again. Therefore, we assumethat
type S comeswith enough infrastructure to internally represent constructions
like products, disjoint union and quotiening (e.g. by embedding S � f 0; 1g into
s somehow). This infrastructure is required by the speci�cation SetConstr uc-
tions from the appendix. There we also show that it is actually possible to
provide such infrastructure for the natural numbers | and this should be easily
done for other domains as well.

We also provide operations initN et (yielding a net with two placesand one
transition), loop(yielding a net with a single placeand a \lo op" transition) and
par. par performs a \parallel composition" of nets, identifying both start and
stop places.(We omit the easyspeci�cations of initN et and loop.) Indeed, with
theseoperations, all �nite work
o w nets can be generatedfrom scratch.

4 Petri Nets as Tokens

In this section we give the formal basisof AHO-nets as intro duced in Section 2.
First, we review the basic conceptsof AHO-nets as given in [Hof00] in order to
de�ne the semantical model. In general,an AHO-net consistsof a Petri net with
inscriptions of an algebraic higher-order speci�cation.

De�nition 1. An AHO-net,

N = (SPEC ; A; P; T; pre;post;cond;type)

consistsof

{ the HasCasl -speci�cation SPEC = (S; � ; F; Ax ),
{ a SPEC -algebra A,
{ setsP and T of placesand transitions,
{ pre- and post-domain functions

pre;post : T ! (TSPEC (X ) 
 P) �

assigning to each transition t 2 T the pre- and post-domains pre(t) and
post(t), respectively. By TSPEC (X ) we denote the set of terms with variables



spec W orkflo wNet [SetConstr uctions with S 7! P ]
[SetConstr uctions with S 7! T ] =
PetriSystem

and Abstra ctSetConstr uctions [SetConstr uctions with S 7! P �t S 7! P ]
and Abstra ctSetConstr uctions [SetConstr uctions with T 7! P �t T 7! P ]
then

t yp e WFNet = f (sys; start ; stop) : System x P x P �

let (( p; pre; post); m) = sys in
start isIn p
^ stop isIn p
^ : (start isIn range(post))
^ : (stop isIn range(pre))g

ops initNet ; loop : WFNet ;
paste ; par : WFNet � WFNet ! WFNet

forall w; w1; w2 : WFNet ; sys: System
� w1paste w2 =

let ((( p1; pre1; post1); m1); start 1; stop1) = w1
((( p2; pre2; post2); m2); start 2; stop2) = w2
r = � x; y � x = y _ (x = inl stop1 ^ y = inr start 2)

_ (y = inl stop1 ^ x = inr start 2)
p = (p1coproduct p2) factor r
q = coeq r
t = (dom pre1) coproduct (dom pre2)
pre t = if def left t then image(q o inl )( pre1(left t ))

else if def right t then image(q o inr )( pre2(right t ))
else unde�ned

post t = if def left t then image(q o inl )( post1(left t ))
else if def right t then image(q o inr )( post2(right t ))
else unde�ned

m = map(q o inl )m1 + map(q o inr )m2
in ((( p; pre; post); m); start 1; stop2)as WFNet

� w1par w2 =
let ((( p1; pre1; post1); m1); start 1; stop1) = w1

((( p2; pre2; post2); m2); start 2; stop2) = w2
r = � x; y � x = y _ (x = inl start 1 ^ y = inr start 2)

_ (y = inl start 1 ^ x = inr start 2)
_ (x = inl stop1 ^ y = inr stop2)
_ (y = inl stop1 ^ x = inr stop2)

p = (p1coproduct p2) factor r
q = coeq r
t = (dom pre1) coproduct (dom pre2)
pre t = if def left t then image(q o inl )( pre1(left t ))

else if def right t then image(q o inr )( pre2(right t ))
else unde�ned

post t = if def left t then image(q o inl )( post1(left t ))
else if def right t then image(q o inr )( post2(right t ))
else unde�ned

m = map(q o inl )m1 + map(q o inr )m2
in ((( p; pre; post); m); start 1; stop1)as WFNet

Fig. 5. Work
o w systems and how to paste them together



X over the speci�cation SPEC . The setof all type-consistent arc inscriptions
TSPEC (X ) 
 P is de�ned by

TSPEC (X ) 
 P = f (term; p)jterm 2 TSPEC (X )ty pe(p) ; p 2 Pg

and (TSPEC (X ) 
 P) � is the free commutativ e monoid over this set.
{ the �ring condition function

cond : T ! Pf in (EQN S(S,F,X ))

assigningto each transition t 2 T a �nite set cond(t) of equations over the
speci�cation SPEC ,

{ the type function
type : P ! S

assigningto each place p 2 P the sort s 2 S.

The marking of an AHO-net is denotedby tuples consistingof a data element
and the place it resideson. The behaviour is given by the �ring of transitions,
i.e. tokensare moved over the set of places.

De�nition 2. Given an AHO-net N as in De�nition 1, then a marking m of
N is an element of the free commutativ e monoid (A 
 P) � where (A 
 P) =
f (a; p)ja 2 A ty pe(p) ; p 2 Pg. Consequently

m 2 (A 
 P) �

De�nition 3. Given an AHO-net N as in De�nition 1 and a transition t 2 T .
V ar(t) denotesthe set of variables occurring in pre(t); post(t), and cond(t). An
assignment asg : V ar(t) ! A is called consistent if the equations cond(t) are
satis�ed in A under asg.

Transitions are enabled under a marking m for an assignment asg inducing
ASG : (TSPEC (V ar(t)) � P) � ! (A 
 P) with ASG(term; p) = (asg(term); p)
if ASG(pre(t)) � m. Here asg is the extension of the assignment asg to an
evaluation of terms (analogouslyto the �rst-order casein [EM85]). The follower
marking m0 then is constructed by

m0 = m 	 ASG(pre(t)) � ASG(post(t))

The notion of processesis well-known for low level Petri nets (seee.g.[Rei85]).
It represents a semantical model to study the non-sequential behaviour of Petri
nets. In [EHP+ 02] the notion of processesbasedon occurrencenets is transferred
to Algebraic High-Level Nets leading to the notion of high-level processes.The
main di�erence between AHO-nets and Algebraic High-Level Nets is that we
use an extension of the �rst-order approach to higher-order. So, the de�nition
of higher-order processesseemsto be quite natural. An example is presented in
Fig. 9 in Section 5.

In our exampleweuseAHO-nets in the areaof hospital therapeutic processes.
For this reason the data type part is �xed by the HasCasl -speci�cation of



work
o w nets (seeFig. 5 in Section 3) leading to the notion of AHO-nets with
worklow nets as tokens.

AHO-nets with graphs as tokens are more or less analogously de�ned to
AHO-nets with work
o w nets as tokens. We only have to use the HasCasl -
speci�cation Graph (see Fig. 1 in Section 3) instead of the HasCasl -
speci�cation W orkflo wNets . Furthermore, a Graph -algebra A implements
graph objects and operations appropriate for our application domain.

5 Example: Hospital Therap eutic Pro cesses

In this section we motivate the notions and results of this paper in terms of a
practical example inspired by the casestudy proposal on hospital therapeutic
processesin [Han97]. The casestudy dealswith a part of businessprocessesin
a hospital, namely patient therapeutic treatments.

The idea is to model the following situation: The hospital consistsof four dif-
ferent departments, each of which has a set of internal activities. First patients
are received at the reception o�ce. After a diagnosisis made, the specialist pre-
scribesmedication and certain generaltreatments, e.g.taking the blood pressure
and the temperature. Then patient care plans are carried out, if demanded.Al-
though the casestudy left quite some room for interpretation, it pinpoints a
baselineprocessthat concernsthe receivingand curing of patients. We intend to
follow the baselineprocess.It subsumesthe coordination of patient care plans,
i.e. the execution, extension and modi�cation of patient care plans. Hence,our
model is speci�ed by AHO-nets with work
o w nets as tokens.

For the modeling of patient care plans, we use more or less the speci�ca-
tion of work
o w nets (see Fig. 5 in Section 3). In our model, work
o w nets
determine the order in which therapeutic processeshave to be performed. We
considera W orkflo wNet -algebraCarePlans, such that the patient careplans
initP lan; planA and planB depicted in Fig. 6 are elements of the corresponding
algebra carrier set Care PlansW F N et .

taking medicament

start stop

initPlan

start stop

diagnosis

planA planB

start stop

taking temperature

taking blood pressure

Fig.6. Basic patient care plans

The transition diagnosis in the initial care plan (initP lan in Fig. 6) in-
dicates, that a diagnosis of patient diseasesis required. The care plan planA
models the parallel measuring of two vital values, the blood pressureand the



temperature, respectively. The care plan planB represents the taking of some
prescribed medication.

Note, that the carrier set Care PlansW F N et consistsof more then three el-
ements. The W orkflo wNet -algebra Care Plans provides further operations
pasteC ar e P lans and parC ar e P lans to implement the sequential and parallel com-
position of work
o w nets. Thus, we achieve further careplans plan1; : : : ; plann 2
Care PlansW F N et during the composition of the patient care plans initN et,
planA and planB .

To individualize patient care plans we intro duce a notion of IDs. In our ex-
ample there are three di�eren t patients, i.e. f pat1; pat2; pat3g 2 CarePlansI D .

The organizational structure of the hospital is re
ected in the static system
net, while the patients and their care plans are the tokens of the AHO-net N
(seeDe�nition 1 in Section 4):

N = (W orkflo wNet ; CarePlans; P; T; pre;post;cond;type)

{ the speci�cation W orkflo wNet (seeFig. 5 in Section 3),
{ the W orkflo wNet -algebra Care Plans (seeabove),
{ setsP and T of placesand transitions with

P = f patient, patient on ward, care plans, healthy persong
T = f reception, making care plans, carrying out care plans, dischargeg

such that each transition t 2 T models one speci�c department,
{ pre- and post domain functions pre and post assigning to each transition

t 2 T a set of internal activities. The arc inscriptions have to ensure that
patient care plans are performed in a prede�ned order.

{ the �ring condition function cond assigning to each transition t 2 T the
empty set,

{ the type function type assigningto each place p 2 P the sort of identi�ca-
tion and work
o w nets. Obviously, we have type(patient on ward) = I D �
W F N ets for patient inside the hospital. Furthermore type(care plans) =
W F N ets indicates that we usesomekind of resourcesfor the modi�cation
of patient care plans.

Due to spacelimitation, the system net N is split into two main parts de-
picted in Fig. 7 and Fig. 8. We assumethat the two parts can be combined at
the common place patient on ward .

In Fig. 7, two patients pat2 and pat3 are waiting in the reception area, while
the patient pat1 is on ward. Due to the arc inscription of the transition reception,
a patient is equipped by the initial care plan in the reception o�ce. Thus, �rst
of all, patient care plans demand a diagnosis of somespecialists. Patient care
plans need to be carried out. Notice, that work
o w nets have their own �ring
behaviour. Thus, the arc inscription n[ti of the transition carrying out care plans
(seeFig. 7) determines the treatment diagnosis in the patient care plan pat1.
Subsequently , the care plan pat1 is carried out by somenurse and the current
status is updated, i.e. the follower marking is computed.



pat3

pat2

patient: ID
carrying out

(id,n)

(id,n[t >)

care plan

(id,initNet)id

reception ID x WFNet
patient on ward:

start stop

diagnosis

(pat1,initPlan)

pat1

Fig.7. Reception o�ce and carrying out care plans

The fact is that care plans are not �xed once and for all, becausethey are
constantly modi�ed according to the treatments e�ects (e.g. the e�ectiv eness
of medication). Here, we use the care plan planA and the care plan planB
to extend the speci�c care plan of a patient on ward. Due to the structuring
technique paste implemented in our speci�cation W orkflo wNets (seeFig. 5
in Section 3), work
o w nets can be sequentially composedat a common place.
Assumethat pat1 have to take medicaments. By �ring of the transition making
care plan, the patient careplan pat1 and planB are pastedtogether at a common
place; the output place of pat1 and the input place of planB are identi�ed. To
complete the hospital therapeutic process,the discharge of patients is in some
sensethe reverseactivit y of the reception o�ce (seeFig. 7), i.e. patients loose
their care plans, which is now completed.

ID x WFNet
patient on ward:

stopstart

taking blood pressure

taking temperature

planA

n'

n'(id,paste(n,n'))

(id,n)

stopstart

taking medicament

planB

WFNet
care plan:

planA

making
care plan

planB

Fig.8. Making care plans

To illustrate the semantics of the hospital system N in more detail one of
many possiblehigher-order processes(seeSection 4) is depicted in Fig. 9. We
assumethat the patient pat1 is on ward. First of all the diagnosis is made
by somespecialists. Then, we assumethat the medical examination permits the



treatment by planA. Thus, the actual careplan plan1 of patient pat1 is enlarged
by the planA. Subsequently , the care plan is carried out by somenurse and the
current status is updated. We use the operation paste a secondtime to extend
the patient care plan by the planB . Finally the patient care plan is carried out
step by step. The patient is dischargedat a certain point of time. But this yields
another process,which is not depicted here.

start

diagnosis

care plan
making

care plan:
WFNet

patient on ward:
ID x WFNet

ID x WFNet
patient on ward'':

planA

planA
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(id,n) n'
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ID x WFNet
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(pat1,plan1)
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(pat1,initPlan)
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diagnosis
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(pat1,plan2)

care plan':
WFNet

ID x WFNet
patient on ward':

(id,n)

(id,n[t >)

(id,paste(n,n'))

WFNet

(id,paste(n,n'))

(id,n)

(id,n[t >)

planA

taking temperature

taking blood pressure

start stop

taking temperature

taking blood pressure

start stop

planA

pat1

(pat1,plan3)

stopstart

diagnosis

taking temperature

taking blood pressure

diagnosis

(pat1,plan4)

start

taking temperature

taking blood pressure

start

taking medicament

start

diagnosis

taking temperature

taking blood pressure

Fig.9. A higher-order processof the AHO-net N



6 Conclusion

First of all, in this paper the notion of AHO-nets with graphs and Petri nets
as tokens is intro duced and then formalized. The main bene�t of this paper is
to provide a suitable speci�cation of work
o w nets in HasCasl (see Section
3). We have intro duced four operations that can be used at the transitions of
higher-order nets and that su�ce to generateall �nite (low-level) work
o w nets
due to the operation of parallel composition. In the secondpart we model a
simpli�ed versionof a hospital systemshowing the usefulnessof our approach in
the application area of businessprocesses(seeSection 5). Our model illustrates
someof the aspectsinherited from the expressivenessof HasCasl -speci�cations.

One of the open research problems with regard to our speci�cations is to
develop further structuring techniquesto changethe structure of work
o w nets,
e.g. operations basedon homomorphisms. Thus, we are able to generalizethe
pasteoperation of work
o w nets to the well-known pushout construction of Petri
nets (seee.g. [GHP99]).

Another promising topic is the 
exible modi�cation of work
o w nets, e.g. re-
moving speci�c treatments in patient careplans, using the generalframework of
high level replacement systems[EHKP91]. Technically, the operations are based
on rules and transformations to guarantee the local modi�cation of work
o w
nets. In the resulting formalism of AHO-nets a set of prede�ned rules is inter-
preted as a special kind of resources,while transformation represents certain
internal activities in our model.

In this paper, patient care plans are consideredby work
o w nets. Indeed,
patient documents are more complex in practice. A �rst-order speci�cation of
patient documents on a large scalecan be found in [Erm96], which can be fully
integrated into our model.

In the application area of agent modeling objects are marked by autonomy
and mobilit y (seee.g. [Han00]). Here we can useAHO-nets to model the agent
platform with placescontaining agent structures and transitions modeling the
autonomousbehaviour and communication of agent objects. But this is part of
further research.
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A Set represen tations

If we want to iterate the constructions product, disjoint union and quotients
on sets, we need to circumvent the problem that the type of the sets changes



spec Rela tion = Set then
var S : Type
ops re
exive ; symmetric ; transitive : Pred(Set(S � S))
forall r : Set(S � S)

� re
exive r , 8x : S � r (x; x)
� symmetric r , 8x; y : S � r (x; y) ) r (y; x)
� transitive r , 8x; y; z : S � r (x; y) ^ r (y; z) ) r (x; y)

t yp e PER S = f r : Set(S � S) � symmetric r ^ transitive r g
op dom : PER S ! S
forall x : S; r : PER S

� x isIn dom r , (x; x)isIn r

spec SetConstr uctions = Map and Rela tion then
t yp e S; %%arbitr ary but �xe d!
ops pair : S � S ! S; %%products

inl ; inr : S ! S; %%coproducts
coeq : PER S ! Map S; %%quotients
� injective pair
� injective inl
� injective inr
� (range inl )disjoint (range inr )

forall r : PER S
� ker(coeq r ) = r

spec NatSetConstr uctions = Map and Nat then
ops pair : Nat � Nat ! Nat ;

inl ; inr : Nat ! Nat ;
coeq : PER Nat ! Map Nat ;
min : Pred Nat ! ?Nat

forall r : PER Nat ; m; n : Nat
� pair (m; n) = ((m + n) � (m + n + 1) + 2 � m)div2
� inl m = 2 � m
� inr m = 2 � m + 1
� min p = n , (p n ^ 8m : Nat � m < n ) : p m)
� coeq r n = min ( m � (m; n)isIn r )

view SetConstr uctions toNatSetConstr uctions = S 7! N at

spec Abstra ctSetConstr uctions [SetConstr uctions ] giv en Map = %def
ops � ; coproduct : Set S � Set S ! Set S;

pi 1; pi 2 : S ! ?S; %%product prjections
left ; rigt : S ! ?S; %%partial inverses of the coproduct injections
factor : PER S ! Set S; %%quotient : coeq r :: dom r � ! factor r

forall x; y : S; s; s1; s2; t : Set S; f ; g; h : Map S; r : PER S
� pi 1(pair (x; y)) = x
� pi 2(pair (x; y)) = y
� s1 � s2 = image pair (s1 � s2)
� s1coproduct s2 = (image inl s1)union (image inr s2)
� def left x , x isIn range inl
� def right x , x isIn range inr
� left (inl x) = x
� right (inr x) = x
� factor r = range(coeq r )
� f :: dom r � ! t ^ ker f � r ) mediate r f (coeq x) = f x

Fig. 10. Set representations: a tool for \in ternal" (co)limits



with each construction. This meansthat we needa speci�c type S which comes
with the possibility to represent the result of the above mentioned constructions
again in S. The speci�cation SetConstr uctions (Fig. 10) states the abstract
requirement that such representations exists for a given type S. We alsoprovide
somesample set representation for the natural numbers. It usesCantor's diag-
onalization for pairs of natural numbers, even and odd numbers as two copies
of the natural numbers (for coproducts), and choosesthe minimal element as
representativ e of an equivalenceclass.

Given a set representation, we now can de�ne products, coproducts, coequal-
izersand pushouts,while staying within the sametype of sets.Note that � is
now overloaded:for two given S-sets,it deliverseither an S � S-set, asde�ned in
the speci�cation Set above, or an S-set, as de�ned here. We also could specify
the mediating morphisms that exist by the respective (co)universal properties
of the constructions.


