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Introduction

computational e ects complicate the veri cation of progras

normally, each e ect (combination) requires a new logic
Monads:

algebraic encapsulation afeneric side e ect{Moggi 1991)

used for imperative functional programminign Haskell (Wadler 97)

Speci cation and veri cation of imperative programs, e.gthat means
fx=4gx:=x+1fx =5¢g

In @ monad-based setting?
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The Origins: Monads Generalize Algebra

Given an equational theor{S; OP; E), de ne
TX = Tisop)(X)= g (quotient term algebra
x - X1 TX, (x)=[x] (insertion of variables
a substitutionh : X I TY can be extended to all of X

h :TX ! TY (term evaluatior)

Kleisli compositionof substitutions:f : X ! TY andg:Y ! TZ
can be composed as

f g
X —TY ——TZ
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Monads: Formal De nition

A Kleisli tripleT =(T; ; —_ ) on a categoryC is given by
T:0bC! ObC
unit morphisms o :A! TA, and
_ withf :TA! TBforf :A! TB, such that
a=1Mdra; f a=f —and gf =(gf):

In Haskell, giverp: TA andg: A! TB,p>>=qisqg (p

A strengthis a (coherent) natural transformation

tag A TB! T(A B)
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Computational Monads

Following (Moggi 1991),

Notions of computationare modeled bytrong monads

Functions with side-e ects are Kleisli morphisms'

Al TB
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Example: Exceptions

TA=A+E

A=1Inl Al A+ E

Givenf :A! B + E, how to constructf : A+ E |
f (inl(a) = f(a)
f (inr(e) = e
A na, B A, B
Hh Hh
E E — E

B+E?
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Example: States

TA:=S! (A S)

(X)= s :S (Xx;9)

f:Al TB=A! (S! (B 9))
f :TA! TB

uncurry (f)

f (y:TA)= S—>A S——B S
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Monads: Further Examples

the Java monad TA=(S! (A S+ E S+1))
(E Is parametrized overeturn values) (Jacobs, Poll 2003)

( nite) non-determinismTA = P, (A)

non-deterministic stateful computationsTA=(S!'P (A 9))
Interactiveinput: TA= A +(U! )

output, queues TA = U A

continuations (\goto"): TA=(A! R)! R (Moggi 1990)
resumptions (traces/concurrencygver a monad\ :

RA= M (A+ )

(Moggi 1990, Papaspyrou 1995, Filinski 1999, Papaspyro01)0

backtrackingover a monadl (Kiselyov et al. 2005):
BackA= B :Type:(A! TB! TB)! TB! TB
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The basic term language,
do-Notation



The basic term language; do-Notation

12

do-Notation for Kleisli Composition (Moggi 1991)

Givenp: TA,g:A! TB,

do x p; g(x) abbreviates q(p) : TB

Haskell-like example, using = A:Loc A! A:

Inc | = do x <- 1l l : Loc A > TA
| == x+1 Il (s) = (s(]),s)

main = do | <- new 4 = LocA>A->T1
inc | ll=a (s) = ( O, s[l |[-> a] )
X <- 1l

putStrLn (show x)
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The basic term language; do-Notation 13

Assumptions for Monad-based Logic

We work with astrong monadover acartesian categoryhat

has aHeyting algebraobject (for the basic logic)

additionally may be cartesian closed (for interpreting Inéy-order
functions)

or may be a partial cartesian closed category or a topos (for
Interpreting higher-order logic, like irlasCasl ).

The monad needs to be a CPO-monad if we need interpret reouarsi
Additional infrastructure (like universal object, algebc compactness)
needed to interpret recursive types. Prototypcial examg€PO .
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The basic term language; do-Notation 14

The Basic Language: Types and Terms

A:=1] jTAJA AjS

f:Al B2 t: A
(var) XA XA (2pp) f(t): B (1) ():1
. t: A u:B t:A B t:A B
(pair) ci A B O oA " T hn A
p: TA ;x:A (d:TB t: A
(do) dox p;q:TB (ret) rett : TA
(>) - (?) 5 (1) - ': etc.
dox pa=0 2y 1A "CoTq A) TE
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Global dynamic judgements



Global dynamic judgements
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Global dynamic judgements

do x p; gabbreviatesdo x;  pi1; :::do Xn  Pn; g

A statement[x plc , I.e.

holdsglobally after executingp and binding the result tox'

abbreviates
(do x p; ret(x; ))=do x p; ret(x;>):

(Schreder, Mossakowski 2003)
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Global dynamic judgements 17

Examples

[x plec means...

State: holds for the result op after execution from any initial state
Non-determinism: holds for all possible results qf

Exceptions:if p terminates normally, then holds for its result

Input:  holds for the result o after any combination of inputs

Non-deterministic state: holds for all possible results gf after
execution from any initial state

Resumptionsif p terminates, holds in the base monad after
executing all steps op
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Hoare calculus:
side-e ect freeness



Hoare calculus; side-e ect freeness
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Hoare calculus

Hoare triple

abbreviates
[a X p;b lca) b:

pre/post-conditions:

stateful formulas T

deterministically side e ect fredsubtypeD )
Resultsx can be used in post-condition

(Harrison 2001, Schmeder, Mossakowski 2003)
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Hoare calculus; side-e ect freeness 20

Hoare Triples: Examples

A Hoare triplef gx pf gholds

In the state monadi , whenever holds in a states, then holds for
X after successful execution gffrom s with result x;

In the non-determinism monad, whenever holds possibly, then
holds for all possible results of p;

In the exception monad 1, whenever holds andp terminates
normally, returningx, then holds forx;

In the interactive input monad , whenever holds andp returnsx
after reading some sequence of inputs, therholds forx.

In the non-deterministic state monad, whenever holds possibly in
a states, then holds after execution op for all possible results.
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Hoare calculus; side-e ect freeness
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Example

fdo x !l; retx =4ginc | fdo X

or shortly, sincel is side-e ect free,

fll =4ginc | f!l =5¢

Il; retx =5¢g
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Hoare calculus; side-e ect freeness 22

Side-e ect freeness

p discardablg(Thielecke 1997) ('not modifying the state') if
(do p; ret()) =ret() :
p is copyable(Thielecke 1997) (‘deterministic’) if
(do x py p;ret(x;y))=do x p; ret(x;x):

p is deterministically side e ect freddsef) if it is discardable, copyable
and commutes with all such programs (Schmeder, Mossakavl04)

Related: p exists (Moggi 1991)p innocent (Harrison 2001),
purity of methods in JML (Leavens et al. 1999)
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Hoare calculus; side-e ect freeness 23

Discardability: examples
discardable means

State monad: reads the state, but does not change it
Exceptions: terminates normally

Non-determinism: does not fall
(whereas dsef means that yieldsexactlyone result)

In-/Output:  does not read/write
Resumptions: does one step, which is discardable in the base mona

Continuations: Is stateless (i.eret > orret ?) | not useful
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Hoare calculus; side-e ect freeness 24

Proof rules as lemmas

se
( q)fgx By qf ¢

. f "bgpf g
(while)  while b pf ~: bg

wherewhile bp =do x b, If X
then do p; while b p
elseret()

Also works foriter ( = while with a result and a default return value).
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Hoare calculus; side-e ect freeness
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What i1s missing?
We would like to speak about

termination
total correctness
weakest preconditions

reasoning about local \state"

All this can be done withldynamic logic
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Dynamic logic 27

Dynamic Logic
Modal logic with operators
X p] and hx pi
read holds always/possibly after execution mf
again: resultsx can be used later
also calledevaluation logic
Pitts (1991): local semantics using monaasd hyperdoctrines

Moggi (1991): global semantics using only monads

here: local axiomaticsemantics using only monads. (Stronger than
Hoare logic, but needs extra assumptions | which usually kio)
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Dynamic logic

28

What Dynamic Logic Can Express

p terminates hpi>

total correctnesqd’' | x p[ ]Is expressed as

) (> [x p] )

[x Pl
IS the weakest preconditiofior ensuring' after execution ofp

reasoning about local \state"
empty” [enqz;x deq' ,: empty”™[x degenqz]
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Dynamic logic 29

Dynamic Logic: Axiomatic Semantics

Again: formulas are deterministically side-e ect free

T admits PDL if [y g determined by

[Xx pPletxi) [y d )0 [x py ds(xi) )
exists (Schreder, Mossakowski 2004)

Under suitable conditions concerning extraction aifstract states,
existence oly (] can be proved.

In the classical casdx pi is: [x p]:

Axioms and rules of dynamic logic follow
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Dynamic logic 30

Dynamic Logic: Examples
X p] means

In the state monad after executingp from the given state  holds for
X

In the non-deterministic state monadafter all possible executions @f
from the given state returning valug, holds forx
(lk p :...someexecutionofp...)

In the interactive input monad for any sequence of inputs, If
execution ofp returns, holds forx

the continuation monaddoes not admit dynamic logic
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Dynamic logic 31

Dynamic Logic: Proof Rules

X not free ')

(nec) [x p]' inassumptions (Mp)
(K) x pl(C) )) x pI') x pl
(se?) x py d° 0 [ plly d
(ctr2) x py d°" 0 [y (dox p; gl (x2FV())
(ret2) X rett]' ( ' [t=X]
(dis) X p] 0 p dsef; x not free in
(copy) x py pl 0 [x pl [x=7y] p dsef
(cong-ret) ret(t, u)) (' [t=x] ( ' [u=Xx])
(2) a ([b plbJret(t) a) 0 [a plret(t) a p:T
(unit) X ']retx () '
(CO) ' [t=x] () ' [u=x] forCC t=u
(taut) rett t: a tautology

CC = ffst(x;y) = x; snd(x;y) = vy; (fst(x);snd(x)) = x; x:1=(gd
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Dynamic logic 32

Dynamic Logic: Completeness

Theorem.Let T be asimplestrong monad over a cartesian category
with a Boolean algebra object admitting PDL.

If all basic operations havé -free argument types, the calculus for
dynamic logic is complete

Proof. Via a term model construction. (Mossakowski, Schmeder,
Goncharov 2006)
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Dynamic logic 33

Simple Monads

A monad issimple if the formula de ning[x  plc
(do x p;ret(x; ))=do x p; ret(x;>):
IS equivalent to
(dox p;ret )=do x p; ret>:

Crucial consequencdx p;y dq' (0 [y (dox p; Q]

Prop. A monad axiomatized equationally is simple if each equation
contains the same variables on both sides.

Simple Monad<$£xception, state, nondeterminism, Java monad

Non-simple Monad<ontinuation, concurrency, backtracking, Abelian
groups
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Dynamic logic
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Termination and Abstract States
A programp terminatesif

[x aple implies [x dle

for each program sequence g and each

A stateis a programs : T1 such thats terminates and such that, for
each dsef progranp : DA, there existsa : A such that

(do s; p)=do s; reta:
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Dynamic logic
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State Discloser
A state s is calledforcible if
s=do p; S

for each terminating progranp.

A dsef progrand : DS is called astate discloserf the term
do x d; X

of type T 1 is discardable $ is the type of forcible states).
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Dynamic logic
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A Characterization Theorem

Theorem.If T has a state discloser, theDA = (S! A).

Moreover, under further conditions admits dynamic logic.
(Schreder, Mossakowski 2004)

Proof. The isomorphism mapsy : DA to

(y)i= s :S a:A:((do s; y)=(do s; reta))

and its inverse mapg : S! A to

Yf):=do x d; ret(fx):
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Dynamic logic
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A Hoare calculus for total correctness

Dynamic Logic can express termination pfas

hpi>
Code ‘total Hoare triples[' | p[ ] as
) (=" [p] ):
Prove rules such as
t . DA
__< __:A A! Is well-founded

[ "D ({t=2)]p[ " (t<z)]
| ]while bp[ *: b

(while)
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Dynamic logic
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Example: The reference monad

spec Reference = CpoMonad then
var a : Cpo
types R : CpoMonad; Loc a : Flatcpo
ops !__ - Loca !°?R a:

= __:local! al*R1
forall x;y :a;r;s:Loc a

dsef(!r)

[]r = xX[xX=Ir]

[r=sAx=1Ilrls=y[x=1Ir]
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Dynamic logic
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The dynamic reference monad

spec DynamicReference = Reference then
var a;b : Type

op new:a!® R(Loc a)

forall x;y :a;r :Loc a;p:R Db

lr  new x[x = Ir]

X=1Ir]s newy[:r=s) Xx=Ir]

Jr new x;p;s newyl[.r =g]
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Dynamic logic
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Monad combination "Napoleon'

spec Nondeterminism = CpoMonad then
var a : Cpo
ops fall;chaos . N a;

_J-;_sync.: Na!* Na!°N a
forall . . .

spec NondeterministicDynamicReference
DynamicReference with R 7! NR
and Nondeterminism with N 7! NR
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Dynamic logic

41

Meta-Example: Euclid's algorithm

Can now prove total correctness of Dijkstra's non-deterrsiit
Implementation
' new Xx;
S newy,
while ret (: Ir = 1s)
(if ret (Ir >!s)thenr :=1r Is else fall
[
If ret(Is>1!r) then s:=1!s Ir else falil)
ret(!r)

(in a loosenon-deterministic reference monad!)
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The exception monad and abnormal termination 43

Distinguishing exceptions from non-termination

Basic operations of exception monads:

raise:E! TA and catch: TA! T(A+ E)

Problem: No distinction between exceptions and non-teratian for
calculi presented so far, I.e.

fg raise ef?g

ldea: Equational characterization of exception monads traduction
of "abnormal' postconditions (Schmeder, Mossakowski 2a)
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The exception monad and abnormal termination 44

Extended Hoare Triples

Now statements about exceptional results possible:

Introduce extended Hoare triples
f gx pf kSg

whereS:E ! T Is a predicate on exception values and must not
mention X.

Interpret them as

casey of inl x|

f gy catchpf ] Inr el Seg
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The exception monad and abnormal termination
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Veri cation of a Pattern Match Algorithm
(Walter 2005)

The following Java program looks for a pattern in a base girin

class Pattern f
Int [] base;
int [] pattern;
Int find_pos () f
Int p =0;, s = 0;
while (true)
If (p == pattern.length) return s;
else If (s + p == base.length) raise PatternNotFound,
else If (basell(s + p) == pattern!!p) p++;
else f s++;, p =0; ¢
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The exception monad and abnormal termination

Translation to Monadic Style

pmatch base pattern = mbody ( do f
P new O; S new O;
while (ret >)
If 'p == length pattern
then raise (MRet !s)
else if Is + Ip == length base
then raise PatternNotFound
else if base!l(Is+!p) == pattern!!(!p)
then p = (Ip+l)
else do f s =(Is+1); p =0 g)
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The exception monad and abnormal termination 47

Proof Obligation

lp[?k e: case e of
MReti! MPOSi”78): MPOS ) i |
j PatternNotFound ! :9 it MPOS i
J 1?7 ]
h . .
where MPOS i 8 j: 0 j< len pat) basel(i+j)= pat!]:

(MPOS | means that the pattern occurs at theth position)
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The exception monad and abnormal termination
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Simpli ed Hoare rules for Java/JML

f gx bpfx) kx) Sg
f gx Dbqf x) k: X) Sg
f gif bthen pelse d kSg
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The exception monad and abnormal termination
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0 diverges = x:d 1 0 diverges X:d .
requires = Pre requires Pre
statement = X = b;p statement X = b;q
ensures = X ) Post ensures : X ) Post
signals = Pexec signals Pexec
return = Pret return Pret
break =  Pp break Pork
continue = Pecnt continue Pecnt
0 diverges = x:d 1
requires = Pre
statement = if b then pelse q
ensures = Q
signals = Pexec
return = Pret
break = Ppx
continue = Pent
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Modelling concurrency (tentative!)

Assume a base mondd with nondeterministic choic and fail .
RA= M (A+ ) (resumption$

A resumptionmakes a step in the base monad, and then
either stops and delivers a value &

or continues with a new resumption.
step: MA ! RA

step(p: MA) = M (inl)(p)

run : RA! MA

run (r : RA) = case r of
inl(a) ! reta

int (r9% ! run (r9

(make a one-step computation)

(collapse a computation into one step)
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The resumption monad and parallel composition 52

Dynamic Logic for the Resumption Monad

Basically, the resumption monahherits dsef formulagsnd dynamic logic
from the underlying monad.

This means that with dynamic logic, we camly capture the
iInput/output behaviour of a program. We cannot capture its potential

Interaction with other programs during parallel compoeiti

Hence, we need special proof rules farallel composition
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Parallel composition

combine: A+ RA! RA
combing(inl (a)) = ret a
combineg(inr (r)) = r

ji_:RA RB! R(A B)
do p° p; ret (inr (combine(p?) jj 0))
pjja= 2 do o g ret (inr (p°jj combineg(qY))
2 doinl(a) p;inl(b) q; ret (inl(a;b)

(fail Is used in case of failure of pattern-matching)
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The resumption monad and parallel composition 54

Proof Rule for Parallel Composition

1(P)
2(0)
gr:f (r)~ gp® rf 1(combingp?)) ” g
gr:f »(r)» go® rf ,(combingd))”* ¢
f ginl(a piinl(b) qgf (a;bg

() f gx  piaf (g
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The resumption monad and parallel composition 55

Conclusion
Monads are as useful in speci cation as in programming

Have soundly interpreted

Hoare logicover an arbitrary monad

Dynamic logicover a not quite as arbitrary monad (but still over
most of them)

Speci ¢ monads can baaturally axiomatizedn computational logics
Monads can beombinedby just merging their axiomatizations

Hoare logic and dynamic logic have beended in Isabell¢veri ed
pattern-matching, Russian multiplication, breadth- rstearch)
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Open Questions

better logic forconcurrent programsbased on traces or transition
systems?

formal underpinning otoncurrent JML
useful framework fomonad combination
completeness of calculi faron-simplemonads

calculus for deterministicide-e ect freeness
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Outlook: a logic for arrows

Arrows (Hughes 2000) are a generalization of monads, taking into
account bothinput and outputvalues of computations

Yampa: domain-speci c embedded languagfy the programming of
hybrid reactive systems

currently used in a student project to specify control ofndneelchair
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