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Fitch rule: Identity introduction

Formal proofs / 55

Notice that on the right of every step below the Fitch bar, we give a
justification of the step. In our deductive system, a justification indicates justification

which rule allows us to make the step, and which earlier steps (if any) the rule
is applied to. In giving an actual formal proof, we will number the steps, so
we can refer to them in justifying later steps.

We already gave one example of a formal proof in the system F , back on
page 48. For another example, here is a formalization of our informal proof of
the symmetry of identity.

1. a = b

2. a = a = Intro
3. b = a = Elim: 2, 1

In the right hand margin of this proof you find a justification for each step
below the Fitch bar. These are applications of rules we are about to introduce.
The numbers at the right of step 3 show that this step follows from steps 2
and 1 by means of the rule cited.

The first rule we use in the above proof is Identity Introduction. This = Intro

rule allows you to introduce, for any name (or complex term) n in use in
the proof, the assertion n = n. You are allowed to do this at any step in the
proof, and need not cite any earlier step as justification. We will abbreviate
our statement of this rule in the following way:

Identity Introduction (= Intro):

. n = n

We have used an additional graphical device in stating this rule. This is
the symbol . . We will use it in stating rules to indicate which step is being
licensed by the rule. In this example there is only one step mentioned in the
rule, but in other examples there will be several steps.

The second rule of F is Identity Elimination. It tells us that if we have = Elim

proven a sentence containing n (which we indicate by writing P(n)) and a
sentence of the form n = m, then we are justified in asserting any sentence
which results from P(n) by replacing some or all of the occurrences of n by m.

Section 2.3
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Fitch rule: Identity elimination

56 / The Logic of Atomic Sentences

Identity Elimination (= Elim):

P(n)
...
n = m
...

. P(m)

When we apply this rule, it does not matter which of P(n) and n = m occurs
first in the proof, as long as they both appear before P(m), the inferred step.
In justifying the step, we cite the name of the rule, followed by the steps in
which P(n) and n = m occur, in that order.

We could also introduce rules justified by the meanings of other predicates
besides = into the system F . For example, we could introduce a formal rule
of the following sort:

Bidirectionality of Between:

Between(a,b, c)
...

. Between(a, c, b)

We don’t do this because there are just too many such rules. We could state
them for a few predicates, but certainly not all of the predicates you will
encounter in first-order languages.

There is one rule that is not technically necessary, but which will makeReiteration

some proofs look more natural. This rule is called Reiteration, and simply
allows you to repeat an earlier step, if you so desire.

Reiteration (Reit):

P
...

. P

To use the Reiteration rule, just repeat the sentence in question and, on the
right, write “Reit: x,” where x is the number of the earlier occurrence of the
sentence.

Chapter 2
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Chapter 2
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Example proof in fitch
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Properties of predicates in Tarski’s world

Larger(a, b)
Larger(b, c)

Larger(a, c)

RightOf(b, c)

LeftOf(c, b)

Such arguments can be proved in Fitch using the special rule Ana
Con.
This rule is only valid for reasoning about Tarski’s world!
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Showing invalidity using counterexamples

Al Gore is a politician
Hardly any politicians are honest

Al Gore is dishonest
Imagine a situation where there are 10,000 politicians, and that Al
Gore is the only honest one of the lot. In such circumstances both
premises would be true but the conclusion would be false.
This demonstrates that the argument is invalid.
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Are the following arguments valid?

Small(a)
Larger(b, a)

Large(b)

Small(a)
Larger(a, b)

Large(b)
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Negation — Truth table
Negation symbol: ¬ / 69

P ¬P

true false

false true

truth table for ¬

The game rule for negation is very simple, since you never have to do game rule for ¬
anything. Once you commit yourself to the truth of ¬P this is the same as
committing yourself to the falsity of P. Similarly, if you commit yourself to
the falsity of ¬P, this is tantamount to committing yourself to the truth of
P. So in either case Tarski’s World simply replaces your commitment about
the more complex sentence by the opposite commitment about the simpler
sentence.

You try it
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

J1. Open Wittgenstein’s World. Start a new sentence file and write the following
sentence.

¬¬¬¬¬Between(e, d, f)

J2. Use the Verify button to check the truth value of the sentence.

J3. Now play the game, choosing whichever commitment you please. What
happens to the number of negation symbols as the game proceeds? What
happens to your commitment?

J4. Now play the game again with the opposite commitment. If you won the
first time, you should lose this time, and vice versa. Don’t feel bad about
losing.

J5. There is no need to save the sentence file when you are done.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Congratulations

Remember

1. If P is a sentence of fol, then so is ¬P.

2. The sentence ¬P is true if and only if P is not true.

3. A sentence that is either atomic or the negation of an atomic sentence
is called a literal.

Section 3.1
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The Henkin-Hintikka game

Till Mossakowski Logic



Formal Proofs in Fitch
The Boolean Connectives

The Henkin-Hintikka game

Is a sentence true in a given world?

Players: you and the computer (Tarski’s world)

You claim that a sentence is true (or false), Tarski’s world will
claim the opposite

In each round, the sentence is reduced to a simpler one

When an atomic sentence is reached, its truth can be directly
inspected in the given world

You have a winning strategy exactly in those cases where your
claim is correct.
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Negation — Game rule

Form Your commitment Player to move Goal

¬P either — Replace ¬P by P and
switch commitment
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Conjunction — Truth table

72 / The Boolean Connectives

Semantics and the game rule for ∧
Just as with negation, we can put complex sentences as well as simple ones
together with ∧. A sentence P ∧ Q is true if and only if both P and Q are true.
Thus P ∧ Q is false if either or both of P or Q is false. This can be summarized
by the following truth table.

P Q P ∧ Q

true true true

true false false

false true false

false false false

truth table for ∧

The Tarski’s World game is more interesting for conjunctions than nega-
tions. The way the game proceeds depends on whether you have committedgame rule for ∧
to true or to false. If you commit to the truth of P ∧ Q then you have
implicitly committed yourself to the truth of each of P and Q. Thus, Tarski’s
World gets to choose either one of these simpler sentences and hold you to the
truth of it. (Which one will Tarski’s World choose? If one or both of them are
false, it will choose a false one so that it can win the game. If both are true,
it will choose at random, hoping that you will make a mistake later on.)

If you commit to the falsity of P ∧ Q, then you are claiming that at least
one of P or Q is false. In this case, Tarski’s World will ask you to choose one of
the two and thereby explicitly commit to its being false. The one you choose
had better be false, or you will eventually lose the game.

You try it
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

I 1. Open Claire’s World. Start a new sentence file and enter the sentence

¬Cube(a) ∧ ¬Cube(b) ∧ ¬Cube(c)

I 2. Notice that this sentence is false in this world, since c is a cube. Play
the game committed (mistakenly) to the truth of the sentence. You will
see that Tarski’s World immediately zeros in on the false conjunct. Your
commitment to the truth of the sentence guarantees that you will lose the
game, but along the way, the reason the sentence is false becomes apparent.

I 3. Now begin playing the game committed to the falsity of the sentence.
When Tarski’s World asks you to choose a conjunct you think is false,
pick the first sentence. This is not the false conjunct, but select it anyway
and see what happens after you choose OK.

Chapter 3
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Conjunction — Game rule

Form Your commitment Player to move Goal

P ∧ Q
TRUE

FALSE

Tarski’s World

you

Choose one of P,
Q that is false.
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Disjunction — Truth table

Disjunction symbol: ∨ / 75

If we wanted to express the exclusive sense of or in the above example, we
could do it as follows:

[Home(john) ∨ Home(mary)] ∧ ¬[Home(john) ∧ Home(mary)]

As you can see, this sentence says that John or Mary is home, but it is not
the case that they are both home.

Many students are tempted to say that the English expression either . . . or
expresses exclusive disjunction. While this is sometimes the case (and indeed
the simple or is often used exclusively), it isn’t always. For example, suppose
Pris and Scruffy are in the next room and the sound of a cat fight suddenly
breaks out. If we say Either Pris bit Scruffy or Scruffy bit Pris, we would not
be wrong if each had bit the other. So this would be translated as

Bit(pris, scruffy) ∨ Bit(scruffy, pris)

We will see later that the expression either sometimes plays a different logical
function.

Another important English expression that we can capture without intro-
ducing additional symbols is neither. . . nor. Thus Neither John nor Mary is
at home would be expressed as:

¬(Home(john) ∨ Home(mary))

This says that it’s not the case that at least one of them is at home, i.e., that
neither of them is home.

Semantics and the game rule for ∨
Given any two sentences P and Q of fol, atomic or not, we can combine them
using ∨ to form a new sentence P ∨ Q. The sentence P ∨ Q is true if at least
one of P or Q is true. Otherwise it is false. Here is the truth table.

P Q P ∨ Q

true true true

true false true

false true true

false false false

truth table for ∨

The game rules for ∨ are the “duals” of those for ∧. If you commit yourself game rule for ∨
to the truth of P ∨ Q, then Tarski’s World will make you live up to this by
committing yourself to the truth of one or the other. If you commit yourself to
the falsity of P ∨ Q, then you are implicitly committing yourself to the falsity

Section 3.3
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Disjunction — Game rule

Form Your commitment Player to move Goal

P ∨ Q
TRUE

FALSE

you

Tarski’s World

Choose one of P,
Q that is true.
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Formalisation

Sometimes, natural language double negation means logical
single negation

The English expression and sometimes suggests a temporal
ordering; the FOL expression ∧ never does.

The English expressions but, however, yet, nonetheless, and
moreover are all stylistic variants of and.

Natural language disjunction can mean invlusive-or (∨) or
exclusive-or: A xor B ⇔ (A ∨ B) ∧ (¬A ∨ ¬B)
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Logical necessity

A sentence is

logically necessary, or logically valid, if it is true in all
circumstances (worlds),

logically possible, if it is true in some circumstances (worlds),

logically impossible, if it is true in no circumstances (worlds).
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Logically possible
Logically and physically possible

Logically impossible
P ∧ ¬P a 6= a

Logically necessary
P ∨ ¬P a = a
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Logic, Boolean logic and Tarski’s world

A sentence is

logically necessary, or logically valid, if it is true in all
circumstances (worlds),

TW-necessary, if it is true in all worlds of Tarski’s world,

a tautology, if it is true in all valuations of the atomic
sentences with {TRUE, FALSE}.
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The truth table method

A sentence is a tautology if and only if it evaluates to TRUE
in all rows of its complete truth table.

Truth tables can be constructed with the program Boole.
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Tautological equivalence and consequence

Two sentences P and Q are tautologically equivalent, if they
evaluate to the same truth value in all valuations (rows of the
truth table).

Q is a tautological consequence of P1, . . . ,Pn if and only if
every row that assigns TRUE to each of P1, . . . Pn also
assigns TRUE to Q.

If Q is a tautological consequence of P1, . . .Pn, then Q is also
a logical consequence of P1, . . . ,Pn.

Some logical consequences are not tautological ones.

Till Mossakowski Logic



Formal Proofs in Fitch
The Boolean Connectives

Tautological equivalence and consequence

Two sentences P and Q are tautologically equivalent, if they
evaluate to the same truth value in all valuations (rows of the
truth table).

Q is a tautological consequence of P1, . . . ,Pn if and only if
every row that assigns TRUE to each of P1, . . . Pn also
assigns TRUE to Q.

If Q is a tautological consequence of P1, . . .Pn, then Q is also
a logical consequence of P1, . . . ,Pn.

Some logical consequences are not tautological ones.

Till Mossakowski Logic



Formal Proofs in Fitch
The Boolean Connectives

Tautological equivalence and consequence

Two sentences P and Q are tautologically equivalent, if they
evaluate to the same truth value in all valuations (rows of the
truth table).

Q is a tautological consequence of P1, . . . ,Pn if and only if
every row that assigns TRUE to each of P1, . . . Pn also
assigns TRUE to Q.

If Q is a tautological consequence of P1, . . .Pn, then Q is also
a logical consequence of P1, . . . ,Pn.

Some logical consequences are not tautological ones.

Till Mossakowski Logic



Formal Proofs in Fitch
The Boolean Connectives

Tautological equivalence and consequence

Two sentences P and Q are tautologically equivalent, if they
evaluate to the same truth value in all valuations (rows of the
truth table).

Q is a tautological consequence of P1, . . . ,Pn if and only if
every row that assigns TRUE to each of P1, . . . Pn also
assigns TRUE to Q.

If Q is a tautological consequence of P1, . . .Pn, then Q is also
a logical consequence of P1, . . . ,Pn.

Some logical consequences are not tautological ones.

Till Mossakowski Logic



Formal Proofs in Fitch
The Boolean Connectives

The Con rules in Fitch

Taut Con proves all tautological consequences.

FO Con proves all first-order consequences
(like a = c follows from a = b ∧ b = c).

Ana Con proves (almost) all Tarski’s world consequences.
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de Morgan’s laws and double negation

¬(P ∧ Q) ⇔ (¬P ∨ ¬Q)

¬(P ∨ Q) ⇔ (¬P ∧ ¬Q)

¬¬P ⇔ P

Note: ¬ binds stronger than ∧ and ∨. Bracktes are needed to
override this.
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Negation normal form

Substitution of equivalents: If P and Q are logically
equivalent: P ⇔ Q then the results of substituting one for the
other in the context of a larger sentence are also logically
equivalent: S(P) ⇔ S(Q)

A sentence is in negation normal form (NNF) if all
occurrences of ¬ apply directly to atomic sentences.

Any sentence built from atomic sentences using just ∧, ∨, and
¬ can be put into negation normal form by repeated
application of the de Morgan laws and double negation.
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Distributive laws

For any sentences P, Q, and R:

Distribution of ∧ over ∨:

P ∧ (Q ∨ R) ⇔ (P ∧ Q) ∨ (P ∧ R).

Distribution of ∨ over ∧:

P ∨ (Q ∧ R) ⇔ (P ∨ Q) ∧ (P ∨ R).
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Conjunctive and disjunctive normal form

A sentence is in conjunctive normal form (CNF) if it is a
conjunction of one or more disjunctions of one or more literals.

Distribution of ∨ over ∧ allows you to transform any sentence
in negation normal form into conjunctive normal form.
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A sentence is in disjunctive normal form (DNF) if it is a
disjunction of one or more conjunctions of one or more literals.
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in negation normal form into disjunctive normal form.

Some sentences are in both CNF and DNF.
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