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Abstract. Elementary gate decomposition of larger Toffoli operations
is often carried out using additional qubits (ancilla). The number of gates
and the circuit depth vary in such transformation depending on the type
of ancilla used (clean or dirty). The present Noisy Intermediate Scale
Quantum (NISQ) devices have limited number of coherent qubits with
faulty native operation support. Superconducting devices also have cou-
pling restrictions or Nearest-Neighbor (NN) constraints, which require
additional gates to map the transformed netlist for execution. While the
mapping overhead is correlated with the number of 2-qubit gates and
involved qubits, the fidelity of execution is inversely proportional to the
number of gates and circuit depth. There is a tradeoff in devising the
transpilation (i.e. low-level transformation and mapping) approach —
dirty ancilla demands less qubits and overhead at the expense of more
gates and depth as compared to clean ancilla, which involves less gates
and depth at the expense of more qubits and overhead. This paper ana-
lyzes the disparity in gates, depth and qubits between: (i) the low-level
transformation approaches without considering device coupling informa-
tion, and (ii) the mapping schemes based on netlist transformation using
a specific type of ancilla. We analyze the benefits of using NN-constraints
at the transformation stage, and the impact of distributing clean ancilla
across architectures. We have carried out experiments on IBM Q20 and
Hexagonal Q20 architectures, which show improvements of 17% and 13%
respectively in terms of number of gates.

Keywords: Quantum circuits - Architecture-aware decomposition - Qubit

mapping - Clean and dirty ancilla.

1 Introduction

We have witnessed rapid developments in quantum computers over the last few
years with several prominent physical implementations (viz. by IBM, Google,
DWave and many others). These implementations are often referred to as Noisy
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Intermediate Scale Quantum (NISQ) era devices due to their faulty native op-
erations within a small number of limited coherent qubits. Additionally, the
coupling restrictions or Nearest-Neighbor (NN) constraints between qubits, built
using technologies like superconducting elements, require additional gates to per-
form 2-qubit operations on any pair of uncoupled qubits. While the number of
operations (gates) and latency (circuit depth) of a computation pose a threat to
its reliability, the overhead further leads to the accumulation of noise.

The transpilation of quantum circuits for a NN-architecture is typically a
two-step process. Initially, a given netlist realized using multi-qubit operations
like Multiple-Control Toffoli (MCT) gates is transformed into a low-level de-
scription using 1- and 2-qubit elementary gates from a specific library, e.g. the
Clifford+T. The gates are then mapped satisfying the NN-constraints of the
target architecture. For such low-level description of MCT operations, the use
of additional qubits (ancilla) is very effective in reducing the gates and depth of
the netlist [7]. While the use of dirty ancilla reduces the qubit requirement by
reusing circuit qubits, the gates and depth can be further minimized when qubits
not used in the circuit are used as clean ancilla in the transformation [11]. Dur-
ing the final stage of transpilation, NN-compliance is achieved by introducing
more gates to satisfy the NN-constraints.

There exist several works for transforming MCT operations into elementary
gate netlists [4,14] with varying gates, depth and qubits. The mapping over-
head (i.e. number of 2-qubit gates and required qubits) is inversely related to
the computational reliability. Most of the mapping methods have used generated
netlists obtained from standard transformations without considering the device
constraints [9,18]. For quantum devices with NN-constraints [1,15], it is impor-
tant to consider architectural information at the transformation stage to reduce
gates and depth of the transpiled netlist. In a recent work Baker et al. [5] have
shown decomposition of Toffoli gate with arbitrary number of clean and dirty
ancilla qubits. In another related work, Balauca et al. [6] have proposed efficient
construction of multi-control quantum gates. However, no specific analyses con-
sidering the architectural information to map these decomposed netlists have
been carried out so far.

One of the recent works [12] combine Swap gates and Remote-CNOT tem-
plates to generate a database of MCT operations transpiled using dirty ancilla
for the IBM Q20 architecture. With the gradual increase in the number of qubits,
more number of qubits can be used for transpilation. To this end, in this pa-
per we exploit clean ancilla based transpilation of MCT gate netlists with NN-
compliance. We show that the use of clean ancilla outperforms the approach that
uses dirty ancilla, and analyze the impact of clean ancilla distribution on two
architectures, viz. 20-qubit IBM Q20 and Hexagonal Q20. Experimental results
confirm that clean ancilla based approach is beneficial in reducing the gate over-
head. Overall improvements of up to 17% and 13% respectively are obtained for
IBM Q20 and Hexagonal Q20 architectures.

Rest of the paper is organized as follows. Section 2 provides the neces-
sary background and motivation for the work. Section 3 presents the proposed
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database-driven architecture-aware decomposition approach. Section 4 presents
the experimental results, and finally the conclusion is provided in section 5.

2 Background and Motivation

In this section we discuss about quantum gates and architectures, and some of
the cost metrics used for decomposition.

2.1 Quantum Gates and Quantum Circuits

In quantum computing, the basic unit of information is quantum bits or qubits.
The state of a qubit can be represented as |1)) = «|0) + §|1), where o and
are complex amplitudes such that |a|? + |3 = 1. A qubit can be in a state
of superposition, and also a set of qubits can exist in states of entanglement.
Quantum gates operate on qubits and change their states; typically, we have 1-
and 2-qubit primitive gate operations. A quantum circuit consists of a sequence
of quantum gates, where each m-qubit quantum gate can be represented by
a 2™ x 2™ unitary matrix. Also, every quantum gate operation is inherently
reversible.

A Toffoli gate T'({c1,cz};t) is a 3-input reversible gate that has two controls
c1 and ¢y and a target t. If the values of ¢; and ¢y are both 1, then the target ¢
changes to c1co®t. Fig. 1 shows a Toffoli gate and its realization using Clifford+T
gate library. Another gate library that has been used by many researchers is
known as NCV [7].
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Fig. 1: Toffoli gate and its Clifford+T realization.

2.2 Quantum Architecture

Several implementations of quantum computers have emerged in the last five
years [2,3,8,10,15]. Most of these devices are built using superconducting qubits.
Recently photonic technologies have also been explored to realize qubits [15].
Fig. 2 shows two different NN architectures each comprising of 20 qubits and
having maximum degree of qubit coupling of six.

For mapping quantum circuits, additional gates are required to comply with
the architectural limitations or NN-constraints [10]. Typically, Swap gates [17]
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(a) 1BM Q20 (b) Hex. Q20

Fig. 2: Qubit coupling layout for two 20-qubit architectures.

or remote-CNOT templates [13] are inserted in the netlist for compliance. As the
gate operations are noisy, the inclusion of extra gates accumulate more errors
in the final results. Hence reducing the number of gates has a direct bearing in
controlling the error. Most of the existing works in the literature consider netlists
consisting of 1- and 2-qubit gates that are generated using existing transforma-
tion methods. However, by exploiting information about the architecture (viz.
number of qubits, inter-qubit coupling, error statistics, etc.), we can suitably
select the ancilla lines so as to minimize the gate overhead. One recent work [12]
has considered the IBM Q20 architecture to generate a complete database for
MCT gates using dirty ancilla; however, the possibility of clean ancilla usage
is unexplored. In this paper we explore the benefits of using clean ancilla dur-
ing gate decomposition, and show how MCT gate networks can be mapped to
various architectures efficiently.

2.3 Cost Metric and WCOST

To execute quantum gates with NN-compliance, two broad approaches exist,
both of which incur the use of additional CNOT gates in the netlist. The first
approach tries to bring the states of a pair of interacting qubits to adjacent
locations by adding Swap gates [17]. As an alternative, a 2-qubit gate operation
on non-adjacent qubits can be carried out as a cascade of NN-compliant CNOT
operations, called remote-CNOT template [13]. In the latter case, the number
of additional gates required is 4d, where d is the distance between the pair of
physical qubits. The cost is estimated as the number of additional CNOT gates.

For the netlist of Fig. 1, the Qubit Interaction Graph (QIG) is shown in
Fig. 3(a). The edge weights represent the number of 2-qubit operations between
qubit pairs. We calculate the total cost (WCOST) for mapping the netlist to
IBM Q20 and Hexagonal Q20 architectures. With respect to the QIG and a
layout mapping, 7 : ¢; = Qy, let E' denote the set of edges, w;; the edge weight
between qubits ¢; and ¢;, and d;; the number of qubits in the shortest coupling
path between 7(g;) and 7(g;). The total cost can be estimated as:

55 if dij =0
WCOST = 3 Cij where Cyj = {“’J n = (1)
(iyer 4d;jwi;  otherwise.
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[ Qubit Mapping ]
[c1 ca t [Architecture[ WCOST]|

Qo Q2 Q1 12
Qs Q14 Qu1 IBM Q20 32
Qo Q2 Q1 12
Qs Qis Qu1 Hex. Q20 26

(b)

Fig. 3: (a) Interaction graph of a Toffoli gate T'({c1, c2};t), and (b) corresponding
WCOST for mapping into IBM Q20 and Hexagonal Q20 architectures.

Fig. 3(b) shows the WCOST for four different mappings for the two architec-
tures.

3 Proposed Method

In this work we show how clean ancilla is beneficial as compared to dirty an-
cilla for MCT gate decomposition. We first analyze ancilla usage in realizing
Toffoli gates using primitive quantum gates. The mapping overhead on two spe-
cific architectures, viz. IBM Q20 and 20-qubit regular hexagonal, are presented
next. Finally, the effects of clean ancilla distribution on given qubit layout are
examined.

3.1 Realization of MCT Netlist

The transformation of an (m + 1)-qubit MCT gate requires m — 2 ancilla qubits
for m > 2. The number of gates in the transformed netlist may vary depending
on whether clean or dirty ancilla are used. A (m+1)-qubit MCT gate (for m > 2)
requires 4(m — 2) 3-qubit Toffoli gates when m — 2 dirty ancilla are used [7], and
(2m — 3) Toffoli gates when m — 2 clean ancilla are used [11].

Ezample 1. Fig. 4 shows the realization of a 5-qubit MCT gate, T'({c1, ..., ¢4}, t,
{a1,a2}) decomposed using 8 and 5 Toffoli gates considering a; and as as dirty
and clean ancilla qubits, respectively.

The number of gates can be further reduced by performing some optimiza-
tion. In general, the operation of a Toffoli gate can be realized as a sequence of
3-qubit C?(—iZ) (C?(iZ)) and C'S (C'ST) operations. For such Toffoli gate pairs
operating on same set of qubits in presence of an intermediate gate, the compo-
nent C'S (CST) gate pair can be removed completely (partially) depending on
the intermediate gate operation. This is illustrated by the following example.

Ezxample 2. Fig. 5 shows the netlists comprising of pair of 3-qubit Toffoli gate,
T({q1,q2};q3), with an intermediate CNOT gate, C'X (g, ¢:). The component
CS (CST) from the netlist can be removed completely, if the control, g. is g3
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(a) (b)

Fig. 4: Decomposition of a 4-controlled MCT gate as a netlist of Toffoli gates using (a)
2 dirty ancilla, (b) 2 clean ancilla.

q: q1:
G2 77 a2
4 —iZ iZ g

q4 D qa

(a) (b)

Fig. 5: A pair of Toffoli gates and a intermediate CNOT gate operating on the (a)
target and (b) control qubits of the Toffoli gates.

and target, q; ¢ {q1,¢2} (see Fig. 5a). Similarly, for the netlist shown in Fig. 5b,
one CNOT operation from each of the C'S (CST) realization can be removed,
when the g2 (or ¢1) becomes g;.

Considering such cancellation, the number of CNOT operations to realize a
(m + 1)-qubit MCT gate (for m > 2) gets reduced to (20m — 42) when m — 2
dirty ancilla are used. Similarly, for m — 2 clean ancilla, the required number of
CNOT operations is reduced to (8m — 10). However, it may be noted that the
ability to reuse circuit qubit as ancilla leads to a final netlist with fewer qubits
when dirty ancilla are used for decomposition instead of clean ancilla.

Lemma 1. A r-qubit MCT network can be described optimally using 1- and 2-
qubit Clifford+T gates and r qubits, when only dirty ancilla qubits are used and

the largest MCT gate in the network is of size (m + 1)-qubit where m < Tgl.

Proof. In order to describe the operation of an (m + 1)-qubit MCT gate using
minimum number of Clifford+T gates, we require m — 2 dirty ancilla qubits.
Thus, for a r-qubit MCT network, the Clifford+T description does not require
any additional qubits, when the largest MCT gate in the netlist is of size (m+1)-

qubit, and it satisfies the condition, (m + 1) + (m —2) < rie, m < T'gl.

The Clifford+T description of an MCT gate netlist requires additional qubits
other than circuit when clean ancilla are used.

Lemma 2. A r-qubit MCT network can be described optimally using v +m — 2
qubits and 1- and 2-qubit Clifford+T gates when only clean ancilla are used and
the largest MCT gate is of size (m + 1)-qubit.
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Proof. In order to describe the operation of the (m + 1)-qubit MCT gate using
minimum number of Clifford+T gates, we require m — 2 clean ancilla. Thus, for
a r-qubit MCT netlist the Clifford4+T description requires (r +m — 2) qubits.

To summarize, the use of clean ancilla results in a netlist with fewer gates
as compared to that using dirty ancilla. On the other hand, use of dirty ancilla
requires fewer qubits. Thus, increasing the number of qubits in re-describing a
MCT netlist can reduce the number of gates in the final netlist as illustrated by
the following example.

Ezample 3. Fig. 6 shows two equivalent descriptions of a 5-qubit MCT netlist
using clean and dirty ancilla qubits. The use of dirty ancilla requires 5 Toffoli
gates with no additional qubits (vide Lemma 1). The use of clean ancilla requires
one additional qubit (g,) and 4 Toffoli gates (vide Lemma 2).

qo :
q1:
qz2
qs:
qs:

(a) (b)

Fig. 6: Decomposition of a MCT netlist using (a) dirty ancilla, (b) clean ancilla.

Clearly, there is a tradeoff in using either clean or dirty ancilla qubits for
decomposition. In addition, while mapping the gate operations to some physical
architecture, the NN-constraints must be taken into account. This is discussed
in the next subsection.

3.2 Architectural Mapping of MCT Netlist

Current NISQ architectures have limited number of qubits, and mapping a r-
qubit MCT netlist requires re-describing it in terms of native 1- and 2-qubit
gates. Of course, the number of qubits in the final netlist cannot exceed the
available number of physical qubits. The number of qubits in the decomposed
netlist depends on two factors: (i) size of the largest MCT gate in the netlist,
and (ii) the type of ancilla used in decomposition. This limits the size of the
MCT netlist that can be mapped to n physical qubits.

Lemma 3. In an n-qubit target architecture, an n-qubit MCT netlist can be
mapped if the largest MCT gate present in the network never occupies more than
50% (or | ™ +1) of n qubits, where dirty ancilla are used in the decomposition.

Proof. Decomposing an (m + 1)-qubit MCT gate requires m — 2 ancilla qubits,
where m > 2. To map the decomposed netlist on an n-qubit architecture, it must
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satisfy the inequality: m +m — 2+ 1 < n. That is, n > 2m — 1. Thus the largest

MCT gate can occupy 2’;2*_11 x 100 = 50% (for large m) of the n physical qubits.

As the supported gate operations on current NISQ architectures are noisy,
and requires additional gates to satisfy the underlying NN-constraints, it is es-
sential to describe the the netlist using minimal number of primitive gates. We
have already discussed that clean ancilla based decomposition requires less gates
but more physical qubits.

Lemma 4. In an n-qubit architecture, a r-qubit MCT netlist containing r-qubit
MCT gates can be mapped if the MCT network never occupies more than 50%
(or L%ﬁj) of n qubits, where clean ancilla are used in the decomposition.

Proof. The decomposition of a r-qubit MCT gate requires r — 3 clean ancilla
with the constraint, » +r — 3 < n. That is, 2r — 3 < n. Thus the MCT netlist
containing largest MCT gate can occupy, 5= x 100 ~ 50% (for large ) of the
n physical qubits.

It may be noted that while mapping a MCT netlist to a target architecture,
dirty ancilla based decomposition imposes restriction on the largest MCT gate,
whereas clean ancilla based approach restricts the number of qubits. The fol-
lowing example illustrates the mapping of the largest MCT netlist described at
primitive gate level using both clean and dirty ancilla.

Ezample 4. Consider the 5-qubit MCT netlist shown in Fig. 6. On the 5-qubit
IBM QX2 architecture shown in Fig. 7a, the netlist can only be mapped if it is
decomposed using dirty ancilla qubits (vide Lemma 3). However, on the 7-qubit
IBM Falcon architecture (see Fig. 7b), such 5-qubit MCT netlists described using
clean ancilla can be mapped (vide Lemma 4).

OO, O—0O—C

0‘ ®
® O—O0—=
(a) IBM QX2 (b) IBM Falcon

Fig.7: IBM quantum architectures with 5 and 7 qubits.

For an n-qubit architecture, the mapping of r-qubit MCT netlist can be done
by describing the network using clean ancilla if it satisfies Lemma 4; otherwise
dirty ancilla should be used, provided it does not violate Lemma 3 . In such cases
when Lemma 4 is applicable, clean ancilla based description provides mapping
with less overhead as illustrated by the following example.
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Ezample 5. Consider the mapping of the MCT netlist shown in Fig. 6 on an
IBM 7-qubit Falcon processor (see Fig. 7b). For the dirty ancilla based decom-
posed network, a mapping 7 : (go, g1, g2, 43, q1) — (Qo, Q2, @5, Q1,Q3) incurs a
WCOST of 60. In contrast, for the clean ancilla based decomposed network, a

mapplng ™ (qu q1,492, 43, Q4»Qa) — (QO? Q27 Q57 Q67 Q37 Ql) leads to a WCOST
of 48.

The choice of physical qubits as clean ancilla also plays a major role during
NN-mapping to reduce gate overhead. A viable approach for effective selection
of physical qubits is presented next.

3.3 Clean Ancilla Based MCT Netlist Mapping

The clean ancilla based low-level transformation of MCT netlists almost doubles
the number of required physical qubits. In fact, for an n-qubit architecture, the
largest MCT gate of size n, (= [(n+3)/2]) qubits can be realized in this way by
selecting required ancilla from n, (= n, — 3) qubits. There are (:a) ways these
ng ancilla can be distributed among the n physical qubits.

For each ancilla configuration there exists (n — ng) x ("7%‘71) number of
(m 4+ 1)-qubit MCT gate configurations, where each MCT configuration in turn
can have (,",) ancilla configurations.

For a given MCT configuration T'(C;t; A) where A denotes the set of an-
cilla qubits, the optimal remote MCT template is determined by considering
T (Tmin(C); Tmin (t); Tmin(A)), where 7, denotes mapping to physical archi-
tectural qubits, T : ¢ — Qr that provides minimum WCOST. By exploring
all such configurations for (m + 1)-qubit MCT gates where 3 < m+1 < n,, a
complete database of optimal remote MCT realizations is created for mapping
purpose.

The MCT circuit is then processed gate-wise and each MCT gate is realized
by an optimal remote MCT gate. As it has been observed in the case of dirty
ancilla based decomposition [12], it is often beneficial not to directly realize
an MCT gate via the corresponding remote MCT realization, but rather to
apply SWAP gates first. The SWAP gates modify the mapping of logical to
physical qubits, which also changes the MCT configuration of the next gate
to be realized. Even though the SWAP gates seem to increase the mapping
overhead, the WCOST of the resulting configuration is often significantly smaller
and outweighs the cost of the SWAP gates. The same methodology as in [12]
(i.e., formulation as a single source shortest path problem) is used to determine
optimal combinations of SWAPs and remote MCT realization. However, in order
to reduce the search space, the position of the clean ancilla qubits is fixed and
those qubits will not change their position at all.

Ezample 6. Fig. 8 shows a clean ancilla based MCT gate, T'({c1, ¢2,c3};t;a1),
realized using 3 Toffoli gates. and its corresponding QIG for the final netlist.

Considering the set of clean ancilla A = {QhQ37Q67Q85Q117Q133Q167Q18}
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Fig.8: (a) Clean ancilla based decomposition of a 4-qubit MCT gate using 3 Toffoli
gates, and (b) corresponding interaction graph.

on IBM Q20 architecture (see Fig. 2a), the mpi, of the remote MCT realiza-
tion, T({Q2,Q12,Q15}; Qo; @11) has WCOST of 44. Swapping the target Qg
to Q7 (through the shortest coupling path Qo — @1 — Q7) as well as swap-
ping the control @5 to Q19 (having direct coupling Q15 — Q10) require 3
SWAPs (i.e., 9 CNOTSs), but the my,, WCOST of the resulting configuration
T({Q2,Q10, Q12}; Q7; Qe) is only 20, such that the overall realization of the gate
requires only 20 + 9 = 29 CNOTs.

4 Experimental Evaluation

The proposed gate decomposition approach using clean ancilla qubits has been
implemented in C++, and run on a number of reversible benchmark circuits
available in RevLib [16]. For evaluation, two distinct 20-qubit architectures are
considered, viz. IBM Q20 and Hexagonal Q20. We need to block 8 physical qubits
for clean ancilla based decomposition; the remaining qubits can support 12-qubit
MCT networks with largest MCT gate of size 11-qubits. There are (280) possible
ways in which the ancilla can be selected. For experimentation, we consider the
following three clean ancilla distributions:

Dist.1 = {Q1,Q3, Qs, @s, Q11, Q13, Q16, Q18}
Dist.2 = {Q2, Qs, Q7, Qs, Q12, @16, Q17, Q18 }
Dist.3 = {Q1, Q2, Qs, Q7, Q11, Q12, Q16, Q17}

For each distribution, we generate the complete database for all n-qubit MCT
gate configurations, where 3 < n < 11. We also generate a similar dirty ancilla
database for the same MCT gate configurations. For each clean ancilla distribu-
tion, database creation took under one hour whereas for dirty ancilla it took 4
hours for both the architectures. The mapping algorithm [12] took few seconds
for both the architectures.

4.1 Dirty vs Clean Ancilla based Decomposition

For comparing the mapping overheads for clean and dirty ancilla based ap-
proaches, we consider the clean ancilla distribution Dist.1. The results of the
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experiments are presented in Table 1. The first three columns give the serial no.
(SL.), the benchmark names and the number of qubits in the original netlist re-
spectively. The next three columns respectively show the number of CNOT gates
required for dirty and clean ancilla based decomposition, and the percentage im-
provement in using clean ancilla. Columns 6-8 show the additional CNOT gate
overheads for mapping these dirty and clean ancilla based decomposed netlists on
IBM Q20 architecture, and the percentage improvements respectively. Columns
9-11 show similar data for the Hexagonal Q20 architecture. The last two columns
show the overall improvement percentage, calculated based on the CNOT gate
overhead that includes both decomposition and mapping for clean ancilla based
approach over dirty ancilla based approach for the two architectures.

The results show that clean ancilla based approach outperforms dirty ancilla
based approach for most of the benchmarks. Although the mapping overhead is
better for dirty ancilla based approach for many of the benchmarks, the overall
improvement is better for clean ancilla based approach. Since any circuit qubits
can be reused as the basis for dirty ancilla based decomposition, it is possible to
have better qubit selection leading to reduced mapping overhead . On the other
hand for clean ancilla based approach, distribution of ancilla greatly influences
the mapping overheads across architectures.

4.2 Effect of Clean Ancilla Distribution

The overall improvements for all the three clean ancilla distributions over dirty
ancilla for both the architectures are shown in Fig. 9. For both the architectures,
Dist.1 outperforms Dist.2 and Dist.3 in most of the cases. It is found that no
single ancilla distribution across the architectures provide better results for all
the benchmarks. For example, the benchmark 9symmi_195 gives best result with
Dist. 1. On the other hand, for the benchmark z4_268, Dist.2 provides the best
result. But, Dist.3 does not give the best result for any of the benchmarks. This
clearly shows that the distribution of clean ancilla has a significant impact on
the mapping overhead.

5 Conclusion

In this work we critically analyze two alternate decomposition schemes for realiz-
ing MCT netlists using Clifford+T gates based on (i) dirty ancilla, and (ii) clean
ancilla. With the increasing power of modern-day quantum computers we can
use clean ancilla based decomposition that reduces the overall gates in the tran-
spilled netlist, which in turn increases operation fidelity. Two alternate 20-qubit
architectures have been used for transpilation, the IBM Q20 and the 20-qubit
hexagonal architectures. We show that although dirty ancilla help in reducing
the total number of required qubits, the use of clean ancilla can significantly
reduce the number of gate operations and hence the accumulated errors. In ad-
dition, using a database-driven approach the impact of distributing clean ancilla
for NN-mapping of logical qubits has been analyzed across architectures.
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Benefits of Clean Ancilla Based Toffoli Gate Decomposition

Mapping IBM Q20 Architecture

Mapping Hex Q20 Architecture
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Fig. 9: Effects of ancilla distribution across architectures.
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