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Modularity via imports
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Large ontologies with 100,000s of axioms
e.g.

… are often built modularly, using imports

(a) O1 O2 O3

O4 O5

(b) O1 O2 O3

O4 O5

Fig. 1: (a) an exemplary ograph G and (b) its reflexive transitive closure G⇤

relation that is to be expected from the import (e.g., O2 should be significant for O1
but not vice versa). Furthermore, an ograph in general does not need to have a unique
root or be connected. In this sense, the notion of an ograph even captures repositories of
ontologies. For an ograph G = (V, E), let OG :=

S
V . If G represents the import structure

of an ontology O, then OG is the import closure of O. Note that ontologies contained in
an ograph may share symbols regardless of whether or not they are adjacent.

3.3 Modules and Atomic Decomposition

For an interpretation I and an ontology O, we write I |= O if I is a model of O, and
denote the interpretation obtained by restricting I to the signature ⌃ with I |⌃ . The central
notion that is used to define a module is that of a conservative extension [15] or, more
generally, of ⌃-inseparability [22], which is defined as follows.

Let O1 and O2 be ontologies and ⌃ a signature. O1 and O2 are model inseparable
w.r.t. ⌃, written O1 ⌘mCE

⌃ O2, if {I |⌃ | I |= O1} = {I |⌃ | I |= O2}. O1 and O2 are
deductively inseparable w.r.t. ⌃, written O1 ⌘dCE

⌃ O2, if, for all SROIQ-entailments ⌘
over ⌃, we have O1 |= ⌘ if and only if O2 |= ⌘. The equivalence relations ⌘R are defined
upon the notion R 2 {mCE, dCE} which is called an inseparability relation.

Other notions of inseparability relations can be defined, see, e.g., [22,38]; in this
paper we will consider only R 2 {mCE, dCE}. An inseparability relation R induces
modules defined as follows [23]. Let M and O be ontologies with M ✓ O and ⌃ a
signature. We call M an R⌃-module of O if M ⌘R

⌃ O, and a minimal R⌃-module of O if
M, but no proper subset of M, is an R⌃-module of O. Stronger module notions such as
self-contained and depleting R⌃-module exist [23], but are not needed in the following.

Since both notions of inseparability are undecidable already for DLs of moderate
expressivity [26,27], extracting R⌃-modules is a computationally very hard problem. Still,
there are several successful module extraction methods: some are restricted to fragments
of SROIQ, such as the MEX/AMEX approach [14,21]; others are approximation
methods, which guarantee that the output is an R⌃-module (often with additional useful
properties), but that module is not necessarily minimal. These approaches include
locality-based modules (LBMs) [6], reachability-based modules (RBMs) [28,32], and
modules based on datalog reasoning [1], and minimal subsumption modules [3]. LBMs
come in two flavours (semantic and syntactic), and three variants per flavour (?, >,
nested). We will refer to LBMs in some examples, but the precise definitions are not
relevant for understanding those.

Since the techniques developed in the following do not depend on a concrete module
extraction approach, we use the general notation x-mod(·, ·), i.e., M = x-mod(⌃,O)
denotes the module extracted for the signature ⌃ from the ontology O using approach x.

e.g., Cell Ontology (CL) imports 8 ontologies, 
                                       including the Gene Ontology (GO)

e.g., out of the 438 ontologies in the 2017 snapshot of BioPortal,
69 use imports;
some import up to 31 ontologies (directly & indirectly)
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✓  Separation of concerns

Import structure helps separate (sub-)domains of interest

Import structures provide …

importedInto

CL GO
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✓  Separation of concerns

✗  No logical guarantees

Import structure helps separate (sub-)domains of interest

GO does not need to be a module of CL in a strict logical sense, 
i.e., it does not provide guarantees such as:

Import structures provide …

(local completeness)

importedInto

CL GO

• 8↵ with sig(↵) ✓ sig(GO): CL [ GO |= ↵ iff GO |= ↵
<latexit sha1_base64="B+XxmwAC8Zh9wYTsQaDFjnQOAAk="></latexit>
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?

✓  Separation of concerns

✗  No logical guarantees

Import structure helps separate (sub-)domains of interest

GO does not need to be a module of CL in a strict logical sense, 
i.e., it does not provide guarantees such as:

Import structures provide …

(local completeness)

importedInto

CL GO

(relevance)

• 8↵ with sig(↵) ✓ sig(GO): CL [ GO |= ↵ iff GO |= ↵
<latexit sha1_base64="B+XxmwAC8Zh9wYTsQaDFjnQOAAk="></latexit>

• 9↵ with sig(↵) ✓ sig(CL): CL [ GO |= ↵ & CL 6|= ↵
<latexit sha1_base64="fjYRjEuK2nbWgmqwkLYbgTzd5GQ="></latexit>
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Local completeness:

importedInto

8↵ with sig(↵) ✓ sig(GO): CL [ GO |= ↵ iff GO |= ↵
<latexit sha1_base64="snfV5M8HSOmr9n6Klky/7Yb4y7M="></latexit>

CL GO

In other words: CL [ GO is sig(GO)-inseparable from GO,
<latexit sha1_base64="XbdAWEmjuI7h/HypOWnX/jWAZSY="></latexit>

written CL [ GO ⌘sig(GO) GO
<latexit sha1_base64="dhIFQ87ffHrFzTHzCCJSKUs6iZo="></latexit>
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Local completeness:

importedInto

[Lutz et al. 2007]Alas, inseparability is undecidable for many DLs above ALC
<latexit sha1_base64="dbED8JIJ8YKkSwWX/q2wV9yPxEA="></latexit>

8↵ with sig(↵) ✓ sig(GO): CL [ GO |= ↵ iff GO |= ↵
<latexit sha1_base64="snfV5M8HSOmr9n6Klky/7Yb4y7M="></latexit>

CL GO

In other words: CL [ GO is sig(GO)-inseparable from GO,
<latexit sha1_base64="XbdAWEmjuI7h/HypOWnX/jWAZSY="></latexit>

written CL [ GO ⌘sig(GO) GO
<latexit sha1_base64="dhIFQ87ffHrFzTHzCCJSKUs6iZo="></latexit>
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Local completeness:

importedInto

–> To measure local completeness, approximations are required:

• via locality     [Cuenca Grau et al. 2007]

• via related module notions     (locality-based etc.)

[Lutz et al. 2007]

Both kinds of approximations provide sufficient conditions for local compl.

Alas, inseparability is undecidable for many DLs above ALC
<latexit sha1_base64="dbED8JIJ8YKkSwWX/q2wV9yPxEA="></latexit>

8↵ with sig(↵) ✓ sig(GO): CL [ GO |= ↵ iff GO |= ↵
<latexit sha1_base64="snfV5M8HSOmr9n6Klky/7Yb4y7M="></latexit>

CL GO

In other words: CL [ GO is sig(GO)-inseparable from GO,
<latexit sha1_base64="XbdAWEmjuI7h/HypOWnX/jWAZSY="></latexit>

written CL [ GO ⌘sig(GO) GO
<latexit sha1_base64="dhIFQ87ffHrFzTHzCCJSKUs6iZo="></latexit>
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We want to provide quantitative measures that …

• determine the extent to which imports in existing ontologies 
meet logical guarantees

• capture even stronger versions of these guarantees 
(i.e., relative to the other ontologies in the import closure)

• do not depend on a particular approximation (e.g. locality) 
or module notion

Main idea

• Consider the given import structure as a directed graph

• Compute a “reference graph” using some module notion  
that provides the logical guarantees

• Measure the similarity between both graphs
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O4 O5

Fig. 1: (a) an exemplary ograph G and (b) its reflexive transitive closure G⇤

relation that is to be expected from the import (e.g., O2 should be significant for O1
but not vice versa). Furthermore, an ograph in general does not need to have a unique
root or be connected. In this sense, the notion of an ograph even captures repositories of
ontologies. For an ograph G = (V, E), let OG :=

S
V . If G represents the import structure

of an ontology O, then OG is the import closure of O. Note that ontologies contained in
an ograph may share symbols regardless of whether or not they are adjacent.

3.3 Modules and Atomic Decomposition

For an interpretation I and an ontology O, we write I |= O if I is a model of O, and
denote the interpretation obtained by restricting I to the signature ⌃ with I |⌃ . The central
notion that is used to define a module is that of a conservative extension [15] or, more
generally, of ⌃-inseparability [22], which is defined as follows.

Let O1 and O2 be ontologies and ⌃ a signature. O1 and O2 are model inseparable
w.r.t. ⌃, written O1 ⌘mCE

⌃ O2, if {I |⌃ | I |= O1} = {I |⌃ | I |= O2}. O1 and O2 are
deductively inseparable w.r.t. ⌃, written O1 ⌘dCE

⌃ O2, if, for all SROIQ-entailments ⌘
over ⌃, we have O1 |= ⌘ if and only if O2 |= ⌘. The equivalence relations ⌘R are defined
upon the notion R 2 {mCE, dCE} which is called an inseparability relation.

Other notions of inseparability relations can be defined, see, e.g., [22,38]; in this
paper we will consider only R 2 {mCE, dCE}. An inseparability relation R induces
modules defined as follows [23]. Let M and O be ontologies with M ✓ O and ⌃ a
signature. We call M an R⌃-module of O if M ⌘R

⌃ O, and a minimal R⌃-module of O if
M, but no proper subset of M, is an R⌃-module of O. Stronger module notions such as
self-contained and depleting R⌃-module exist [23], but are not needed in the following.

Since both notions of inseparability are undecidable already for DLs of moderate
expressivity [26,27], extracting R⌃-modules is a computationally very hard problem. Still,
there are several successful module extraction methods: some are restricted to fragments
of SROIQ, such as the MEX/AMEX approach [14,21]; others are approximation
methods, which guarantee that the output is an R⌃-module (often with additional useful
properties), but that module is not necessarily minimal. These approaches include
locality-based modules (LBMs) [6], reachability-based modules (RBMs) [28,32], and
modules based on datalog reasoning [1], and minimal subsumption modules [3]. LBMs
come in two flavours (semantic and syntactic), and three variants per flavour (?, >,
nested). We will refer to LBMs in some examples, but the precise definitions are not
relevant for understanding those.

Since the techniques developed in the following do not depend on a concrete module
extraction approach, we use the general notation x-mod(·, ·), i.e., M = x-mod(⌃,O)
denotes the module extracted for the signature ⌃ from the ontology O using approach x.

Ographs

• are directed graphs capturing the import structure of a single ontology 
or a repository

• nodes = ontologies;    edges = “imported into” relation

e.g.
(i.e., O1 imports
all other ontologies (in)directly)

<latexit sha1_base64="kO/tAtGUyheYaZVyYrlslMcEXjE="></latexit>
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Consider arbitrary inseparability relation ⌘⌃
<latexit sha1_base64="hRdl/ljMDMkGKdbZFzDFgqoNF/c="></latexit>

and module notion mod(⌃,O) with the following properties
<latexit sha1_base64="LGaJ75/5EZ4TJLJxacxXSZDVRjs="></latexit>

• mod(⌃,O) ✓ O (uniquely determined)

• mod(⌃,O) ⌘⌃ O
<latexit sha1_base64="8MW39OB9SoDXIPL9a0yx+PK1+04="></latexit>

mod(⌃,O) is not necessarily minimal with these properties.
<latexit sha1_base64="0NLkSTYg5mkyl3UFtVdZVtO1JDM="></latexit>

such as

• locality-based modules

• (A)MEX modules

• reachability-based modules

• datalog-based modules

• etc.
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Fig. 1: (a) an exemplary ograph G and (b) its reflexive transitive closure G⇤

relation that is to be expected from the import (e.g., O2 should be significant for O1
but not vice versa). Furthermore, an ograph in general does not need to have a unique
root or be connected. In this sense, the notion of an ograph even captures repositories of
ontologies. For an ograph G = (V, E), let OG :=

S
V . If G represents the import structure

of an ontology O, then OG is the import closure of O. Note that ontologies contained in
an ograph may share symbols regardless of whether or not they are adjacent.

3.3 Modules and Atomic Decomposition

For an interpretation I and an ontology O, we write I |= O if I is a model of O, and
denote the interpretation obtained by restricting I to the signature ⌃ with I |⌃ . The central
notion that is used to define a module is that of a conservative extension [15] or, more
generally, of ⌃-inseparability [22], which is defined as follows.

Let O1 and O2 be ontologies and ⌃ a signature. O1 and O2 are model inseparable
w.r.t. ⌃, written O1 ⌘mCE

⌃ O2, if {I |⌃ | I |= O1} = {I |⌃ | I |= O2}. O1 and O2 are
deductively inseparable w.r.t. ⌃, written O1 ⌘dCE

⌃ O2, if, for all SROIQ-entailments ⌘
over ⌃, we have O1 |= ⌘ if and only if O2 |= ⌘. The equivalence relations ⌘R are defined
upon the notion R 2 {mCE, dCE} which is called an inseparability relation.

Other notions of inseparability relations can be defined, see, e.g., [22,38]; in this
paper we will consider only R 2 {mCE, dCE}. An inseparability relation R induces
modules defined as follows [23]. Let M and O be ontologies with M ✓ O and ⌃ a
signature. We call M an R⌃-module of O if M ⌘R

⌃ O, and a minimal R⌃-module of O if
M, but no proper subset of M, is an R⌃-module of O. Stronger module notions such as
self-contained and depleting R⌃-module exist [23], but are not needed in the following.

Since both notions of inseparability are undecidable already for DLs of moderate
expressivity [26,27], extracting R⌃-modules is a computationally very hard problem. Still,
there are several successful module extraction methods: some are restricted to fragments
of SROIQ, such as the MEX/AMEX approach [14,21]; others are approximation
methods, which guarantee that the output is an R⌃-module (often with additional useful
properties), but that module is not necessarily minimal. These approaches include
locality-based modules (LBMs) [6], reachability-based modules (RBMs) [28,32], and
modules based on datalog reasoning [1], and minimal subsumption modules [3]. LBMs
come in two flavours (semantic and syntactic), and three variants per flavour (?, >,
nested). We will refer to LBMs in some examples, but the precise definitions are not
relevant for understanding those.

Since the techniques developed in the following do not depend on a concrete module
extraction approach, we use the general notation x-mod(·, ·), i.e., M = x-mod(⌃,O)
denotes the module extracted for the signature ⌃ from the ontology O using approach x.

(i.e., O1 imports
all other ontologies (in)directly)

<latexit sha1_base64="kO/tAtGUyheYaZVyYrlslMcEXjE="></latexit>

Previous example ograph:

(1) Import of O3 into O2 is “safe” if O3 is locally complete w.r.t. O2,
i.e., O2 [O3 ⌘sig(O3) O3

<latexit sha1_base64="KSnhkUFDmVGiM177L3ifH5y7RvY="></latexit>
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Fig. 1: (a) an exemplary ograph G and (b) its reflexive transitive closure G⇤

relation that is to be expected from the import (e.g., O2 should be significant for O1
but not vice versa). Furthermore, an ograph in general does not need to have a unique
root or be connected. In this sense, the notion of an ograph even captures repositories of
ontologies. For an ograph G = (V, E), let OG :=

S
V . If G represents the import structure

of an ontology O, then OG is the import closure of O. Note that ontologies contained in
an ograph may share symbols regardless of whether or not they are adjacent.

3.3 Modules and Atomic Decomposition

For an interpretation I and an ontology O, we write I |= O if I is a model of O, and
denote the interpretation obtained by restricting I to the signature ⌃ with I |⌃ . The central
notion that is used to define a module is that of a conservative extension [15] or, more
generally, of ⌃-inseparability [22], which is defined as follows.

Let O1 and O2 be ontologies and ⌃ a signature. O1 and O2 are model inseparable
w.r.t. ⌃, written O1 ⌘mCE

⌃ O2, if {I |⌃ | I |= O1} = {I |⌃ | I |= O2}. O1 and O2 are
deductively inseparable w.r.t. ⌃, written O1 ⌘dCE

⌃ O2, if, for all SROIQ-entailments ⌘
over ⌃, we have O1 |= ⌘ if and only if O2 |= ⌘. The equivalence relations ⌘R are defined
upon the notion R 2 {mCE, dCE} which is called an inseparability relation.

Other notions of inseparability relations can be defined, see, e.g., [22,38]; in this
paper we will consider only R 2 {mCE, dCE}. An inseparability relation R induces
modules defined as follows [23]. Let M and O be ontologies with M ✓ O and ⌃ a
signature. We call M an R⌃-module of O if M ⌘R

⌃ O, and a minimal R⌃-module of O if
M, but no proper subset of M, is an R⌃-module of O. Stronger module notions such as
self-contained and depleting R⌃-module exist [23], but are not needed in the following.

Since both notions of inseparability are undecidable already for DLs of moderate
expressivity [26,27], extracting R⌃-modules is a computationally very hard problem. Still,
there are several successful module extraction methods: some are restricted to fragments
of SROIQ, such as the MEX/AMEX approach [14,21]; others are approximation
methods, which guarantee that the output is an R⌃-module (often with additional useful
properties), but that module is not necessarily minimal. These approaches include
locality-based modules (LBMs) [6], reachability-based modules (RBMs) [28,32], and
modules based on datalog reasoning [1], and minimal subsumption modules [3]. LBMs
come in two flavours (semantic and syntactic), and three variants per flavour (?, >,
nested). We will refer to LBMs in some examples, but the precise definitions are not
relevant for understanding those.

Since the techniques developed in the following do not depend on a concrete module
extraction approach, we use the general notation x-mod(·, ·), i.e., M = x-mod(⌃,O)
denotes the module extracted for the signature ⌃ from the ontology O using approach x.

(i.e., O1 imports
all other ontologies (in)directly)

<latexit sha1_base64="kO/tAtGUyheYaZVyYrlslMcEXjE="></latexit>

Previous example ograph:

(1) Import of O3 into O2 is “safe” if O3 is locally complete w.r.t. O2,
i.e., O2 [O3 ⌘sig(O3) O3

<latexit sha1_base64="KSnhkUFDmVGiM177L3ifH5y7RvY="></latexit>

(2) Import of O2, . . . ,O5 into O1 is “safe” if
O1 [ · · · [O5 ⌘sig(O2[···[O5) O2 [ · · · [O5

<latexit sha1_base64="x78VWKC1fzE4bmWkay0MvPwR3kA="></latexit>
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relation that is to be expected from the import (e.g., O2 should be significant for O1
but not vice versa). Furthermore, an ograph in general does not need to have a unique
root or be connected. In this sense, the notion of an ograph even captures repositories of
ontologies. For an ograph G = (V, E), let OG :=

S
V . If G represents the import structure

of an ontology O, then OG is the import closure of O. Note that ontologies contained in
an ograph may share symbols regardless of whether or not they are adjacent.

3.3 Modules and Atomic Decomposition

For an interpretation I and an ontology O, we write I |= O if I is a model of O, and
denote the interpretation obtained by restricting I to the signature ⌃ with I |⌃ . The central
notion that is used to define a module is that of a conservative extension [15] or, more
generally, of ⌃-inseparability [22], which is defined as follows.

Let O1 and O2 be ontologies and ⌃ a signature. O1 and O2 are model inseparable
w.r.t. ⌃, written O1 ⌘mCE

⌃ O2, if {I |⌃ | I |= O1} = {I |⌃ | I |= O2}. O1 and O2 are
deductively inseparable w.r.t. ⌃, written O1 ⌘dCE

⌃ O2, if, for all SROIQ-entailments ⌘
over ⌃, we have O1 |= ⌘ if and only if O2 |= ⌘. The equivalence relations ⌘R are defined
upon the notion R 2 {mCE, dCE} which is called an inseparability relation.

Other notions of inseparability relations can be defined, see, e.g., [22,38]; in this
paper we will consider only R 2 {mCE, dCE}. An inseparability relation R induces
modules defined as follows [23]. Let M and O be ontologies with M ✓ O and ⌃ a
signature. We call M an R⌃-module of O if M ⌘R

⌃ O, and a minimal R⌃-module of O if
M, but no proper subset of M, is an R⌃-module of O. Stronger module notions such as
self-contained and depleting R⌃-module exist [23], but are not needed in the following.

Since both notions of inseparability are undecidable already for DLs of moderate
expressivity [26,27], extracting R⌃-modules is a computationally very hard problem. Still,
there are several successful module extraction methods: some are restricted to fragments
of SROIQ, such as the MEX/AMEX approach [14,21]; others are approximation
methods, which guarantee that the output is an R⌃-module (often with additional useful
properties), but that module is not necessarily minimal. These approaches include
locality-based modules (LBMs) [6], reachability-based modules (RBMs) [28,32], and
modules based on datalog reasoning [1], and minimal subsumption modules [3]. LBMs
come in two flavours (semantic and syntactic), and three variants per flavour (?, >,
nested). We will refer to LBMs in some examples, but the precise definitions are not
relevant for understanding those.

Since the techniques developed in the following do not depend on a concrete module
extraction approach, we use the general notation x-mod(·, ·), i.e., M = x-mod(⌃,O)
denotes the module extracted for the signature ⌃ from the ontology O using approach x.

(i.e., O1 imports
all other ontologies (in)directly)

<latexit sha1_base64="kO/tAtGUyheYaZVyYrlslMcEXjE="></latexit>

Sufficient condition for (1):

Previous example ograph:

(10) mod(sig(O3), O2 [O3) = O3
<latexit sha1_base64="AAWWV+U4UAuxQAnbRG9QnZ6h93U="></latexit>

(for suitable module notion mod)

… and similarly for (2)

(1) Import of O3 into O2 is “safe” if O3 is locally complete w.r.t. O2,
i.e., O2 [O3 ⌘sig(O3) O3

<latexit sha1_base64="KSnhkUFDmVGiM177L3ifH5y7RvY="></latexit>

(2) Import of O2, . . . ,O5 into O1 is “safe” if
O1 [ · · · [O5 ⌘sig(O2[···[O5) O2 [ · · · [O5

<latexit sha1_base64="x78VWKC1fzE4bmWkay0MvPwR3kA="></latexit>
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relation that is to be expected from the import (e.g., O2 should be significant for O1
but not vice versa). Furthermore, an ograph in general does not need to have a unique
root or be connected. In this sense, the notion of an ograph even captures repositories of
ontologies. For an ograph G = (V, E), let OG :=

S
V . If G represents the import structure

of an ontology O, then OG is the import closure of O. Note that ontologies contained in
an ograph may share symbols regardless of whether or not they are adjacent.

3.3 Modules and Atomic Decomposition

For an interpretation I and an ontology O, we write I |= O if I is a model of O, and
denote the interpretation obtained by restricting I to the signature ⌃ with I |⌃ . The central
notion that is used to define a module is that of a conservative extension [15] or, more
generally, of ⌃-inseparability [22], which is defined as follows.

Let O1 and O2 be ontologies and ⌃ a signature. O1 and O2 are model inseparable
w.r.t. ⌃, written O1 ⌘mCE

⌃ O2, if {I |⌃ | I |= O1} = {I |⌃ | I |= O2}. O1 and O2 are
deductively inseparable w.r.t. ⌃, written O1 ⌘dCE

⌃ O2, if, for all SROIQ-entailments ⌘
over ⌃, we have O1 |= ⌘ if and only if O2 |= ⌘. The equivalence relations ⌘R are defined
upon the notion R 2 {mCE, dCE} which is called an inseparability relation.

Other notions of inseparability relations can be defined, see, e.g., [22,38]; in this
paper we will consider only R 2 {mCE, dCE}. An inseparability relation R induces
modules defined as follows [23]. Let M and O be ontologies with M ✓ O and ⌃ a
signature. We call M an R⌃-module of O if M ⌘R

⌃ O, and a minimal R⌃-module of O if
M, but no proper subset of M, is an R⌃-module of O. Stronger module notions such as
self-contained and depleting R⌃-module exist [23], but are not needed in the following.

Since both notions of inseparability are undecidable already for DLs of moderate
expressivity [26,27], extracting R⌃-modules is a computationally very hard problem. Still,
there are several successful module extraction methods: some are restricted to fragments
of SROIQ, such as the MEX/AMEX approach [14,21]; others are approximation
methods, which guarantee that the output is an R⌃-module (often with additional useful
properties), but that module is not necessarily minimal. These approaches include
locality-based modules (LBMs) [6], reachability-based modules (RBMs) [28,32], and
modules based on datalog reasoning [1], and minimal subsumption modules [3]. LBMs
come in two flavours (semantic and syntactic), and three variants per flavour (?, >,
nested). We will refer to LBMs in some examples, but the precise definitions are not
relevant for understanding those.

Since the techniques developed in the following do not depend on a concrete module
extraction approach, we use the general notation x-mod(·, ·), i.e., M = x-mod(⌃,O)
denotes the module extracted for the signature ⌃ from the ontology O using approach x.

(i.e., O1 imports
all other ontologies (in)directly)

<latexit sha1_base64="kO/tAtGUyheYaZVyYrlslMcEXjE="></latexit>

Hence …

. . . to check whether O2 “safely” imports O3, we can test whether
<latexit sha1_base64="jHvS0TQ7mFvFvm0T4znEFujjU1w="></latexit>

(10) mod(sig(O3), O2 [O3) = O3
<latexit sha1_base64="AAWWV+U4UAuxQAnbRG9QnZ6h93U="></latexit>



“Safe” imports

�9

(a) O1 O2 O3

O4 O5

(b) O1 O2 O3

O4 O5

Fig. 1: (a) an exemplary ograph G and (b) its reflexive transitive closure G⇤

relation that is to be expected from the import (e.g., O2 should be significant for O1
but not vice versa). Furthermore, an ograph in general does not need to have a unique
root or be connected. In this sense, the notion of an ograph even captures repositories of
ontologies. For an ograph G = (V, E), let OG :=

S
V . If G represents the import structure

of an ontology O, then OG is the import closure of O. Note that ontologies contained in
an ograph may share symbols regardless of whether or not they are adjacent.

3.3 Modules and Atomic Decomposition

For an interpretation I and an ontology O, we write I |= O if I is a model of O, and
denote the interpretation obtained by restricting I to the signature ⌃ with I |⌃ . The central
notion that is used to define a module is that of a conservative extension [15] or, more
generally, of ⌃-inseparability [22], which is defined as follows.

Let O1 and O2 be ontologies and ⌃ a signature. O1 and O2 are model inseparable
w.r.t. ⌃, written O1 ⌘mCE

⌃ O2, if {I |⌃ | I |= O1} = {I |⌃ | I |= O2}. O1 and O2 are
deductively inseparable w.r.t. ⌃, written O1 ⌘dCE

⌃ O2, if, for all SROIQ-entailments ⌘
over ⌃, we have O1 |= ⌘ if and only if O2 |= ⌘. The equivalence relations ⌘R are defined
upon the notion R 2 {mCE, dCE} which is called an inseparability relation.

Other notions of inseparability relations can be defined, see, e.g., [22,38]; in this
paper we will consider only R 2 {mCE, dCE}. An inseparability relation R induces
modules defined as follows [23]. Let M and O be ontologies with M ✓ O and ⌃ a
signature. We call M an R⌃-module of O if M ⌘R

⌃ O, and a minimal R⌃-module of O if
M, but no proper subset of M, is an R⌃-module of O. Stronger module notions such as
self-contained and depleting R⌃-module exist [23], but are not needed in the following.

Since both notions of inseparability are undecidable already for DLs of moderate
expressivity [26,27], extracting R⌃-modules is a computationally very hard problem. Still,
there are several successful module extraction methods: some are restricted to fragments
of SROIQ, such as the MEX/AMEX approach [14,21]; others are approximation
methods, which guarantee that the output is an R⌃-module (often with additional useful
properties), but that module is not necessarily minimal. These approaches include
locality-based modules (LBMs) [6], reachability-based modules (RBMs) [28,32], and
modules based on datalog reasoning [1], and minimal subsumption modules [3]. LBMs
come in two flavours (semantic and syntactic), and three variants per flavour (?, >,
nested). We will refer to LBMs in some examples, but the precise definitions are not
relevant for understanding those.

Since the techniques developed in the following do not depend on a concrete module
extraction approach, we use the general notation x-mod(·, ·), i.e., M = x-mod(⌃,O)
denotes the module extracted for the signature ⌃ from the ontology O using approach x.

(i.e., O1 imports
all other ontologies (in)directly)

<latexit sha1_base64="kO/tAtGUyheYaZVyYrlslMcEXjE="></latexit>

Hence …

. . . to check whether O2 “safely” imports O3, we can test whether
<latexit sha1_base64="jHvS0TQ7mFvFvm0T4znEFujjU1w="></latexit>

But is this enough?

(10) mod(sig(O3), O2 [O3) = O3
<latexit sha1_base64="AAWWV+U4UAuxQAnbRG9QnZ6h93U="></latexit>
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relation that is to be expected from the import (e.g., O2 should be significant for O1
but not vice versa). Furthermore, an ograph in general does not need to have a unique
root or be connected. In this sense, the notion of an ograph even captures repositories of
ontologies. For an ograph G = (V, E), let OG :=

S
V . If G represents the import structure

of an ontology O, then OG is the import closure of O. Note that ontologies contained in
an ograph may share symbols regardless of whether or not they are adjacent.

3.3 Modules and Atomic Decomposition

For an interpretation I and an ontology O, we write I |= O if I is a model of O, and
denote the interpretation obtained by restricting I to the signature ⌃ with I |⌃ . The central
notion that is used to define a module is that of a conservative extension [15] or, more
generally, of ⌃-inseparability [22], which is defined as follows.

Let O1 and O2 be ontologies and ⌃ a signature. O1 and O2 are model inseparable
w.r.t. ⌃, written O1 ⌘mCE

⌃ O2, if {I |⌃ | I |= O1} = {I |⌃ | I |= O2}. O1 and O2 are
deductively inseparable w.r.t. ⌃, written O1 ⌘dCE

⌃ O2, if, for all SROIQ-entailments ⌘
over ⌃, we have O1 |= ⌘ if and only if O2 |= ⌘. The equivalence relations ⌘R are defined
upon the notion R 2 {mCE, dCE} which is called an inseparability relation.

Other notions of inseparability relations can be defined, see, e.g., [22,38]; in this
paper we will consider only R 2 {mCE, dCE}. An inseparability relation R induces
modules defined as follows [23]. Let M and O be ontologies with M ✓ O and ⌃ a
signature. We call M an R⌃-module of O if M ⌘R

⌃ O, and a minimal R⌃-module of O if
M, but no proper subset of M, is an R⌃-module of O. Stronger module notions such as
self-contained and depleting R⌃-module exist [23], but are not needed in the following.

Since both notions of inseparability are undecidable already for DLs of moderate
expressivity [26,27], extracting R⌃-modules is a computationally very hard problem. Still,
there are several successful module extraction methods: some are restricted to fragments
of SROIQ, such as the MEX/AMEX approach [14,21]; others are approximation
methods, which guarantee that the output is an R⌃-module (often with additional useful
properties), but that module is not necessarily minimal. These approaches include
locality-based modules (LBMs) [6], reachability-based modules (RBMs) [28,32], and
modules based on datalog reasoning [1], and minimal subsumption modules [3]. LBMs
come in two flavours (semantic and syntactic), and three variants per flavour (?, >,
nested). We will refer to LBMs in some examples, but the precise definitions are not
relevant for understanding those.

Since the techniques developed in the following do not depend on a concrete module
extraction approach, we use the general notation x-mod(·, ·), i.e., M = x-mod(⌃,O)
denotes the module extracted for the signature ⌃ from the ontology O using approach x.

(i.e., O1 imports
all other ontologies (in)directly)

<latexit sha1_base64="kO/tAtGUyheYaZVyYrlslMcEXjE="></latexit>

Hence …

. . . to check whether O2 “safely” imports O3, we can test whether
<latexit sha1_base64="jHvS0TQ7mFvFvm0T4znEFujjU1w="></latexit>

But is this enough?

O2 alone might not add new knowledge about sig(O3)

– but it may do so jointly with O1,O4,O5 !
<latexit sha1_base64="+KYVhOUaphaSnSjBuyucetZWJl8="></latexit>

–> We need to be “more global” than local completeness!

… and we have relevance to check, too.

(10) mod(sig(O3), O2 [O3) = O3
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relation that is to be expected from the import (e.g., O2 should be significant for O1
but not vice versa). Furthermore, an ograph in general does not need to have a unique
root or be connected. In this sense, the notion of an ograph even captures repositories of
ontologies. For an ograph G = (V, E), let OG :=

S
V . If G represents the import structure

of an ontology O, then OG is the import closure of O. Note that ontologies contained in
an ograph may share symbols regardless of whether or not they are adjacent.

3.3 Modules and Atomic Decomposition

For an interpretation I and an ontology O, we write I |= O if I is a model of O, and
denote the interpretation obtained by restricting I to the signature ⌃ with I |⌃ . The central
notion that is used to define a module is that of a conservative extension [15] or, more
generally, of ⌃-inseparability [22], which is defined as follows.

Let O1 and O2 be ontologies and ⌃ a signature. O1 and O2 are model inseparable
w.r.t. ⌃, written O1 ⌘mCE

⌃ O2, if {I |⌃ | I |= O1} = {I |⌃ | I |= O2}. O1 and O2 are
deductively inseparable w.r.t. ⌃, written O1 ⌘dCE

⌃ O2, if, for all SROIQ-entailments ⌘
over ⌃, we have O1 |= ⌘ if and only if O2 |= ⌘. The equivalence relations ⌘R are defined
upon the notion R 2 {mCE, dCE} which is called an inseparability relation.

Other notions of inseparability relations can be defined, see, e.g., [22,38]; in this
paper we will consider only R 2 {mCE, dCE}. An inseparability relation R induces
modules defined as follows [23]. Let M and O be ontologies with M ✓ O and ⌃ a
signature. We call M an R⌃-module of O if M ⌘R

⌃ O, and a minimal R⌃-module of O if
M, but no proper subset of M, is an R⌃-module of O. Stronger module notions such as
self-contained and depleting R⌃-module exist [23], but are not needed in the following.

Since both notions of inseparability are undecidable already for DLs of moderate
expressivity [26,27], extracting R⌃-modules is a computationally very hard problem. Still,
there are several successful module extraction methods: some are restricted to fragments
of SROIQ, such as the MEX/AMEX approach [14,21]; others are approximation
methods, which guarantee that the output is an R⌃-module (often with additional useful
properties), but that module is not necessarily minimal. These approaches include
locality-based modules (LBMs) [6], reachability-based modules (RBMs) [28,32], and
modules based on datalog reasoning [1], and minimal subsumption modules [3]. LBMs
come in two flavours (semantic and syntactic), and three variants per flavour (?, >,
nested). We will refer to LBMs in some examples, but the precise definitions are not
relevant for understanding those.

Since the techniques developed in the following do not depend on a concrete module
extraction approach, we use the general notation x-mod(·, ·), i.e., M = x-mod(⌃,O)
denotes the module extracted for the signature ⌃ from the ontology O using approach x.

If O3 is sig(O2)-significant in O,
then its import adds knowledge about sig(O2).

<latexit sha1_base64="vsImYvvHeBKv+K+q2d1E2Sob9j4="></latexit>
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relation that is to be expected from the import (e.g., O2 should be significant for O1
but not vice versa). Furthermore, an ograph in general does not need to have a unique
root or be connected. In this sense, the notion of an ograph even captures repositories of
ontologies. For an ograph G = (V, E), let OG :=

S
V . If G represents the import structure

of an ontology O, then OG is the import closure of O. Note that ontologies contained in
an ograph may share symbols regardless of whether or not they are adjacent.

3.3 Modules and Atomic Decomposition

For an interpretation I and an ontology O, we write I |= O if I is a model of O, and
denote the interpretation obtained by restricting I to the signature ⌃ with I |⌃ . The central
notion that is used to define a module is that of a conservative extension [15] or, more
generally, of ⌃-inseparability [22], which is defined as follows.

Let O1 and O2 be ontologies and ⌃ a signature. O1 and O2 are model inseparable
w.r.t. ⌃, written O1 ⌘mCE

⌃ O2, if {I |⌃ | I |= O1} = {I |⌃ | I |= O2}. O1 and O2 are
deductively inseparable w.r.t. ⌃, written O1 ⌘dCE

⌃ O2, if, for all SROIQ-entailments ⌘
over ⌃, we have O1 |= ⌘ if and only if O2 |= ⌘. The equivalence relations ⌘R are defined
upon the notion R 2 {mCE, dCE} which is called an inseparability relation.

Other notions of inseparability relations can be defined, see, e.g., [22,38]; in this
paper we will consider only R 2 {mCE, dCE}. An inseparability relation R induces
modules defined as follows [23]. Let M and O be ontologies with M ✓ O and ⌃ a
signature. We call M an R⌃-module of O if M ⌘R

⌃ O, and a minimal R⌃-module of O if
M, but no proper subset of M, is an R⌃-module of O. Stronger module notions such as
self-contained and depleting R⌃-module exist [23], but are not needed in the following.

Since both notions of inseparability are undecidable already for DLs of moderate
expressivity [26,27], extracting R⌃-modules is a computationally very hard problem. Still,
there are several successful module extraction methods: some are restricted to fragments
of SROIQ, such as the MEX/AMEX approach [14,21]; others are approximation
methods, which guarantee that the output is an R⌃-module (often with additional useful
properties), but that module is not necessarily minimal. These approaches include
locality-based modules (LBMs) [6], reachability-based modules (RBMs) [28,32], and
modules based on datalog reasoning [1], and minimal subsumption modules [3]. LBMs
come in two flavours (semantic and syntactic), and three variants per flavour (?, >,
nested). We will refer to LBMs in some examples, but the precise definitions are not
relevant for understanding those.

Since the techniques developed in the following do not depend on a concrete module
extraction approach, we use the general notation x-mod(·, ·), i.e., M = x-mod(⌃,O)
denotes the module extracted for the signature ⌃ from the ontology O using approach x.

If O2 is sig(O3)-insignificant in O,
then it does not add knowledge about sig(O3).
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relation that is to be expected from the import (e.g., O2 should be significant for O1
but not vice versa). Furthermore, an ograph in general does not need to have a unique
root or be connected. In this sense, the notion of an ograph even captures repositories of
ontologies. For an ograph G = (V, E), let OG :=

S
V . If G represents the import structure

of an ontology O, then OG is the import closure of O. Note that ontologies contained in
an ograph may share symbols regardless of whether or not they are adjacent.

3.3 Modules and Atomic Decomposition

For an interpretation I and an ontology O, we write I |= O if I is a model of O, and
denote the interpretation obtained by restricting I to the signature ⌃ with I |⌃ . The central
notion that is used to define a module is that of a conservative extension [15] or, more
generally, of ⌃-inseparability [22], which is defined as follows.

Let O1 and O2 be ontologies and ⌃ a signature. O1 and O2 are model inseparable
w.r.t. ⌃, written O1 ⌘mCE

⌃ O2, if {I |⌃ | I |= O1} = {I |⌃ | I |= O2}. O1 and O2 are
deductively inseparable w.r.t. ⌃, written O1 ⌘dCE

⌃ O2, if, for all SROIQ-entailments ⌘
over ⌃, we have O1 |= ⌘ if and only if O2 |= ⌘. The equivalence relations ⌘R are defined
upon the notion R 2 {mCE, dCE} which is called an inseparability relation.

Other notions of inseparability relations can be defined, see, e.g., [22,38]; in this
paper we will consider only R 2 {mCE, dCE}. An inseparability relation R induces
modules defined as follows [23]. Let M and O be ontologies with M ✓ O and ⌃ a
signature. We call M an R⌃-module of O if M ⌘R

⌃ O, and a minimal R⌃-module of O if
M, but no proper subset of M, is an R⌃-module of O. Stronger module notions such as
self-contained and depleting R⌃-module exist [23], but are not needed in the following.

Since both notions of inseparability are undecidable already for DLs of moderate
expressivity [26,27], extracting R⌃-modules is a computationally very hard problem. Still,
there are several successful module extraction methods: some are restricted to fragments
of SROIQ, such as the MEX/AMEX approach [14,21]; others are approximation
methods, which guarantee that the output is an R⌃-module (often with additional useful
properties), but that module is not necessarily minimal. These approaches include
locality-based modules (LBMs) [6], reachability-based modules (RBMs) [28,32], and
modules based on datalog reasoning [1], and minimal subsumption modules [3]. LBMs
come in two flavours (semantic and syntactic), and three variants per flavour (?, >,
nested). We will refer to LBMs in some examples, but the precise definitions are not
relevant for understanding those.

Since the techniques developed in the following do not depend on a concrete module
extraction approach, we use the general notation x-mod(·, ·), i.e., M = x-mod(⌃,O)
denotes the module extracted for the signature ⌃ from the ontology O using approach x.

If O2 is sig(O3)-insignificant in O,
then it does not add knowledge about sig(O3).
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If O3 is sig(O2)-significant in O,
then its import adds knowledge about sig(O2).
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<latexit sha1_base64="Q3h4Ry4grn681hzlkAWFLbqWigs="></latexit>

G
<latexit sha1_base64="H6sLYznUBjS1BPaS+OL4/kQEMM8="></latexit>

B v A
<latexit sha1_base64="BzybXy7GM9nWMvp/lgqp3q0A7Mw="></latexit>

B v C
<latexit sha1_base64="WBxOR6v30wo1lsl3Xpk3sjt3gMM="></latexit>

GM (using >?⇤-mod)
<latexit sha1_base64="/sqcqSPCFGGjcXfPa43ESXY2+34="></latexit>

A v B
<latexit sha1_base64="Q3h4Ry4grn681hzlkAWFLbqWigs="></latexit>

B v A
<latexit sha1_base64="BzybXy7GM9nWMvp/lgqp3q0A7Mw="></latexit>

B v C
<latexit sha1_base64="WBxOR6v30wo1lsl3Xpk3sjt3gMM="></latexit>

Let G = (V,E) be an ograph and O the union of all ontologies in G.

The module-induced dependency graph of G
is the ograph GM := (V,E0) with edges

<latexit sha1_base64="sH8s/VBJK17+aNmln6nGoiC9tH0="></latexit>
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Module-induced relevance/completeness

• the module-induced completeness of G MIC(G) := RSim(GM , G⇤)
<latexit sha1_base64="HkVWvppz7VGkW/KdWugZoDrMdqI="></latexit>

• the module-induced relevance of G MIR(G) := RSim(G,GM )
<latexit sha1_base64="YsQGvBikmzLFMMDna84DNBxaEeY="></latexit>

Example (continued)

A v B
<latexit sha1_base64="Q3h4Ry4grn681hzlkAWFLbqWigs="></latexit>

G
<latexit sha1_base64="H6sLYznUBjS1BPaS+OL4/kQEMM8="></latexit>

B v A
<latexit sha1_base64="BzybXy7GM9nWMvp/lgqp3q0A7Mw="></latexit>

B v C
<latexit sha1_base64="WBxOR6v30wo1lsl3Xpk3sjt3gMM="></latexit>

GM (using >?⇤-mod)
<latexit sha1_base64="/sqcqSPCFGGjcXfPa43ESXY2+34="></latexit>

A v B
<latexit sha1_base64="Q3h4Ry4grn681hzlkAWFLbqWigs="></latexit>

B v A
<latexit sha1_base64="BzybXy7GM9nWMvp/lgqp3q0A7Mw="></latexit>

B v C
<latexit sha1_base64="WBxOR6v30wo1lsl3Xpk3sjt3gMM="></latexit>

MIR(G) = 1� |E \ E0|
|E| = 1� 1

2
= 0.5

MIC(G) = 1� |E0 \ E⇤|
|E0| = 1� 1

2
= 0.5

<latexit sha1_base64="5c5tcaLWZdyGS2K5kx3qjwYpDhI="></latexit>

Based on GM , we define:
<latexit sha1_base64="JmrSZoLnzzZlvyzY01b+pi2gAJ8="></latexit>
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Variant of our measures:
Reference graph based on dependency relation from Atomic Decomposition

Atomic Decomposition (AD)

• is an efficient method for automatically decomposing an ontology,
based on a (nearly) arbitrary module notion mod(·, ·)

<latexit sha1_base64="gL6vxGVrPS9p8jae5u+cc/kzYgM="></latexit>

• dependency relation between atoms represents logical dependencies
within O, again defined in terms of modules

<latexit sha1_base64="QR/umMLQqheNE4isXqHdJE6MlPw="></latexit>

• atoms (parts of the decomposition) are highly cohesive subsets of O:
maximal sets of axioms that always co-occur in modules for all ⌃

<latexit sha1_base64="H4sGKiB2xDW5g4E4/cV5Ks5HdEY="></latexit>

[Del Vescovo, Parsia, Sattler, S. 2011]
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. . . is defined similarly to GM but with the following edge set:
<latexit sha1_base64="CIc/gZ3RPNw4SkJjH5qYCr8xJJU="></latexit>

E0 :=
�
(O1,O2) | some atom overlapping with O2 depends on

some atom overlapping with O1 }
<latexit sha1_base64="xL4pP24xRTvI4T1cahNoEMOFNhE="></latexit>

Atom-induced dependency graph GA
<latexit sha1_base64="OQYwa93uYqPWbCjRyUvBpkpl2GQ="></latexit>

Atom-induced relevance/completeness (AIR, AIC)
. . . are defined analogously to MIR and MIC, based on GA

<latexit sha1_base64="I0hyMtwvDKOV6XR3xxXUvf7kpvc="></latexit>

. . . is a subgraph of GM (we have a simple proof)
<latexit sha1_base64="CrUN1fsKsQCGvYF3xf7BCDN5uMw="></latexit>
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Experiments

• corpus: 45 ontologies from the BioPortal snapshot 
(with 1 to 31 imports per ontology;  altogether > 200 ontologies)

• median MIC and AIC:   ≈ 0.75    (stddev ≈ 0.28,    min ≈ 0.09) 
median MIR and AIR:   ≈ 0.89    (stddev ≈ 0.22,    min ≈ 0.22)

• MIC, AIC = 1 for 18 ontologies  (import closures ≤ 4!)

• MIR, AIR = 1 for 21 ontologies  (import closures ≤ 9)

• strong, significant correlation between MIx and AIx

Implementation

… based on the modularity/AD code in the OWL API

Evaluation

image: Freepik.com
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Hypotheses tested

(H1)  Are ontologies with many imports less likely to be “modular”?

Yes: strong, significant negative correlation between MIC/AIC  
         and size of import closure

(but not for MIR/AIR)

(H2)  Do “non-modular” ontologies tend to have both low relevance  
         and low completeness?

No:  no significant correlation between MIC and MIR, or AIC and AIR
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Discussion

The precise numerical values are to be taken with caution.

There is no precise general understanding of “modular” and
“logical dependency”.  Our definitions capture only 2 possible variants.

In some scenarios, it is reasonable to assume relevance and completeness; 
in others it is not.

GM and GA are not “repairs” of G.
<latexit sha1_base64="dsEZ0kuCKrTcEUpInO4sjK7qFwA="></latexit>
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• Investigate further guarantees, e.g.: is all imported knowledge reused?

• When do the two reference graphs differ?

• Experiments with module notion providing minimal modules, 
e.g. MEX?

• Use of our measures in an optimisation problem 
for automatically calculating a “good” modular structure?

Possible next steps
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Thank you.
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Thank you.

Questions? Spørsmål?

Fragen?

Questões?

Вопросы?

Pytania?

¿Preguntas? Vrae?

Ερωτήσεις;

Questioni?

Otázky?
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